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PREFACE 

The design of this Treatise is to explain all that is 
commonly included in a First Part of Algebra. In the 
arrangement of the Chapters I have followed the advice 
of experienced Teachers. I have carefully abstained from 
making extracts from books in common use. The only 
work to which I am indebted for any material assistance 
is the Algebra of the late Dean Peacock, which I took as 
the model for the commencement of my Treatise. The 
Examples, progressive and easy, have been selected from 
University and College Examination Papers and from 
old English, French, and German works. Much care has 
been taken to secure accuracy in the Answers, but in a 
collection of more than 2300 Examples it is to be feared 
that some errors have yet to be detected. I shall be 
grateful for having my attention called to them. 

I have published a book of Miscellaneous Exercises 
adapted to this work and arranged in a progressive order 
so as to supply constant practice for the student. 

I have to express my thanks for the encouragement 
and advice received by me from many correspondents; 
and a special acknowledgment is due fi^m me to Mr. E. 
J. Gross of Gonville and Caius College, to whom I am 
indebted for assistance in many parts of this work. 

The Treatise on Algebra by Mr. E J. Gross is a 
continuation of this work, and is in some important 
points supplementary to it. 

J. HAMSLTS ^-^Srra 

Cambbidob, 1871. 
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ELEMENTARY ALGEBRA. 



I. ADDITION AND SUBTRACTION. 

1. Algebra is the science which teaches the use of bym- 
BOLS to denote nmnbers and the operations to which numbers 
/ may be subjected. 

2. ' The symbols employed in Algebra to denote numbers 
are, in addition to those of Arithmetic, the letters of some 
alphabet. 

Thus a, 6, c x, y, z : o, p, y : a', 6', c' read 

a dash, b dash, c dash : a^ hi, e^ read a one, 

b one, c one are used as symbols to denote numbers. 

3. The number on£, or unity, is taken as the foundation of 
all numbers, and aU other numbers are derived from it by the 
process of addition. 

Thus two isvdefined to be the number that results &om 
adding one to one ; 

three is defined to be the number that results from 
adding one to tujo ; 

four is defined to be the number that results 'from 
adding one to three ; 
and so on. 

4. The symbol + , read plus, is used to denote the opera- 
tion of Addition. 

Thus 1 + 1 symbolizes that which is denoted by 2, 

2 + 1 3, 

and a + h stands for the result obtained by adding b to a. 

5. The symbol = stands for the woida " \b ^c^vxaN. \»^"' ot 
" the result i^f/' 
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Thus the definitions given in Art. 3 may be presented in an 

algebraical form thus : 

1 + 1=2, 

2 + 1=3, 

3 + 1=4. 

6. Since 

2=1 + 1, where unity is written tmce, 

3=2 + 1 = 1 + 1 + 1, where unity is written ^ru times, 

4=3 + 1 = 1 + 1 + 1 + 1 /ottr times, 

it follows that 

a=l + I + l +l:f-l with unity written a times, 

6 = 1 + 1 + 1 +1 + 1 with unity written h times. 

7. The process of addition in Arithmetic can be presented 

in a shorter form by the use of the sign + . Thus if we have 

to add 14, 17, and 23 together we can represent the process 

thus : 

14 + 17 + 23=54. 

8. When several numbers are added together, it is indiffe- 
rent in what order the numbers are taken. Thus if 14, 17, and 
23 be added together, their sum will be the same in whatever 
order they be set down in the common arithmetical process : 

'l4 14 17 17 23 23 

17 23 14 23 14 17 

23 17 23 14 17. 14 

54 54 54 54 54 54 

So also in Algebra, when any number of symbols are added 
together, the result will be the same in whatever order the 
symbols succeed each other. Thus if we have to add together 
the numbers symbolized by a and 6, the result is represented 
by a +6, and this result is the same nimiber as that which is 
represented by 6+ a. 

Similarly the result obtained by adding together a, 6, c 
might be expressed algebraically by 

a + b-{-c, or a-^c-{-h, or b+a+c, or b-hc-k-a, or c + a+6, 

or c + b + CL 

9. When a number denoted by a is added to itself the 
result is represented algebraically "by a + a, lYi^La "tttscCLV. \^ i^r 



ADDITION AND SUBTRACTION, 



the sake of brevity represented by 2a, the figure prefixed to 
the symbol expressmg the number of times the number 
denoted by a is repeated. 

Similarly a + a + a is represented by 3a. 

Hence it follows that 

2a + a will be represented by 3a, 
3a+a by 4a. 

10. The symbol — , read mvMiAy is used to denote the ope- 
ration of Subtraction. 

Thus the operation of subtracting 15 from 26 and its con- 
nection with the result may be briefly expressed thus ; 

26-15 = 11. 

11. The result of subtracting the number 5 from the num- 
ber a is represented by 

a— 6. 

Again a- 6~c stands for the number obtained by taking c 
from a— 6. 

Also a — & — e — (2 stands for the number obtained by taking 
dfroma— 6 — c. 

Since we cannot take away a greater nvmUber from a smaller, 
the expression a— 6, where a and 6 represent numbers, can 
denote a possible result only when a is not less than b. 

So also the expression a-b-c can denote a possible result 
only when the number obtained by taking b from a is not 
less than c. 

12. A combination of symbols is termed an algebraical 
expression. 

The parts of an expression which are connected by the 
symbols of operation + and — are called Terms. 

Compound expressions are those which have more than one 
term. 

Thus a— 6+c — disa compound expression made up of four 
terms. 
When a compound expression contains 

two terms it is called a Binomial^ 

three Trinomial, 

fourormore Multinomial. 
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Terms which are preceded by the eymbol + are called ^ii- 
tim tenns. Terms which are preceded by the symbol — are 
called negative terms. When no symbol precedes a term the 
symbol + is understood. 

Thus in the expression a-5 + c-(i+e-/ 

a, c^ e are called positive terms, 
bydff negative 

The symbols of operation + and - are usually called posi- 
tive and negative Signs. 

13. If the number 6 be added to the number 13, and if 6 
be taken from the result, the final result will plainly be 13. 

So also if a number b be added to a number a, and if 6 be 
taken from the result, the final result will be a : that is. 

Since the operations of addition and subtraction when per- 
formed by the same number neutralize each other, we conclude 
that we may obliterate the same symbol when it presents itself 
as a positive term and also as a negative term in the same ex- 
pression. 

Thus a-a=0, 

and a'-a-¥b=b, 

14. If we have to add the numbers 54, 17, and 23, we may 
first add 17 and 23, and add their sum 40 to the number 54, 
thus obtaining the final result 94. This process may be repre- 
sented algebraically by enclosing 17 and 23 in a Bracket 

( ), thus : 

54 + (l7 + 23)=54 + 40=94. 

15. If we have to subtract from 54 the sum of 17 and 23, 
the process may be represented algebraically thus : 

54_(17 + 23) = 54-40=14. 

16. If we have to add to 54 the dijBference between 23 and 
17, the process may be represented algebraically thus : 

54 + (23-l7)=54 + 6=60. 

17. If we have to subtract from 54 the difference between 
£J and 1 7, the process may be represented algebraically thus : 

54-(23-17)=54-6=4ft. 
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18. The use of brackets is so frequent in Algebra, that 
the mles for their removal and introduction must be carefully 
considered. 

We shall first treat of the rvrnfyoal of brackets in cases 
where symbols supply the places of numbers corresponding to 
the arithmetical examples considered in Arts. 14> 15, 16, 17. 

Case I. To add to a the sum of 5 and c 
This is expressed thus : a+ (6+ c). 
First add & to a, the result will be 

a+&. 

This result is too small, for we have to add to a a number 
greater than h, and greater by c. Hence our final result will 
be obtained by adding c to a+ 5, and it will be 

a-\-h-¥c. 

Case II. To take from a the sum of & and c 
This is expressed thus : a — {J)-\-c), 
First take h from a, the result will be 

a — &. 

This result is too large, for we have to take from a a number 
greoLler than h, and greater by e. Hence our final result will 
be obtained by taking c from a-6, and it wiU be 

a-6— c. 

Case III. To add to a the difference between h and c. 
This is expressed thus : a + (6 — c). 
First add & to a, the result will be 

a + 6. 

This result is too large, for we have to add to a a number 
UsB than h, and less by c. Hence our final result will be ob- 
tained by taking c from a+6, and it wiU be 

Case IV. To take from a the difference between h and c. 
This is expressed thus : a— (6— c). 
First take h from a, the result will be 

a—h. 

This result is too small, for we have to take from a a num- 
ber less than h, and less by c. Hence our final T^wcx^^'^r^X^ 
obtained by adding cto a-h, and it wUi "b^ 

s 

a — 6 + c. 
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Note, We assume that a, b, c represent sucli numbers that 
in Case II. a is not less than the sum of b and c, in Case III. 
b is not less than c, and in Case IY. b is not less than c, and a 
is not less than b, 

19. Collecting the results obtained in Art. 18, we have 

a+(6+c)=a+6 + c, 
a-(6+c)=a-6-c, 
a + (6-c)=a+6-c, 
a-(6-6)=a-6+c. 

From which we obtain the following rules for the removal of 
a bracket. 

Rule I. When a bracket is preceded by the sign +, 
remove the bracket and leave the signs of the terms in it 
tmchanged. 

Rule II. When a bracket is preceded by the sign — , 
remove the bracket and change the sign of each term in it. 

These rules apply to cases in which any number of terms 
are included in the bracket. 

Thus 

a+&+(c-(2+6-/)=a+&+c-rf+e-/, 

and 

20. The rules given in the preceding Article for the re- 
moval of brackets furnish corresponding rules for the intro- 
duction of brackets. 

Thus if we enclose two or more terms of an expression in a 
bracket, 

I. The sign of each term remains the same if + pre- 
cedes the bracket : 

II. The sign of each term is changed if - precedes the 
bracket. 

JS^ /y-3-ftf-i+tf-/=a-6+(c-(i) + (e-/), 
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21. We may now proceed to give roles for the Addition 
and Subtraction of algebraical expressions. 

Suppose we have to oM to the expression a+&-c the ex- 
pression rf—e+/. 

The Sum =a+6-c+((£-e+/) 

=a+6-c+d-e+/(by Art. 19, Rule I.). 

Also, if we have to suhtract from the expression a+h-e the 
expression d—e +/. 

The Difference =a+^— c— ((£— e +/) 

=a+6-c-(i+e-/(by Art. 19, Rule XL). 

We might arrange the expressions in each case under each 
other as in Arithmetic : thus 

Toa + 5— c Froma+6— c 

Add d-e-\-f Taked-e+f 

Sum a+5-c+(£-e+/ Difference a+ 6- c- (2+ e-/ 
and then the roles may be thus stated. 

I. In Addition attach the lower line to the upper with the 
dgns of both lines unchanged. 

XL In Subtraction attach the lower line to the upper with 
(he signs of the lower line chcmged, the signs of the upper line 
being unchanged. 

The following are examples. 

(1) Toa+5 + 9 
Adda-6-6 

Sum a+6 + 9 + a-6-6 

and this sum =3a + a + &-6+9 — 6 
=2a + 3. 

For it has been shown, Art. 9, that a+a=2a, 

and, Art 13, that 6-5=0. 

(2) Froma + 6 + 9 
Takea-6-6 

Remainder a + 6 + 9 - a '\- b -V ^ 
and this remaindex =ab-Vl^. 
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22. We have worked out tlie examples in Art 21 at full 
length, hut in practice they may be abbreviated, by combining 
the symbols or digits by a mental process, thus 

Toc+(i + 10 Fromc+(i+10 

Addc-rf-7 Takec-(i-7 

Sum 2c +3 Remainder 2(2 + 17 

23. We have said that 

instead of a + a we write 2a, 

a+d+a 3a, 

and so on. 

The digit thus prefixed to a symbol is called the coefficient 
of the term in which it appears. 

24. Since Za=a-\-a-^a, 

and 5a=a+a+a+a+a, 
3a+5a=a + a+a + a+a+a+a+a 

= 8a. 

Terms which have the same symbol, whatever their coeffi- 
cients may be, are called like terms : those which have difife- 
rent symbols are called unlike terms. 

Like terms, when positive, may be combined into one by 
adding their coefficients together and subjoining the common 
symbol : thus 

2fl5 + 5fl5=7x, 

3y + 5y + 8y=16y. 

25. If a term appears without a coefficient, unity is to be 
taken as its coefficient. 

Thus x+6x=6x. 

26. Negative terms, when like, may be combined into one 
term with a negative sign prefixed to it by adding the coeffi- 
cients and subjoining to the result the common symbol. 

Thus 2x-3y-5i/=2a;-8y, 

for 2a;-3y-5y=2x-(3i/ + 5y) 

= 2iB-8i/. 

Soagain 3a?~y-4i/-6|/=ax-\\'y. 
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27. If an expression contain two or more like teims, some 
being positive and others negative, we must first collect all the 
positive terms into one positive term, then all the negative 
terms into one negative term, and finally combine the two 
remaining terms into one by the following process. Subtract 
the smaller coefficient from the greater, and set down the 
remainder with the sign of the greater prefixed and the com- 
mon symbol attached to it 

Ex. 8x-3x=5a;, 

7aj - 4a; + 5aj - 3x = 12x - ?« =» 6a5, 
a-26+56-46=a+56-66=»a-6. 

28. The rules for the combination of any number of like 
terms into one single term enable us to extend the application 
of the rules for Addition and Subtraction in Algebra, and we 
proceed to give some Examples. 

ADDITION. 

(1) a-25 + 3c (2) 6a + 76-3c-4i 

3a-46-5c 6a-76 + 9c+4i 

4a-66-2c Ha +6c 

The terms containing b and din Ex. (2) destroying one another. 

(3) 7aj-6y+ 4a (4) 6m-13n+5p 

ic+2y-lla 8m+ n-9p 

3aj— y+ bz m— n— p 

6aj-3y- z m+ 2n+^ 

16a;-7y- 3a 16m- 11» 

SUBTRACTION, 

(1) 6a-36+ 6c (2) 3a+76- 8c 

2a+56- 4c 3a-76+ 4c 



(3) 


3a- 86+ 10c 
5a^66 + 2c 
2a-66 + 2c 


(5) 


3a 

3«+.7y + 12a 
5y- 2z 



(4) 


146 -12c 
x-y-^z 
x-y-z 


(6) 


2a 
7aj-19t(-14a 



3x+2if+14a x-V tS^-^Ja* 
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29. We Iiave placed the expressions in tlie examples given 
in the preceding Article under each other, as in Arithmetic, 
for the sake of clearness, hut the same operations might be ex- 
hibited by means of signs and brackets, thus Examples (2) of 
each rule might have been worked thus, in Addition, 

5a + 76-3c-4d + (6a~75 + 9c+4d) 
=5a+76-3c--4(i+ 6a-76+9c+4(Z 
= lla + 6c; 
and, in Subtraction, 

3a+76-8c-(3a-76+4c) 
=3a+76-8c-3a+75-46 
= 146 -12c 

Examples.— i. 

Simplify the following expressions, by combining like sym^ 
bols in each. 

I. 3a+46 + 5c+2a+35 + 7c. ' 2. 4a+56+6c--3a-26-4c. 

3. 6a-36-4c-4a+56+6c. 

4. 8a-55+3c-7a-26+6c-3a + 96-7c + 10a. 

5. 5fl5-3a + 5+7+26-3fl;-4a-9. 

6. a— &— C+6+C— (i+(i— a. 

7. 6a+106-3c+26-3a + 2c-2a+4c 

EXAMPLES.— ii. ADDITION. 
Add together 

I. a+xanda— sc. 2. a+2xanda+3x. 

3. a-2a;and 2a— 2B. 4. 3a;+7y and 5fl5— 2y. 

5. a+3&+5c and 3a-2&-3c 

6. a-i25+3cand a+26-3c. 7. l + a-y and 3-»+y.. 

8. 2a;-3y+4«, 5a;-7y-2a, and 6a;+9y-8a. 

9. 2a+&-3x, 3a-26+aj, a+6-5x, and 4a-76+6a!;, 

EXAMPLES.— lii. SUBTRACTION. 
I. Froma+5 takea-&. 

2 3x+y 2a;-y. 

3. Sa-k-Zc-^Ad. a-2c+3d 

4* x+y+z x-'y-». 
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5. Froinm-n+r take m~n-r. 

6 a + 6 + c a— 6— c. 

7 3a+46 + 5c 2a + 76+6c. 

8 3x+6y-45 3x+2y-62. 

30. We have given examples of the use of a bracket. The 
methods of denoting a bracket are various ; thus, besides the 
marks ( ), the marks [ 1 or ) \,9X^ often employed. Some- 
times a mark called "The Vinculu m " is drawn over the symbols 
which are to be connected, thus a — 6 + c is used to represent the 
same expression as that represented by a—Qt-^-c). 

Often the brackets are made to enclose one another, thus 

a_[6+{c-((i-e-/)t]. 

In removing the brackets from an expression of this kind it 
is best to commence with the im/nermMt, and to remove the 
brackets one by one, the outermost last of alL 

Thus 

a-[6+jc-((i-e-/)}] 

=a-[6+ic-(d-e+/)(] 

=a-[&+{c-d+e-/|] 

Again 

6a;-(3a;-7)-j4-2x-(6a;-3)( 

= 5a;-3x + 7-j4-2a;-6x + 3| 

=5a;-3a; + 7-4 + 2x + 6x-3 

EXAMPLKS.— iV. BRACKETS. 

Simplify the following expressions, combining all like quan- 
tities in each. 

1. a+6+(3a-25). 

2. a+6-(a-36). 

3. 3a+55-6c-(2a+46-2c). 

4. a+6-c-(a— 6-c). 

5. 14a;-(5a;-9)-)4-3aj-(2a;-3)|. 

6. 4X'-j8x-(2x'-x—a)\. 
7. ISa;-'f7x-i'(3z+a^)\. 
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8. a-[6+{a-(6+a)}]. 

9. 6a + [4a-{86-(2a+46)-226}-76]-[76+j8a 

-.(36+4a)+86{+6a]. 

la 6-[6-(a+&)-|6-(6-S^6)}]. 

11. 2c-(6a-6)-jc-(5a+26)-(a-36)}. 

12. 2x-ja-(2a-[3a-(4a-[5a-(6a-x)])])}. 

13. 25a-196-[36-j4a-(56-6c)(]. 

31. We have hitherto supposed the symbols in every ex- 
pression used for illustration to represent sva^ numbers t^at 
the expressions symbolize results which would be arithmetic- 
ally possible. 

Thus a— 6 symbolizes a possible result, so long as a is not 
less than &. 

If, for instance, a stands for 10 and 6 for 6, 

a— 6 will stand for 4. 

But if a stands for 6 and h for 10, 

a- 6 denotes no possible result, because we cannot 
take the number 10 from the number 6. 

But though there can be no such a thing as a negative 
number, we can conceive the real existence of a negative 
quantity. 

To explain this we must consider 

I. What we mean by Quantity. 
II. How Quantities are measured. 

32. A Quantity is anything which may be regarded as 
being made up of parts like the whole. 

Thus a distance is a quantity, because we may regard it as 
made up of parts each of themselves a distance. 

Again a sum of money is a quantity, because we may regard 
it as made up of parts like the whole. 

33. To measure any quantity we fix upon some known 
quantity of the same kind for our standard, or unit, and then 
any quantity of that kind is measured by saying how many 

tunes it containa this unit, and this number of times is called 
^e measure of the quantity. 
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For example, to measure any distance along a road we fix 
upon a known distance, such as a mile, and express all distances 
by saying how many times they contain this unit. Thus 16 is 
the measure of a distance containing 16 miles. 

Again, to measure a man's income we take one poimd as our 
unit^ and thus if we said (as we often do say) that a man's in- 
come is 500 a year, we shotlld mean 500 times the unit, that is, 
£500. Unless we knew what the imit was, to say that a man's 
income was 500 would convey no definite meaning : all we 
should know would be that, whatever our unit was, a pound, a 
dollar, or a &anc, the man's income would be 500 times that 
imit, that is, £500, 500 dollars, or 500 francs. 

N.B. Since the imit contains itself (mcty its measure is 
imi^t^, and hence its name. 

34. Now we can conceive a quantity to be such that when 
put to another quantity of the same kind it will entirely or in 
part neutralize its effect 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, I may say that the latter 
distance is such a quantity that it neutralizes part of my first 
jcmmey, so fer as regards my position with respect to the point 
from which I started. 

Again, if I gain £500 in trade and then lose £400, 1 may 
say that the latter sum is such a quantity that it neutralizes 
pfifft of my first gain. 

If I gain £500 and then lose £700, 1 may say that the latter 
sum is such a quantity that it neutralizes all my first gain, and 
not only that, but also a quantity of which the absolute value 
is £200 remains in readiness to neutralize some future gain. 
Kegarding this £200 by itself we call it a quantity which will 
have a subtractive effect on subsequent profits. 

Now, since Algebra is intended to deal with such questions 
in a general way, and to teach us how to put quantities, alike 
or opposite in their effect, together, a convention is adopted, 
founded on the additive or svhtractive effect of the quantities 
in question, and stated thus : 

" To the quantities to be added prefix the sign + , and to 
the quantities to be siibtracted prefix the B\g;ji ~ , «si^ ^(Jwsa. 
write down all the quantities involved in snc^ a c^^\q\^ <twcL- 
nected with these signs," 
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Thus, suppose a man to trade for 4 years, and to gain a 
pounds the first year, to lose h pounds the second year, to gain 
c pounds the third year, and to lose (2 pounds the fourth year. 

The (Mitiet quantities are here a and c, which we are to 
write +a and +c. 

The svhtractive quantities are hece 5 and d, which we are to 
write -6 and -(2, 

/. Eesult of trading = +a— 6+c— rf. 

35. Let us next take the case in which the gain for the 
first year is a pounds, and the loss for each of three subsequent 
years is a pounds. 

Result of trading =+a--a-a-a 

Thus we arrive at an isolated quantity of a ivhiractive 
nature. 

Arithmetically we interpret this result as a loss of £2a. 

Algebraically we call the result a negative quantity. 

When once we have admitted the possibility of the inde« 
pendent existence of such quantities as this we may extend the 
application of the rules for Addition and Subtraction, for 

I. A negative quantity may stand by itself, and we may 
then add it to or take it from some other quantity or expres- 
sion. 

II. A negative quantity may stand first in an expression 
which we may have to add to or subtract from any other 
expression. 

The Rules for Addition and Subtraction given in Art. 21 
will be applicable to these expressions, as in the following 
Examples. 





ADDITION. 




(1) 


6a— 7a— -2a, 




(2) 


4a-36-6a+76=-2a+46. 




(3) 


To 4a To 


5a -36 




Add -Za Add - 


-2a-2h 




Sum . a ^\im 


^tt-bb 
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(4) 6a-56- 4c+ 6 (5) 7a;-6y + 9a 

-5a + 76-12c-17 -18x+9y-5» 

- a-86+19c+ 4 - 3«-82/+ ^ 

-65+ 3c- 7 -14a;-4y + 6» 



SUBTRACTION, 

(1) From X 

Take -y 

Bemainder a; + y 

or we miglit lepresent the opeiation thnBy 

(2) a+6-(-a+6)=a + 6+a-&=2a. 

(3) -a-&-(a-6)=-a-&-a+&»=-2». 

(4) -3a+ Ah- 7c+10 

5a- 96+ 8c+19 

-8a + 136-15c- 9 



(6) a;-y- 

=x-y- 



;3aj-j-5a;-(-4y+7aj)}] 
;3a;-j-5x+4y-7a;}] 
■3x + 5fl5— 4y + 7aj] 

=fl5-y-3a;-5»+4y— 7x 

= -14a; + 3y. 



(6) 7a+ 55+ 9c-12d 

-35- 12c- 8(i+ 6c 



7a+ 85+21C- 4(2-6c 



In tliis example we have deviated &om our previous prac- 
tice of placing Ixkt terms under each other. This arrange- 
ment is useful to facilitate the calculation, but is not absolutely 
necessary ; for the terms which are alike can be combined 
independently of it. 

♦ NOTB.— The meaning of Subtraction ia Yiexe ftx\fexA'^ %a "Caj^^ 
the result in Art, 18, Cabs 17, may be true "w^ieii b \& \«8& \2l^asv c. 
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Examples.— V. 

(I.) ADDITION. 
Add together 

1. 6a+76, -2a-46, and3a-56. 

2. -5a + 66-7c, -2a+13&+9c, and7a-296+4c, 

3. 2a;-3y + 4«, -5fl5+4y-7a, and --8a;-9y--3«. 

4. — a+6-c + rf, a— 26— 3c+rf, — 55 + 4c, and — Sc + cL 

5. a + 6--c+7, -2a-36-4c + 9, and3a+26 + 6c-16. 

6. 5x-3a-46, 6y-2a, 3a-2y, and 56-7aj. 

7. a + 6— c, c—a+&, 2&—c+3a, and 4a— 3c. 

8. 7a-36-5c+9(£, 26-3c-5rf, and -4(i + 15<r. 

9. -12a;— 5y+4«, 3a!+2y— 32, and 9x— 3j^+». 

(2.) SUBTRACTION. 

1. From a + 6 take — a-&. 

2. From a— 6 take —5 + c 

3. rroma—6+c take —a+6-c. 

4. From 6a;-8i/+3 take -2a;+9y-2. 

5. From 5a -126 + 17c take -2a+46-3c. 

6. From2a+6-3a;take46-3a+5ic. 

7. From a + 6- c take 3c -26+ 4a. 

8. From a+6+c-7 take 8-c-6 + a. 

9. From 12a;- 3y- a take 4y- 52+ re. 

10. From 8a— 66+ 7c take 2c -46+ 2a, 

11. From 9p-4g+3r take 5gr-3p+r. 



II. MULTIPLICATION. 



36. Thb opeTatdon of finding the sum of a nupibers each 
equal to 6 is called Multiplication, 

The number a is called the Multiplier. 
h Multiplicand, 

This Sum is caUed the Pbodugt of the multiplication of b 
by a. 

This Product is represented in Algebra by three distinct 
symbols : 

I. By writing the symbols side by side, with no sign 
between them, thus, ab ; 

II. By placing a small dot between the symbols, thus, a.h; 

III. By placing the sign x between the symbols, thus, 
axh; and all these are read thus, " a into h" or " a times hJ* 

In Arithmetic we chiefly use the third way of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 
57, which means the sum of fifty and seven, nor can we well 
represent it by 5.7, because it might be confounded with the 
notation used for decimal fractions, as 5*7. 

37. In Arithmetic 

2x7 stands for the same as 7 + 7. 
3x4 4 + 4 + 4. 

In Algebra 

db stands for the same as 6+&+6+ ... with b written 
a times. 

(a'\-b)c stands for the same as c + c + c ...m\?a. c'wc^^Ka. 
a+b iimea. 
[8.A,] -a 
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38. To shew that 3 times 4=4 times 3. 



\ 



3 times 4= 4 + 4 + 4 

= 1+1+1+1 

I. 



1+1+1+1 \ 
+1+1+1+1 \ 
+1+1+1+1 ) 



4tiiiies3= 3 + 3 + 3 + 3 
=1+1+1 

■^l^]^] > 11. 

+1+1+1 

+1+1+1 

Now tlie results obtained from I. and II. must be the sai 
for the horizontal columns of one are identical with the ve 
cal columns of the other. 

39. To prove that ah =:ba. 

ah means that the sum of a numbers each equal to & ii 
be taken. 

.*. a6= 6 + 6+ with 6 written a times 

= 6 
+ 6 
+ 

to a lines 

= 1 + 1 + 1 + to 6 terms 

+ 1 + 1 + 1 + to 6 terms I j 

+ 

to a lines. 

Again, 

ha= a+a+ with a written 6 times 

= a 

+a 
+ 

to 6 lines 

«= 1 + 1 + 1 + to a terms 

+ 1 + 1 + 1 + toatermsi jj 

+ 

to b lines. 
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Now the results obtained from I. and II. most be the same, 
for the horizontal columns of one are clearly the same as the 
vertical columns of the other. 

40. Since the expressions ah and ha are the same in mean- 
ing, we may r^ard either a or 6 as the multiplier in forming 
the product of a and h, and so we may read ab in two ways : 

(1) a into h, 

(2) a multiplied by h, 

41. The expressions ahc, acb, hoc, hca, cah, c^ are all the 
same in meaning, denoting that the three nxmibers symbolized 
by a, 5, and c are to be multiplied together. It is, however, 
generally desirable that the alphabetical order of the letters 
representing a product should be observed. 

42. Each of the numbers a, 5, c is called a Fagtob of the 
product dbc. 

43. When a number expressed in figures is one of the 
factors of a product it always stands first in the product. 

Thus the product of the factors x, ^, z and 9 is represented 
by 9ic^. 

44. Any one or more of the factors that make up a product 
is called the Coefficient of the other fewjtors. 

Thus in the expression 2ax, 2a is called the coefficient of x, 

45. When a factor a is repeated twice the product would 
be represented, in accordance with Art. 36, by aa ; when three 
times, by aaa. In such cases these products are, for the sake 
of brevity, expressed by writing the symbol with a number 
placed above it on th^ right, expressing the number of times the 
symbol is repeated ; thus 

instead of aa we write a* 



a^aa a' 

oooa a* 



These expressions a^, a^, a* are called the second, third, 

fourth PowEBS of a. 

The number placed over a symbol to express the power of 
the symbol is called the Index or Exponent, 

a^ is generally called the sqiiare oi a. 
a^ the cube oi a. 
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46. The product of a^ and a^=a^x a? 



=aa X aaa=aaaaa=^a^. 



Thus the index of the resulting power is the sum of the 
indices of the two factors. 

Similarly a*xa^=: aaaa x aaaaaa 

If one of the factors be a symbol without an index, we may 
assume it to have an index ^, that is 

Examples in multiplying powers of the same symbol are 

(1) axa2=ai-^=a3. 

(2) 7a3 X 5a7=7 x 5 x a^ x a'^=35a3+7= 35^10. 

(3) a^xa^xa^— a^"*^^ = a}^, 

(4) xhf X xy^=x^,y.x.y^=xKx,y,y^=a^\y^'^=ix^l 

(5) a% xaPx a^¥ = a^+i+s. fti+s+r = «». ¥K 

EXAMPLKS.— Vi. 

Multiply 

I. X into 3y. 2. 3» into 4y. 3. ^xy into 4a5y. 

4. 3a6c into ac. 5. a^ into a*. 6. a'' into a. 

7. 3a26 into 4a^1>^. 8. 7a*c into Sa^Jc^. 9. 16a6V by ISa^Jc. 

10. 7aV by 4a26c3. n. a^ i^y 3^3^ 12, 4^35^^. ^y 5a62y. 

13. 19a;^i8by4a^2^ 14. ITaft^is by 36c22/. 15. ex^i^hjSx^^. 
16. 3a6cby4aa5y. 17. a^ft^^ by Sa^ft^^^ 18. dmhiphymhi^. 
19. ay2j5; by 6a;V. 20. lla^ftx by 3ai^6i^2^ 

47. The rules for the addition and subtraction of powers 
are similar to those laid down in Chap. T. for simple quantities. 

Thus the sum of the second and third powers of x is repre- 
sented by 

and the remainder after taking the fourth'power of y from the 
fifth power of y is represented by 

and these expresaionB cannot be abridged. 
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But when we have to add or subtract the same powers of 
the same quantities the tenns maj be combined into one : 
thus 

3i^ + 6y3 + 72/5=15yS, 

Again, whenever two or more terms are entirely the same 
with respect to the symbols they contain, their sum may be 
abridged. 

Thus 0(2 + 0(2=20(2, 

3a26-2o26=a26, 

5a3&3 + 6a363 - ^dr^ = ^^, 

Idh, - lOahi - \2ahi = - Ibahi. 

48. From the multiplication of simple expressions we pass 
on to the case in which one of the quantities whose product is 
to be foimd is a compound expression. 

To shew that (a + h) c=ac-\-hc, 

{a + h) c=c-\'C + c+ ... with c written a + 5 times, 
=(c + c + c+ ...withe written a times) 
+ {c + c + c .,. with c written b times), 
=ac + hc 

49. To shew that {a—h)c=ac — he, 

{a—b}c='C + c + c+ ...with c written a-5 times, 
= {0 + + 0+ ... with c written a times) 

-{c + c + c ... with c written b times), 
=oc— 6c. 

Note. We assume that a is greater than b. 

60. Similarly it may be shewn that 

(a + 6 + c) (2 = o(2 + 6(2 + (j(2, 
(a — h — c) d=ad — hd-cd, 

and hence we obtain the following general rule for finding the 
product of a single symbol and an expression consisting of two 
or more terms. 

" Multiply each of the terms by the single sysic^ci^, ^si*^ ^swsv- 
nect the terzzw of the result by the signa o£ \\i.ft «fcTreta5L\«rcBa» 
of the com^mind expression." 
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Examples.— vii. 

Multiply 

1. a + 6 - c by a. 7. Sm^ + 9mri + lOn^ by mw. 

2. a + 36 - 4c by 2a. 8. 9a6 + 4a*6 - 3a362 + 4^263 |)y 3^6. 

3. a3 + 3a2 + 4a by a. 9. oi^—xh/^+ocy—l by scy. 

4. 3a3-5a2-.6a + 7by3a2. 10. m3-37»2» + 3mn2-w3 by n. 

5. a2 - 2a6 + 62 by a6. 1 1. 1 2a36 - Ga^ja + Sg^js by \<^a^W. 

6. a3-3a262 + 63by3a26. 12. 13x3-l7a;2y + 5a^2_^ bySxy. 

51. We next proceed to the case in which both multiplier 
and multiplicand are com'pownd expressions. 

First to multiply a + b into c + d. 

Represent c + dhj x. 

Then (a + 6)(c + d)={a + h)x 

=aai+hXfhj Art. 48, 

==ac + ad + hc + hd,hj Art. .48. 

The same result is obtained by the following process : 

c + d 
a + h 

ac + ad 
+ hc + hd 



ac + ad + hc + bd 

which may be thus described : 

Write a + b considered as the multiplier under c + d con- 
sidered as the multiplicand^ as in common Arithmetic Then 
multiply each term of the multiplicand by a, and set down the 
result. Next multiply each term of the multiplicand by 6, and 
set down the result under the result obtained before. The 
sum of the two results will be the product required. 

.A^^. The second result is shifted one place to the right 
Tbe object of tbia will be seen in Art. bS. 
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52. Next, to multiply a + 5 into c — d. 

Represent c — (Z by x. 

Then (a + 6)(c-(Q=(a + 6)a; 

=o(c-(Q + 6(c-(0 

=ac-(ui + 6c— M, by Art. 49. 

From a comparison of tbis result with the fiactors from 
wbicb it is produced it appears tbat if we regard the terms of 
tbe multiplicand c — (2 as indu&pvndefid quantities, and call them 
+ c and — (2, tbe effect of multiplying tbe positive terms + a 
and + 6 into tbe positive term + c is to produce two positive 
terms +oc and +6c, wbereas tbe eflTect of multiplying tbe 
positive terms +a and +& into tbe nagatvot term —d ia to 
produce two negative terms — ad and — bd, 

Tbe same result is obtained by tbe following process : 

c-d 
a + h 
ac—ad 
+ hc-'hd 



ac—ad + hc-hd 



Tbis process may be described in a similar manner to tbat 
in Art 51, it being assxmied tbat a positive term multiplied 
into a negative term gives a negative result. 

Similarly we may sbew tbat a—h into c + d gives 

ac-^-ad—hc — hd, 

53. Next to multiply a-h into c-d, 

Represent c — dhjx, 

Tben (a-&)(c-(Q=(a-6)a; 

^aac — bx 

=a(c-(i) — 6(c— d) 
=(ac- ad) -(he — bd), by Art. 49, 
^ac-ad—bc-^-hd. 

When we compare this result with the factors from which 
it is produced, we see that 

The product of the positive term a mV^ ^Jokfo ^o®^^ 
term c is tbe poaiiiye term etc 
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The product of the positive term a into the negative 
term -d is the negative term -ad. 

The product of the negative term - h into the positive 
term c is the negative term — 6c. 

The product of the negative term - & into the negative 
. term — d is the positive term M, 

The multiplication of c - d by a - 6 may be written thus : 

c — d 
a— 6 

ajd—od 
— hc + hd 



ac — ad—hc + hd 



54. The results obtained in the preceding Article enable us 
to state what is called the Kule of Signs in Multiplication, 
which is 

*'The product of two positive terms or of two negative terms 
is positive : the product of two terms, one of wMch is positive and 
the other negative, is negative.^* 

55. The following more concise proof may now be given of 
the EuLE OF Signs. 

To shew that (a-b)(c—d)=ac-ad-'hc + hd. 

First, (a-b)M=M-{-M+M+ ...with Jkf written a-5 times, 

=(M+M+M+ ...with Jlf written a times) 
- {M+M+M+ ... with M written 6 times),- 

^aM-bM. 

Next, let M= c—d. 

Then aM= a{c—d) 

^^ic-dia Art 39. 

=ca—da, Art. 49. 

Similarly, bM==cb — db, 

:. {a''b)(c-'d)^(ca—da)-{cib—db). 

Now to subtract (cb—db) from (ca— da), if we take away cb 
we take away db too much, and we must therefore add db to 
the result, 

.: weget ca—da—cb + db, 
which IB the aame as ac ~ od — be -Vbd. 1^. ^^* 
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So it appears that in multiplying (a~&) (c~(Q we mast 
multiply each term in one &ctor by each term in the other 
and prefix the sign according to this law : — 

When the factors muXti/plUd ha/ve like ngns prefix +, when 
unlike — to the product 

This is the Bulb of Signs. 

56. We shall now give some examples in illustration of the 
principles laid down in the last five Articles. 

Exa/mples in Multiplication worked out. 

(1) Multiply x + b hjx + 7. (2) Multiply a;-5 by x + 7. 

05-6 

x + 7 



x + 

X + 


5 

7 


+ 


5» 
7x + 26 



x^-bx 
+ 7a--35 

a^ + l2x + Zb «2 + 2a;-35 

The reason for shifting the second result one place to the 
right is that it enables us generally to place I'Uce terms under 
each other. 

(3) Multiply a; + 5 by a;-7. (4) Multiply x-b by x-7. 

x + 6 05— 6 

x-7 , a- 7 



a^ + bx x^- bx 

-7a-36 - 7a + 35 



a2-2a;-36 a^-12a; + 35 

(5) Multiply a;2 + y2 by jc2 _ ^2, (g) Multiply 3aa; - bby by 7ax - 2Iry. 

a^ + y^ Zax— bhy 

a^-y^ 7ax- 2by 

sB*+a;V 21a2x2-35a% 



^-y^ 21d^^-4\a]bK\j-V\<^^ 



26 MULTIPLICATION. 

« 

67. The process in the multiplication of factors, one or 
both of which contains more than two terms, is similar to the 
processes which we have been describing, as may be seen from 
the following examples : 

Multiply 

(1) a;2 + {»y + a/2T3y a._y. (2) a2 + 6a + 9 by a^-ga + Q. 

CB^+jcy+a/* a2 + 6a +9 

X— y a^ — 6(1 +9 






osrp +9a2 +54a + 81 

a*-18a2 + 81 
(3) Multiply 3a;2 + 4an/-y2 i^y 3a;2-4an/+y2 

3»2+ 4xy - y^ 
305^- 4xy + y^ 

9a;* + 12a;8y- 3a?V^ 

-12a;8y-16a;22^2 + 4a^ 

+ 3a;?i/2 + 4cy8_y4 
9a;* - 16a^2 + san/^ -y* 

(4) To find the contmued product of a; + 3, a; + 4, and 
a; + 6. 

To effect this we must multiply a; + 3 by a; + 4, and then 
multiply the result by a; + 6. 

a;+ 3 
x+ 4 



a? + 

+ 


3a 

4»+12 


a? + 
x + 


7a; +12 
6 


+ 


7a;2 + 12a; 
6a;2 + 42a + 72 



a;8 + 13a;2 + 54a; + 72 

Note. The numbers 13 and 54 are called the coefficients of 
a:^ and x in the expression a;^ + 13a:^ + 54a;+72, in accordance 
with Art 44. 
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(5) Find the continued product of a; + a, a; + 6, and x + c, 

aj+a 
a; + 6 



a5* + (M5 

aj* + oic + 6a; + a6 
a; + c 

t a;^ + oo* + fec^ + oftx 
+ ex* + OCX + &CX + a6c 



x' + (a + 6 + c)x* + (06 + ac + &c)x + a5c 



JVbte. The coefficients of x* and x in the expression just 
obtained are a + 6 + c and 06 + oc + 6c respectively. 

When a coefficient is expressed in UiUriy as in this example, 
it is called a lUe/ral coefficient. 

EXAMPLKS.— Viii. 

Multiply 

I, x + 3byx + 9. 2. x + 15byx-7. 3. x-12 by x + 10. 
4.x-8byx— 7. 5. a-3bya-6. 6. i(--6 by y + 13. 
7. x2_4"bya;2+5, 8, x3-6x + 9byx2-6x + 5. 

9. x24.5a--.3by x2~5x-3. 10. a3-3a + 2bya3~3a2 + 2. 
II. X?— x + 1 by x^ + x— 1. 12. x2+xy+2/* by x*— xy+y2. 

13. fl5* + xy + ^*by x--i(. 14. a*— a^ by a* + a^+x*. 

15. x3-3x2 + 3x-l by x2 + 3x + l. 

16. x' + 3a% + 9xy2 + 27^byx-3y. 

17. a3 + 2a26 + 4a62 + 863 ^y ^_26. 

18. 8a3+4a26 + 2a62 + 63by2a-6. 

19. a3-2a26+3a62 + 463 by a2-2a6-362. 

20. a3 + 3a26 - 2a62 + 36^ by a* + 2a6 - 362. 

21. a2 — 2ax + 4x2 by a2 + 2ax + 4x2. 

22. 9a2 + 3ax + x2 by 9a2-3ax + x2. 

23. X*- 2ax2 + 4a2 by x* + 2ax2 + 4a2. 

24. a2 + 62 + c2_^5_fljij__5g by a + 6 + c. 

25. x2 + 4x2/ + 5i(2by x5-3x2y-2xy2 + 3i^. 

26. a6 + c<i + ac + 6(iby 06 + 0?— oc — 6(i. 

Find the continued product of the foWomn;^ ex.^x^'assvcrcL-. 
27. x-a,x+a/a?+a^^Q^-\-o,K 2E. x-tt,x-v\x-o. 
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29. 1-05, 1 +X, 1 +K*, 1 +«*. 

30. X'-y,x+yfO^—ocy+y^,Qt?-\-Qcy + 'i^. 

31. a— a, a+a, a^+ic*^ a*+a;*, a*+sc*. 

Find the coefficient of x in the following expansions : 

32. (a-5)(»-6)(a+7). 33. (» + 8)(a; + 3)(»-2). 

34- (»-2)(a--3)(a + 4). 35. {x-a){x-'h){x-c), 

36. (»2 + 3a-2)(iB2-3» + 2)(x*-5). 

37. (jB2-a; + l)(jB2 + a;-l)(a;*-a^ + l). 

38. {3?-mx-\-\){Qc^--'mx---\){7^-r1(^--'\). 

58. Our proof of the Rule of Signs in Art 55 is founded 
on the supposition that a is greater than h and c is greater 
than d. 

To include cases in which the muLtvplier is an isolated nega- 
tive quantity we must extend our definition of Multiplication. 
For the definition given in Art. 36 does not cover this case, 
since we cannot say that c shall be taken — d times. 

We give then the following definition. " The operation of 
MtUtiplication is mdi that ike product of the factors a — b and 
c—dvnll he equivalerU to ac—ad — bc + bd, whatever may he the 
values of ay h, c, d." 

Now since 

(a-h) {c-d)=^ac-ad-hc + hd, 

make a=0 and d=0. 

Then (0-6)(c-0)=Oxc-OxO-6c + 6xO, 

or -'hxc= —he. 

Similarly it may be shewn that 

— 6x -(2= +hd. 

Examples.— ix. 

Multiply 
I. a^hj -6. 2. a^by -a'. 3. a^hy -db^, 

4. -4a26by -3aft2. 5. &a^hj -6xy^ 6. a^-ab + b^hj -a. 
7. 3a'+4a2-5aby -2a2. 8. -a^— a^-a by -a-1. 
9. Zxhf-f^^ + 4y^hj -2x''3y. 

10. — 5m^ — Qmn + 7n^ by — m + n. 

11. 13r2-l7r-45 by -r-3. 

12. 7a?'-SaPz-9z^hy -x-z. 

74. ^^''Xi/^'-si^^a?\>j -x-)|. 



III. INVOLUTION. 

59. To this part of Algebra belongs the process called 
Involution. This is the operation of multiplying a quan- 
tity hy itself any number of times. 

The power to which the quantity is raised is expreseed by 
the number of times the quantity has been employed as a 
factor in the operation. 

Thus, as has been already stated in Art. 45, 
a^ is called the second power of a, 
a^ is called the third power of a, 

60. When we have to raise negative quantities to certain 
powers we symbolize the operation by putting the quantity in 
a bracket with the number denoting ^e index (Art. 45) placed 
over the bracket on the right hand. 

Thus ( — ay denotes the third power of — a, 
( — 2a;)* denotes the fourth power of — 2x, 

61. The signs of all even powers of a negative quantity 
will be positive, and the signs of the odd powers will be 
negoitive. 

Thus (-a)2=(-a)x(-a)=a2, 

(_a)3=(-a).(-a) (-a) = a2.(-a)= -a^. 

62. To raise a simple quantity to any power we multiply 
the index of the quantity by the number denoting the power 
to which it is to be raised, and prefix the proper sign. 

Thus the square of a' is a®, 

the cube of a? is a®, 
the cube of -a;2y«3 jg -gfi^. 
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63. We form the second, third and fourth powers of a + 6 
in the following manner : 



a + 6 
a + 6 



(a-f 


J)3 = 


/I +6 






a3 + 2a26 + a62 
+ a26 + 2a62 + 63 




(a + 


=a3 + 3a26 + 3a62 + 63 
a +6 






+ a36 + 3a262 + 3a68 + 


6* 



(a + 6)4 = a* + 4a36 + 6a262 + 4a63 + 64. 
Here observe the following laws ; 

I. The indices of a decrease by unity in each term. 
II. The indices of 6 increase by unity in each term. 
III. The numerical coefficient of the second term is always 
the same as the index of the power to which the 
binomial is raised. 

64. We form the second, third and fourth powers of a - 6 
in the following manner : 

a-h 
a-h 



a^-ah 
-ah +62 

(a-6)2=a2-2a6 + 62 
a -6 



a8-2a26 + a62 

- a26+2a62-68 

(a - 6)3 =a8-3a26 + 3a62-63 
a -6 

a*-3a86 + 3a262-a6S 

- a36 + 3a262-3a68+6* 



(^-*)*=a*-4a»b + 6a*l]?-4afe?-v\A. 
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Now observe that the powers of a - & do not differ from the 
powers of a + & except that the terms, in which the odd powers 
of 6, as 6^, &3, occur have the sign - prefixed. 

Hence if any power of a + 6 be givefn, we can write the 
wrresponding power of a - 6 : thus 

since (a + 6)5=a« + 5a*6 + 10a'6» + 10a«6' + 5a6* + 65, 
(a - 6)6=06 - 5a*6 + lOa^fta _ lOa^fts + 5a6* - ft^. 

65. Since (a + 6)2= a2 + 52+206 and (a-6)2=a2 + 62-2a6, 
it appears that the square of a binomial is formed by the 
following process : 

"To the sum of the squares of each term add twice the 
product of the terms." 
Thus (a;-liy)2=a:2 + y2 + 2a;y, 

(x + 3)2=iB2 + 9 + 6a;, 
(a;-5)2=jB2 + 25-10a;, 
(2a - 7y)2 = 4a;2 + 49y2 - 28iBy. 

66. To form the square of a trinomial : 

a + 6 + c 
a + 6+c 

+ a6 + 62+6c 

+ oc + 6c + c2 • 



a2 + 2a6 + 62 + 2ac+26c + c2. 

Arranging this result thus a* + 6* + c^ + 2a6 + 2ac + 26c, we see 
that it is composed of two sets of quantities : 

I. The squares of the quantities a, 6, c. 
II. The double products of a, 6, c taken two and two. 

Now, if we fdrm the square of a - 6 - c, we get 

a-6-c 
a-6-c 

a^ - a6 - oc 
-a6 + 62 + 6c 
- ac + 6c + c^ 



a2-2a6 + 62-2ac + 2bc-Vc^ 
The law of formation ia the same aa 'beioxe, iox -w^'Wi^ 



32 INVOLUTION. 



I. The squares of the quantities. 

II. The double products of a, - &, - c taken two by two : 
the sign of each result being + or - , according as 
the signs of the algebraical quantities composing it 
are like or unlike. 

67. The same law holds good for expressions containing 
more than three terms, thus 

+ 2a5 + 2ac + 2GMi + 26c + 2 W + 2c(i, 
(a-6 + c-(Q2=a2+62+c2+(i2 

-2a& + 2ac-2ai-26c+26(Z-2cd. 

And generally, the square of an expression containing 2, 3, 
4 or more terms will be formed by the following process : 

" To the sum of the squares of each term add twice the 
product of each term into each of the terms that follow it." 

Examples.— X. 

Form the square of each of the following expressions : 
I. jc + a. 2. a; -a. 3. a;+2. 4. a; -3. 5. ^-Vy^, 

6. ix?-y\ 7. a^ + ft^. 8. a^-l^, 9. x+y + z. 10. x-y+z, 

II. m + n-'p-r, 12. x^-k-2x-Z, 13. jc2-6x + 7. 

14. 2a;2_7a; + 9. 15. x^ + y^-z\ 16. x*-4a2y2^y4, 

17. a^+^s + cS. 18. ic3-2/'-«3. 19. a; + 2y-3». 

20. x^-^y^+hz\ 

Expand the following expressions : 
21. {x + a)\ 22. {x-a)\ 23. (x + l)3. 24. (a -1)3. 
25. («+2)3. 26. (a2-62)3. 27. (a + 6+c)8. 28. (a-6-c)3. 
29. {m + nf,{m-rCf, 30. (m + n)2.(m2-w2). 

' 68. An algebraical product is said to be of 2, 3 dim&a- 

sioTM, when the sum of the indices of the quantities composing 
the product is 2, 3 

Thus ad is an expression oi ^ toa'WiaVoTka, 

a^d^c is an exprea^on oi 5 dxDCiKnaoTQ&« 
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69. An algebraical expression is called hvmogefMmu when 
each of its terms is of the same dimensions. 

Thus x^ + 2^ + ^ is homogeneous, for each term is of 2 dimen- 
sions. 

Also 3a:^+4a!%+5i^ is homogeneous, for each term is of 3 
dimensions, the numerical coefficients not affecting the dimen- 
sions of each term. 

70. An expression is said to be (unwngtA according to 
powers of some letter, when the indices of that letter occur in 
the order of their magnitudes, either increasing or decreasing. 

Thus the expression c? + dhi + oas* + «* is arranged according 
to descending powers of a, and ascending powers of x. 

71. One expression is said to be of a higher order than 
another when the former contains a higher power of some dis- 
tinguishing letter than the other. 

Thus a^+a^x+oaj^+sc' is said to be of a higher order than 
a^+az+x% with reference to the index of a. 



IV. DIVISION. 

72. Division is the process by which, when a product is 
given and we know one of the factors, the other factor is deter- 
mined. 

The product is, with reference to this process, called the 
Dividend. 

The given factor is called the Divisor. 

The factor which has to be found is called the Quotient. 

73. The operation of Division is denoted by the sign -^. 
Thus ah-r-a signifies that a6 is to be divided by a. 

The same operation is denoted by writing the dividend 

over the divisor with a line drawn between t'he^l,^i\ixvR — . 

In this chapter we shall treat only of cases m ^\^0d. ^^ 
dividend contains the divisor an exact nuxabex oi ^iTXi^. 
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Case I. 

74. When the dividend and divisor are each included in 
a single term, we can usually tell by inspection the factors of 
which each is composed. The quotient will in this case be 
represented by the factors which remain in the dividend, when 
those factors which are common to the dividend and the di- 
visor have been removed from the dividend. 



Thus X~^' 

3a^ Zm 



a a 
a^ aaaaa 



a^ aaa 



3a, 



Thus, when one power of a number is divided by a smaller 
power of the same number, the quotient is that power of the 
number whose index is the difference between the indices of the 
dividend and the divisor. 



Thus ^=aia-6=ar 

a^ ' 



3ah 



= 5a26. 



75. The quotient is unity when the dividend and the 
divisor are equal. 

Thus -=1- ?^-=l- 

inus ^-1, ^.y ^' 

and this will hold true when the dividend and the divisor are 
compound quantities. 



Thus —7^=1; o 2 =1- 

a + 6 a^-y^ 



EXAMPLES.— Xi. 
Divide 
I. sfi by a?. 2. x^^ by x^. 3. sdhf^ by xy. 

4. dhj^ hy ayyh. 5. 24a62c by 4a&. 6. 72a^b^<^hj9a^l)^c. 
7. 556^3^7^9 by 16a5c3. 8. ISSlm^Vys by Wmhi^j^, 

g. eOaVy^ hy 6xy. 10. 96a*l?<?\i7 Y2J)c, 
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Case II. 

76. If the divisor be a single term, while the dividend 
contains two or more terms, the quotient will be found by 
dividing each term of the dividend separately by the divisor 
and connecting the results with their proper signs. 

Thus =a+o, 

X ' 

=zarx^+ax-{-l, 

ax ' 

EXAMPLKS.— XiL 
Divide 

1. a?-¥23^+xhj X, 4. rn^+m^ph^+m^hymp, 

2. y^-y*+y^-y^hjy^. 5. I6ahyy-'28ah^-^4ah?hj 4ah:. 

3. 8a3+l6a26 + 24a62by8a. 6. 72icy-36icV~18aVby9jc2y. 

7. 81mW - 64mM + 277nWp by 3m%*. 

9. 16da*6- 117a362+9ia26 by ISa^. 
10. 36l66c8 + 2286*c*-13368c5 by 1962c. 

77. Admitting the possibility of the independent existence 
of a term afifected with the sign - , we can extend the Exam- 
ples in Arts. 74 — 76, by taking the first term of the dividend 
or the divisor, or both, negative. In such cases we apply the 
Rule of Signs in Multiplication to form a Eule of Signs in 
Division. 

Thus since -a x 6= -a6, we conclude that — r— = -a, 

(ix-6=— a&, — T'—^y 

— • 



— ax — 6=a&, — -=: —a; 

and hence the rules 

I. When the dividend and the divisor have the same 
sign the quotient is positive. 

II. When the dividend and the diviaot laa.-^^ dixJfOTW.^ 
s^pis the quotient is negative. 
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78. The following Examples illustrate the conclusions just 
obtained : 

(1) %^-o^. (3) ^^=9^«. 

(2) "'W^— ^«^^- (4) ?^=-a^5. 

(5) — T = -o^ + ao2_flj25^a3^ 

(^^ -4a^ ^ = 3a%2«4xy + 2. 



EXAMPLKS.— xiii. 
Divide 

1. 72a6b7-9a6. 6. — a^ic^-aV-oaby — aa. 

2. - 60a8 by - 4a3. 7. - 34a3 + Sla^ - l7aiB2 by 17a. 

3. -84x8y»by4a^. 8. -8a862_ 24^665 + 32a7&8 by -4a362. 

4. - 18m3n2 by 3m». 9. ~144a^ + 108a;22/-96ay2i3y x2a;. 

5. - 128a362c by - 86c. 10. }M%^ - ft^a-r^g* _ jy»2 ^y - ja^s. 

Case III. 

79. The third case of the operation of Division is that in 
which the divisor and the dividend contain more terms than 
one. The operation is conducted in the following way : 

Arrange the divisor and dividend according to the 
powers of some one symbol, and place them in the 
same line as in the process of Long Division in 
Arithmetic. 

Divide the first term of the dividend by the first term 
of the divisor. 

Set down the result as the first term of the quotient. 

Multiply all the terms of the divisor by the first term 
of the quotient. 

Subtract the resulting product from the dividend. If 
there be a remainder, consider it as a n&w dividend, 
and proceed as before. 
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The process will best be understood by a careful study of 
the following Examples : 
(1) Divide a2+2a6+62 by a + 6. (2)Dividea2-2a6+62bya-6.' 

(3) Divide sc*-y* by jc^—y^. 

0*1/2 — a;2y4 

(4) Divide a:«-4a2a*+4aV-a« by x^-a\ 
iB2-a2^a^-4a2K*+4a*ic«-a%a*-3a2a2 + a4 

rc8-a2sc* 

-3aV + 4aV-a« 
-3a2a^ + 3a*«2 



(5) Divide Sxy+Jc' +2/^-1 by y + a; -1. 

Arranging the divisor and dividend by descending 'powers 
of «, 

-xhf + x^+Sxy+f-l 
-xhf-xy^ + xy 

x^-\-xy^+2xy-\-y^-l 
a^+xy-x 

xy^+xy-hx + y^-l 

xy+x+y^-l 
xy+y^-y 

x-\-y—\ 
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80. We nmst now direct the attention of the student to 
two points of great importance in Division. 

I. The dividend and divisor must be arranged accord- 
ing to the order of the powers of one of the symbols 
involved in them. This order may be ascending or 
descending. In the Examples given above we have 
taken the descending order, and in the Examples 
worked out in the next Article we shall take an 
ascending order of arrangement. 

II. In each remainder the terms must be arranged in 
the same order, ascending or descending, as that in 
which the dividend is arranged at first. 

81. To divide (1) l-a*by a^+a^+aj + l, 

arrange the dividend and divisor by ascending powers of x, 
thus : 

l+ic + a^+a' 

-x-a^-a^ - sc* 
— a; — a^ — jc* — X* 

(2) 48x^-¥6-36x^-¥5Qa^-70a^-'2Zxhjex^-6x-h2-7a^, 

arrange the dividend and divisor by ascending powers of x, 

thus : 

2-5a; + 6x2 - 7a;3^ 6 - 23a; + 48x2 - 7aB3 + 580* - 35x6 (^3 _ 4a. ^ 5a.2 

6-15x + 18x2-21x3 

- 8x+ 30x2- 49x8 +58x* 
-8x + 20x2-24x8 + 28x* 

10x2 - 25x8 + 30x*- 35x6 
10x2 - 25x3 + 30x*- 35x6 

EXAMPLKS.— XiV- 
Divide 

1. x2+15x+50byx + 10. 5. x3 + 13x2 + 54x+72 by x + 6. 

2. x2«i7a;4.7oby x-7. 6. a^+a^-x-lhy x+l. 

3. x2+x-12by x-3. ^ 7. x8 + 2x2 + 2x + l by x + 1. 

4. x2+13x + 12byx+l. 8. x6-5x3+7x2 + 6x + lbyx2+3x + l. 

p. ;2r*-4a:3-^2x2+4x+l byx2-2x-l. 
10. ;2r*-4a:*-/.dp^-4x+l by x2-2x-\-l. 
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II. ar*-a^ + 2x-l by fl52+a;-l. 12. flc*-4flB* + 8x+16bya5 + 2. 

13. a^ + 4ic*y + 3jcy2^122^by a; + 4y. 

14. o* + 4a3&+6a262 + 4a^+&4bya + 6. 

15. afi-5a*6 + 10a36a-iOa268+5a6*-66tya-6. 

16. iB*-12x5+50a^-84x + 45bya^-6a; + 9. 

17. a6-4a*6 + 4a362 + 4a263_i7aJ4_i2^bya«-2a6-362 

18. 4a2K*-12aV + 13(iV-6a'*x+a«by2aa^-3a2x + a3. 

19. a5*-fl52 + 2»-l by fls^ + x-l. 

20. 05* + 0^2 - 2a* by 35^+ 2a2. 23. a:^ - y* by a; - y. 

21. jc* - 13a5y - 30y2 by a; - 15y. 24. a2-62^26c-c2bya-& + c. 

22. fl^+i/^byaj+y. 25. 6-362 + 3J3-&*by &-1. 

26. a2-62_c2 + cP-2(a(2-&c)bya+6-c-d 
27. o^+y^+z^-San^by a;+y+2. 28. a;^+y^^by o^+y^. 

29. j92+2>gf4.22w-222 + 7^-3r2by 2;-g + 3r. 

30. a8 + a662^.flt4544.a256+2^by a*+a36+a262 + o6s + 6*. 

31. a:^ + aA/2+aj*2/* + x^+t/® by 05* -3:^+05*2/2 -oy^+t/*. 
32. 4x6-x3 + 4a;by 2x2 + 3x + 2. 33. a«-243bya-3. 

34. Jfcw.jkbyA^-l. 35. a;3_5a;2_46a._4obya; + 4. 

36. 48»3 _ 76aa.2 _ 64^2^. 4. io5a3 by 2a; - 3a. 

37. 18x*-45a;3 + 82aj2-67a; + 40by 3a;2_4a; + 5. 

38. 16a* - 72a2x2 + 3ict4 by 2a; - 3a. 

39. 81a;* -256a* by 3a; + 4a. 41. a;3 + 2aa;2_^2a._2a3 bya;2-a2. 

40. 2a3 + 3a26 - 2a62 - 363bya2 - 61 42. a* - a%^ - 126*by a^ + 362. 

43. a;*-9a;2-6an/-y2by a;2 + 3a; + y. 

44. a;* - 6a;3y ^ 9a.2y2 _ 4^ by a;2 - 3a;y + 2i/2. 

45. a;* - 811/* by a; - 3y. 47. 81a* - 166* by 3a + 26. 

46. a* - 166* by a - 26. 48. 16a;* - 811/* by 2a; + 3y. 

49. 3a2 + 8a6+462 + 10ac+86c + 3c2by a + 26 + 3c. 

50. a* + 4a2a;2 + x6a;*by a2 + 2aa; + 4a;2. 

51. a;*+a;V+y*^y «^-^+l/^« 

52. 256a;*+ 16a%2+^ by 16a;2 + 4fl«/-\-'i|^ 
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54. aic3 + 3^2aa_2a3a;-2a*by ic-a. 55. o^ - a;^ by a; + a. 

56. 2a;2^,ajj^_3y2_42^_ajg_gj2i3y 2a; + 3y+». 

57. 9a; + 3a;* + 14ic3^2b7 l + 5fl5+a^. 

58. 12-38a; + 82a^-112a;3+106ic*-.70a^by7x2-5a;+3. 

59. fl^+i^by a!*-a^+a;V""^ + 2/*' 

60. (a2x2 + 62y2)_(c^2J2^a.2y2)tyfl^a.4.Jy^.^^a5y^ 

61. 06 (a52^.y2J^,g5y^gj2^,J2J]jy fl^^,5y^ 

62. iB*+(262-aV+2)*bya;«+.aa; + 62. 

82. The process may in some cases be shortened by the use 
of brackets, as in the following Example. 

(a + c) ic^ + (06 + ac + 6c) a; 
{a-\-c) a;2 + (06 + 6c) x 

acx + ahc 

acx-¥ahc 

x-\) a^-maj*+naj5-wa!^+wia;-l (^os* - (m - 1) a:' 

a:^-a* -(m-w-1) a^^^i^.j^^.^ j^ 

-(m-l)«* + 7MC^ 

-(m-1) a^+(m- l)a:3 



- (m - 71 - 1) a:^ - wa;^ 

- (m - w - 1) a;3+ (m - n - 1) a^ 

-(m-1) a^^ + iyia; 

- (m - 1) a^+ (m - 1) a; 

«-l 

Examples-— XV. 

Divide 

1. a^-(a*-6-c)a^-(6-c)aa; + 6c by x^-ax + c, 

2. y^-(l-¥m+n) y'+ (Zm+ i»+ wm) y - Imn by y - w. 

3. a:^-(m-c)a5*+(7i-cm+<Qa:' + 
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83. The following Examples in Division are of great 
importance. 

Divisor. Dividend. Quotient. 

ac-y a5*-y* a; + y 

x-y a^-y^ a?-\-xy-¥y^ 

84. Again, if we arrange two series of binomials consisting 
respectively of the sum and the difference of ascending powers 
of x and y^ thus 

t 

a+y, a^+y^, a^ + y^, «*+y*, a^+y*, a:^+K*, and so on, 
x-y^Qi?-y\ a^-y^, (x^-y*, x^-y^y sfi-y^, and so on, 

x-\-y will divide the odd terms in the upper line, 
and the even in the lower 

x-y will divide all the terms in the lower, 
but none in the upper. 

Or we may put it thus : 

If n stand for any whole number, 

af^+y^ is divisible by x-\-y when n is odd, 

by « - y never ; 

a?* - y" is divisible by a; +y when n is even, 

hj x-y always. 

Also, it is to be observed that when the divisor is x - y all 
the terms of the quotient are positive, and when the divisor is 
x+y, the terms of the quotient are alternately positive and 
n^ative. 

T}ras^!^^=si?+ix^+xy^+y^, 
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85. These properties may be easily remembered by taking 
the four simplest cases, thus, a;+y, Jc-y, sc^ + 2/^ Jc^-y*, of 
which 

the first is divisible by a; +y, 

second »-y> 

third neither, 

' fourth both. 

Again, since these properties are true for all values of x and 
y, suppose y=l, then we shall have 

0^-1 - a;2-l 

a+l x-\ ' 

-=a;2-a; + l, i=«2+x+l. 

a + l ' 05-1 

Also 

a + l ' 

JB-l 



Examples.— xvi. 

Without going through the process of Division write down 
the quotients in the following cases : 

1. When the divisor is m+n, and the dividends are 
respectively 

n^-v?^ m' + n^, m^-¥n^f m^ - vfi, m^ + nK 

2. When the divisor is m-n, and the dividends are 
respectively 

3. When the divisor is a + 1, and the dividends are 
respectively 

a2-l, a^ + l, afi + l, a^ + l, a8_i. 

4. When the divisor is 2(-l» ^^d the dividends are 

y^-i,y«-l,y«-l,i/r-l,'ya-l. 



V. ON THE RESOLUTION OF EXPRES- 
SIONS INTO FACTORS. 

86. We shall discnss in tliis Chapter an operation which 
is the opposite of that which we call Multiplication. In Mul- 
tiplication we determine the product of two given factors : in 
the operation of which we have now to treat the product is 
gi/oen avd the factors have to be found, 

87. For the resohition, as it is called, of a product into its 
component factors no rule can be given which shall be applic- 
able to all cases, but it is not difficult to explain the process 
in certain simple cases. We shall take these cases separately. 

88. Case I. The simplest case for resolution is that in 
which all the terms of an expression have one common factor. 
This fiactor can be seen by inspection in most cases, and there- 
fore the other factor may be at once determined. 

Thus a2+a5=a(a + 6), 

2a3 + 4a2+8a=2a(a2 + 2a + 4), 



Examples.— xvii. 

Resolve into factors : 

1. 6a5*-15ic. c. {x^-aa^-\-hx^+cx. 

2. Zix^+lQa^-ex. 6. 3x6^3 -21aJ*y2 4.27rBy. 

3. 49f-14y-¥7. 7. 54a*l/i-V-\0%a«ll^-'5.Aao^'V». 

4. ^a^^-lSa^if^-hSxf. 8. 45x^^-^01^? -^^^^i^^ 



44 RESOLUTION INTO FACTORS, 

89. Case II. The next case in point of simplicity is that 
in which four terms can be so arranged, that the first two have 
a common factor and the last two have a common factor. 

Thus 

= (a; + &)(a; + a). 
Again 

ac-a(i-6c + 6(Z=(ac-a(Q-(6c-6(i) ' 

= (a-6) (c-(Q. 

Examples-— xviii. 

Eesolye into factors : 

1. a:i2-aa;.--&aJ + flt&. 5. ahx^-ttocy + hxy-^y^. 

2. db-^ttx-hx-x\ 6. ahx - dby + cdx - cdy* 

3. hc-hhy-cy-y^. y. > cda^+dmfiay--cnxy--mny^. 

4. hn+mn-hcib+cm, 8. ahcx-h^dx-'acdy + hd^. 

90. Before reading the Articles that follow the student is 
advised to turn back to Art. 56, and to observe the manner in 
which the operation of multiplying a binomial by a binomial 
produces a trinomial in the Examples there given. He will 
then be prepared to expect that in certain cases a trinomicU 
can he resolved into two binomial fa^ctors, examples of which we 
shall now give. 

91. Case III. To find the factors of 

fl52+7a; + 12. 
Our object is to find two num.bers whose product is 12, 

and whose sum is 7. 
These will evidently be 4 and 3, 

/. fl52 + 7a; + 12=(a; + 4)(a;+3). 

Again, to find the factors of 

a^+56a; + 66*. 

Our object is to find two mumbers whose product is 6ft*, 

and whose sum is 6&. 
These will clearly be 36 and 26, 

.-. ic3+56x+662=(x-vSbH«-v«)V 
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Examples 


. — xix. 


Resolve into factors ; 






I. 


a;2+lla; + 30. 


9- 


y2 + i9ny + 487i3. 


2. 


a;2+i7a; + 60. 


10. 


»2 + 29p8+10()p2. 


3- 


i/2 + i3y + 12. 


II. 


a* + 5x2+ 6. 


4. 


y2 + 21y + 110. 


12. 


a:« + 4x3 + 3. 


5- 


m2 + 35m + 300. 


13- 


ic2y2+i8xy^.32. 


6. 


m2 + 23m+102. 


14. 


icV + 7x*y2+i2. 


7. 


a2 + 9a6 + 86«. 


15. 


mW+lOm»+16. 



8. ic2 + 13ma; + 36m2. 16. n2 + 27712 + 1402*. 

93. Case IV. To find the factors of 

x2-9a; + 20. 

Our object is to find two negative terms whose product is 20, 

and whose sum is - 9. 
These will clearly be - 5 and - 4, 

/. a;2-9a;+20=(a;-5)(x-4). 

EXAMPI-ES,— XX. 

Besolve into fiactors : 

1. {e2-7a;+10. 6. n2-57n+56. 

2. {e2-29a; + 190. 7. Qfi-l7?-¥l^, 

3. i/2-23y + 132. 8. a262-27a& + 26. 

4. y«-30y + 200. 9. &*c«-ll62c5 + 30. 

5. n*-43n+460. 10. Qihi^-l2ixyz-\-2'2, 

92. Case V. To find the factors of 

fl52 + 5a;-84. 

Our object is to find two terms, one positive and one negative, 
whose product is - 84, and whose sum is 5. 

These are clearly 12 and - 7, 

.'. i??'+5;r-84=(a; + 12)(x-7V 
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EXAMPLKS.— XXi- 

Besolve into factors : 

1. a^ + 7x-60. 6. 6*+256-150. 

2. ic2^.i2a;_45. 7. a:8^.3a4_4 

3. a2 + lla-12. 8. «V+3ajy-154. 

4. a2+13a-140. 9. mi» + 15m»- 100. 

5. 6«+ 136-300. 10. w«+17n-390. 

94. Case VI. To find the factors of 

«2-3a;-28. 

Our object is to find two terms, one positive and one negative^ 
whose product is - 28, and whose sum is - 3. 

These will, clearly be 4 and - 7, 

.-. {e«-3a;-28=(a;+4)(a;-7). 

Examples.— xxii. 

Resolve into fewstors : 



I. 


fl52-5a;-66. 


6. 


22-15»-100. 


2. 


a.2-.7aj-l8. 


7. 


a.io_9jB6-io. 


3- 


m2-9m-36. 


8. 


c2(i2-24cc2-180. 


4- 


7l2-ll»-60. 


9- 


m%2 - rnhi - 2. 


5- 


y2-l3y-14. 


10. 


jpV-5p¥~84. 



95. The results of the four preceding articles may be thus 
stated in general terms : a trinomial of one of the forms 

a^+asc+6, a;*-aa; + 6, a52+asc-&, ic*-asc-6, 

may be resolved into two simple factors, when & can be re- 
solved into two factors, such that their sum, in the first two 
forms, or their difference, in the last two forms, is equal to a. 

96. We shall now give a set of "^l\sc«\\asifeo\v^"Bi«DK?5\.«» on 
^e resolution into factors of expTesaioivft -w^v^ toTaa \aA^ 
ne or other of the cases already cxplaiiie^ 
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Examples.— 


xxiii. 


Resolve into factors ; 






I. 


jc2-15a; + 36. 


8. 


^•\'inx-^'nit-Vmn, 


2. 


a;2 4.4x-45. 


9- 


^-4^ + 3, 


3- 


a262-i6a5-36. 


10. 


xhf - abz - cxy + abc. 


4. 


x8 - 37n«* - 10m2. 


II. 


a^-¥{a-h)X'-<ib. 


5- 


y6 + y3_90. 


12. 


a^-{c-d)x-cd. 


6. 


iB*-iB2_ixo. 


13. 


<il}^-hd-\-cd-ahc. 


7. 


sc3 + 3ax2 4.4a2a;. 


14. 


4a^-2Sxy-¥4&yK 



97. We have said, Art. 45, that when a nnmber is multi- 
plied by itself the result is called the Square of the number, 
and that the figure 2 placed over a number on the right hand 
indicates that the number is multiplied by itself. 

Thus a^ is called the square of a, 
(x - yf is called the square oix-y. 

The Square Root of a given number is that number 
whose square is equal to the given number. 

Thus the square root of 49 is 7, because the square of 7 
is 49. 

So also the square root of a? is a, because the square of a is 
a* : and the square root of {x-yf\Ax- y, because the square 
of SB - y is (a; - y)K 

The symbol V placed before a number denotes that the 
square root of that number is to be taken : thus aJ26 is read 
" the sqwire root of 25.'' 

Note. The square root of a positive quantity may be either 
pocdtiye or negative. For 

since a multiplied by a gives as a result a^, 
and - a multiplied by - a gives as a result a\ 

it follows, from our definition of a Square Root, t\i%.\, CLVJaax a 
or - a may he regarded aa the square root oi d^. 

Bat tbrougbont this chapter we shall take oiAy ^i\va •po«it\w 
Talae of the square root 
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98. We may now take the case of Trinomials which are 
^perfect squares, which are really included in the cases dis- 
cussed in Arts. 91, 92, but which, from the importance they 
assume in a later part of our subject^ demand a separate con- 
sideration. 

99. Case VI I, To find the factors of 

a2^X2a;+36. 

Seeking for the factors according to the hints given in Art 
91, we find them to be a; + 6 and a5 + 6. 

That is 02 + 12a; + 36 = (a; + 6)2. 



EXAMPLES.— 


-xxlv. 


Kesolve into factors : 






I. a;2^.x8x + 81. 


6. 


a5* + 14a;2+49. 


2. x2 + 26x+169. 


7. 


a^+10an/ + 25y2. 


3. a;2^. 3435^.289. 


8. 


m* + 16m2w2 + 64w*. 


4. y2 + 2y+l. 


9- 


2^+24x3+144. 


5. »2^. 2002; + 10000. 


10. 


a;V + 162sDy + 6561. 



100. Case VI 1 1. To find the factors of 

a;2-l2aj + 36. 

Seeking for the factors according to the hints given in Art. 
92, we find them to be a - 6 and x-Q. 

That is, a;2 _ i2a;+ 36=(aj - 6)2. 

EXAMPLES.— XXV. 

Eesolve into factors : 
I. a;2-8fl5 + 16. 2. jb2 - 28a; + 196. 3. a;2 - 36a; + 324. 

4- y^- 40^+ 400, 5. «2 - lOOsj + 2600. 6. a;* - 22a;2 + 121. 

9' 0^-38x^-1-361. 
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101. Case IX. We now proceed to the most important 
case of Besolution into Factors, namely, that in which the ex- 
pression to be resolved can be put in the form of Vwo tquares 
trit^ a negative ngn hetween them. 

Since m* - w* = (m + n) (m - n)y 

we can express the difference between the squares of two 
quantities by the product of two factors, determined by the 
following method : 

Take the square root of the first quantity, and the square 
root of the second quantity. 

The sum of the results will form the first factor. 

The difference of the results will form the second factor. 

Yor example, let a* - 6^ be the given expression. 
The square root of a* is a. 
The square root of 6^ is 6. 
The sum of the results is a + &. 
The difference of the results is a - &. 

The factors will therefore be a + 6 and a - 6, 
that is, a^-l^=^{a + h){a-h). 

102. The same method holds good with respect to com- 
pound quantities. 

Thus, let a* - (6 - cf be the given expression. 
The square root of the first term is a. 
The square root of the second term is & - c 
The sum of the results is a + 6 - c. 
The difference of the results is a — 6 + c. 

Again, let (a - 6)^ - (c - d)^ be the given expression. 
The square root of the first term is a - 6. 
The square root of the second term is c - d. 
The sum of the results is a-h + c-d. 
The difference 0/ tie results is a-b-c-\-d. 

[8.A.] ^ ^ 
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103. The terms of an expression may often be arranged 
so as to form two squares with the negative sign between 
them, and then the expression can be resolved into factors. 

Thus a2 + j2_c2-d24.2a64-2ci 

=a24-2a6+62-c2+2c(i-<22 

=(a+ 6+ c - <Q (a+ 6 - c + cQ. 

Examples.— xxvi. 

Resolve into two or more factors : 
I. x^-f. 2. a«-9. 3. 4aj2-25. 

4. a* - fiC*. 5. a* - 1. 6. rc^ - 1. 

7. jc8 - 1. 8. m* - 16. 9. 361/2 _ 49^2, 

10. 81a^2 _ i2la«6«. 1 1. (a - 6)2 - c^. 1 2. o^ _ (^ _ ^)2, 

13. (a4-&)2-(c+<Q2. 24. 2{cy-ic2-- 2/2+1, 

14. (a; + 2/)^-(a5-i/)2. 25. a^-2yz~y^-zK 

15. {c2-2an/4-2/2-»2. 26. a2 - 462 ~9c2 + 126c 

16. (a - &)2 - (m + n)2. 27. a* - 1662. 

17. a2_2ac + c2-62-26(i-d2. 28. l--49c2. 

18. 26c-62-c2+a2. 29. a2+62-c2-(i2-2a6-2<jd. 

19. 2xy-{-a^+y^-z^, 30. a2_52^.c2_(P«2ac+26(L 

20. 2mn-m2-w24.^2+52_2a6. 31. 3aV-27aa;. 

21. (aa; + 6y)2-l. 32. a*6^-c8. 

22. {ax-¥hy)^-{ax-by)K 33. (5a; - 2)2 - (a; - 4)2. 

23. l--a2^62+2a6. 34. (7a;4-42/)8-(2aj+3y)2. 

35. (753)2 -(247)«. 

104. Case X. Since 

^±^'=x2_fl^+a2 and?^^=a;«+aa;+a2 (Art. 83), 
x-{-a ' x-a ^ ' 

we know the following important iaclB ; 
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(1) The 9fwm, of the ttuhn of two numbers is divisible by 
the ffwm of the numbers : 

(2) The difference between the cvhea of two numbers is 
divisible by the difference between the numbers. 

Hence we may resolve into factors expressions in the form 
of the sum or difference of the cubes of two numbers. 

Thus a?+27=a«+33=(»+3)(a^-3aj+9) 

2/8-64=2/»--43=(y-4)(y2 + 4y+i6). 

EXAMPLKS.— XXVii. 

Express in factors the following expressions : 
I. a3+&3. 2. a^-W. 3. a3_a 4. a:»+343. 

5.63-125. 6.03 + 642/8. 7. a3-216. 8. 8a^+27y». 

9. 64a3-1000&5. 10. 729a^+ 6122/3. 

Express in four factors each of the following expressions : 
II. ofi-}^. 12. a^-1. 13. a*-64. 14. 729-^. 



105. Before we proceed to describe other processes in 
Algebra, we shall give a series of examples in illustration of 
the principles already laid down. 

The student will find it of advantage to work every example 
in the following series, and to accustom himself to read and to 
explain with facility those examples, in which illustrations are 
given of what may be called the short-hand method of expressing 
Arithmetical calculations by the symbols of Algebra. 

EXAMPLKS.— xxviii. 

1. Express the sum of a and b. 

2. Interpret the expression a - 6 + c. 

3. How do you express the double of a; ] 

4. By how much is a greater than 5 ? 

5. If jc be a whole number, what is the number next 
above it ? 

6. Write five mnnbera in order of magnitude, ^o ^^\. ^ 
Bbal] he the third of the £ ve. 
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7. If a be multiplied into zero, what is the result ? 

8. If zero be divided by », what is the result ? 

9. What is the sum of a + a+a ... written d times % 

10. If the product be oc and the multiplier a, what is the 
multiplicand ] 

1 1. What number taken from % gives ^ as a remainder ? 

12. ^ is a; years old, and J? is ^ years old ; how old was A 
when B was bom ? 

13. A man works every day on week-days for a? weeks in 
the year, and during the remaining weeks in the year he does 
not work at alL During how many days does he rest % 

14. There are x boats in a race. Five are bumped. How 
many row over the course ? 

15. A merchant begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at 
the end of 5 years ? 

16. A and B sit down to play at cards. A has x shillings 
« and B y shillings at first. A wins 5 shillings. How much has 

each when they cease to play ? 

17. There are 5 brothers in a family. The age of the eldest 
is X years. Each brother is 2 years younger than the one next 
above him in age. How old is the youngest ? 

18. I travel x hours at the rate of y miles an hour. How 
many miles do I travel ? 

19. From a rod 12 inches long I cut off x inches, and then 
I cut off y inches of the remainder. How many inches are 
left? 

20. If n men can dig a piece of ground in q hours, how 
many hours will one man take to dig it ? 

21. By how much does 25 exceed x 1 

22. By how much does y exceed 26 ? 

^j. If a product has 2m repeated 8 times as a factor, how 
dojrou express the product 1 

24. By bow m uch does a-\-^h exceed a - ^b 'V 

^5. A girl IB X years of age, bow old^aa ^^ t> ^^ai^ ^cm»\ 
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26. A boy is j^ yeais of age, how old will he be 7 years 
hence 1 

27. Express the difeience between the squaies of two 
nnmbezB. 

28. Express the product arising from the multiplication of 
the sum of two numbers into the difference between the same 
numbers. 

29. What value of x will make Sx equal to 16 ? 

30. What value of x will make 28x equal to 56 ? 

A* 

31. What value of x will make = equal to 4 ? 

32. What value of x will make a;+ 2 equal to 9 ? 

33. What value of x will make x-*l equal to 16 % 

34. What value of x will make st^+ 9 equal to 34 ? 

35. What value of x will make o^- 8 equal to 92 ] 

EXAMPLKS.— XXiX. 

Explain the operations symbolized in the following expres- 
sions : 

I. fH-6. 2. a2-52, 3, 4a2+63. 4. Mp^^tW), 

5. a*-25+3c. 6. a+mx6-c. 7. (a+m)(6-c). 8. ^jlF, 
9. tj^-^'f. 10. a+2(3-c). II. (a + 2)(3-c). 

Examples.— XXX. 

If a stands for 6, h for 5, x for 4, and y for 3, find the value 
of the following expressions : 

I. a-\-x-h-y, 2. a-\-y'-h-x, 3. 3a+4y-6-2a;. 

4. 3(a + 6)-2(a;-2/). 5. (a+a;)(6-i/). 6. ^a-V^x-V^jV 

7, (2a+3)(X'hy). 8. 2a + 3x + y. 9.^^. 
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13. ah{x-y)K 14. sl^h, 15. ,Jy\ 



16. {^xf. 17. {^x-\-h)K 18. ^6bx. 

19. V2flKBy. 2a ?-±^±|. 21. 3a+(2a;-y)«. 

22. ja-(6-y)({a-(a;-y)[. 24. 3(a+6-y)8+4(a+a;)*. 

23. (a--6-y)2+(a-a;+y)2. 25. 3(a--&)2+(4aj-i^. 



Examples.— xxxi- 

1. Find the value of 

3a5c-a'+63 4.c3, whena=3, 6=2, c=l. 

2. Find the value of 

a^-hy^-s^-^SxyZy when aj=3, y=2, »=5. 

3. Subtract a^ + c^ from (a + cf. 

4. Subtract (a; - y)^ from a^ + y*. 

5. Find the coefficient of a; in the expression 

{a + hyx-ia + bx)^ 

6. Find the continued product of 

2a5-m, 2a;+n, a+2m, a;~2n. 

7. Divide 

acr'4-(&c + a(Qr2 + (6d+a«)r+5« by ar+6; 
and test your result by putting 

a=&=c=d[=e=l, and r=10. 

8. Obtain the product of the four factors 

(a + h-hc), (6 + c-a), (c+a-6), {a-{-h-c). 

What does this become when c is zero; when h + c^a; 
whena=6=c? 

9. Find the value of 

(a+6)(& + c)-(c+(Q(d+a)-(a+c)(6-<Q, 
where & is equal to d, 

10. Find the value of 
wlien a:=0, b^2, e=4. 
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11. If a=ly 5=2, c=3, c2=4, ahew that the nomerical 
values are equal of 

jd-(c-6+a)[j((2+c)-(6+a)}, 
and of (P-(c»+62) + a«+2(6c-a<0, 

1 2. Bracket together the different powers of a; in the follow- 
ing expressions : 

(a) aa^+&c2+ca5 + dx. 

(7) Aa^-aa^-Zx^-hs^-bx-cx. 

(8) (a+a;)«-(6-a;)2. 

(c) (ma^+ga;+l)«-(ruBa+ga5+l)8. 

13. Multiply the three factors 05- a, a- 6, a;-c together, 
and arrange the product according to descending powers of x. 

14. Find the continued product of (a; '¥a){x-k' h) {x + c). 

15. Find the cube of a + &+c; thence without further 
multiplication the cubes of a + ft-c; & + c-a; c + a-6; and 
subtract the sum of these three cubes from the first. 

16. Find the product of (3a + 2&) (3a + 2c - 36). and test the 
result by making a=s 1, &=c=3. 

17. Find the continued product of 

a -05, a+a;, a^+a^, a*+a^, a^-^-oi?, 

1 8. Subtract (5 - a) (c - 6?) from (a - 6) (c - d). 

What is the value of the result when a=2& and d=2cl 

19. Add together {h+y)(a'\-x),x-y,aX'-hy, and a(a; + y), 

2a What value of x will make the difference between 
(x + 1) (a;+2) and (a?- l)(a;-2) equal to 54? 

21. Add together aai-hy,x~y, x{x - y), and (a - a;) (6 - y). 

22. What value of x will make the difference between 
(2a; +4) (3a; +4) and (3k - 2) (2a; - 8) equal to 96? 

23. Add together 

2«ia; - 3ny, a; + y, 4(m + w) (a; - 3/), and mx + 713/. 

24. Prove that 
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25. Find the product of (2a + 36) (2a + 3c - 26), and test the 
result by making a=l, 6=4, c=2. 

26. If a, 6, c, (2, e ... denote 9, 7, 5, 3, 1, find the values of 

a6 "^ c/£ 6 "~ c 

^j-j-^; (6c-a(Q(6(i-ce); -^-pj; andd--c'. 

27. Find the value of 

3a6c-a3+63+c5 whena=0, 6=2, c==l. 

28. Find the value of 

SaS+l^^^S^^ vhen a=4, 6=1, c=2. 
c 6^ ' ' 

29. Find the value of 

(a-6-c)2 + (6-a-c)2+(c-a-6)2 whena=l, 6:^2, c=3. 

30. Find the value of 

(a + 6-c)2+(a-6 + c)2 + (6+c--a)2 when a=;i, 6=2, c=4. 

31. Find the value of 

(a+6)2 + (6 + c)2+(c+a)2 when a= - 1, 6=2, c= -3. 

32. Shew that if the sum of any two numbers divide the 
difference of their squares, the quotient is equal to the differ- 
ence of the two numbers. 

33. Shew that the product of the sum and difference of any 
two numbers is equal to the difference" of their squares. 

34. Shew that the square of the sum of any two consecu- 
tive integers is always greater by one than four times their 
product. 

35. Shew that the square of the sum of any two consecutive 
even whole numbers is four times the square of the odd number 
between them. 

36. If the number 2 be divided into any two parts, the 
difference of their squares will always be equal to twice the 
difference of the parts. 

37. If the number 50 be divided into any two parts, the 
difference of their squares will always be equal to 50 times the 
difference of the jmrts. 

j8. If a number n be divided into oa^ Vwo ^gasXa^ \Jcli^ 
'difference of their squares will alwaya\)ft fec^«i\.o u\^mi^^^ 
ifference of the parts. 
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39. If two nTimbers differ by a miit, their product, together 
with the sum of their squares, is equal to the difference of the 
cubes of the numbers. 

40. Shew that the sum of the cubes of any three consecu- 
tive whole numbers is divisible by three times the middle 
number. 



VI. ON SIMPLE EQUATIONS. 

106. An Equation is a statement that two expressions 
are equal. 

107. An Identical Equation is a statement that two ex- 
pressions are equal for all numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter in every part of the equation. 

Thus, (a5 + a)2=a;2 + 2aaj+a« 

. is an Identical Equation. 

108. An Equation of Condition is a statement that two 
expressions are equal for some fariicuXair numerical value or 
values that can be given to the letters involved. 

Thus, a; + l = 6 

is an Equation of Condition, the only number which x can 
represent consistently with this equation being 5. 

It is of such equations that we have to treat. 

109. The Root of an Equation is that number which, when 
put in the place of the unknown quantity, makes both sides of 
the equation identicaL 

110. The Solution of an Equation is the process of find- 
ing what number an tmknown letter must stand for that the 
equation may be true : in other words, it is the method of 
finding the Boot. 

The letters that stand for wnknxiwn, numbers are usually 
X, % z, but the student must observe that aivy letter may 
stand for an unknown number. 

IJL A Simple JEJguatlon is one w\iic\i cotl\»as^ >iJaa 
Jirst j?ower only of an unknown quantity. T\^ \a ^o ^ysJi^ft 
an Equation of the First Degree. 
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112. The following Axioms form the groundwork of the 
solution of all equations. 

Ax. I. If equal quantities be added to equal quantities, 
the sums will be equal. 

Thus, if a^hy 

Ax. II. If equal quantities be taken &om equal quantities, 
the remainders will be equal. 

Thus, if a5=^> 

Ax. III. If equal quantities be ifiultiplied by equal quan- 
tities, the products will be equal. 

Thus, if a=6. 

Ax. IV. If equal quantities be divided by equal quantities, 
the quotients will be equal 

Thus, if xy=xZf 

113. On Axioms I. and II. is founded a process of great 
utility in the solution of equations, called The Transposition 
OF Tebms &om one side of the equation to the other, which 
may be thus stated : 

" Any term of an equation may be transferred from one side 
of the equation to the other if its sign he changed,** 

For let z-a^h. 

Then, by Ax. I., if we add a to both sides, the sides remain 
equal: 

therefore a;-a+a=6-l-a, 

that is, x^b-\-a. 

Again, let x-\-c=d. 

Then, by Ax. 11,, if we subtract c from each side, the sides 
remain equal: 
therefore aj + c — c=d-c, 



/• 
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114. We may change all the sigiis of each side of an equa- 
tion without altering the equality. 

Thus, if a-a;=6-c, 

115. We may change the position of the two sides of the 
equation, leaving the signs unchanged. 

Thus the equation a - &=a; - c, may be written thus, 

116. We may now proceed to our first rule for the solution 
of a Simple Equation. 

Rule I . Transpose the known terms to the right hand side 
of the equation and the unknown terms to the other, and com- 
bine all the terms on each side as far as possible. 

Then divide both sides of the equation by the coefficient of 
the unknown quantity. 

This *rule we shall now iUusti^te by examples, in which x 
stands for the unknown quantity. 

Ex. 1. To solve the equation, 

5a;-6==3a;+2. 

Transposing the terms, we get 

5a;-3a;=2 + 6. 
Combining like terms, we get 

2x=8. 

Dividing both sides of this equation by 2, we get 

a;=4, 
and the value of a; is determined. 

Elx« 2. To solve the equation, 

7a; + 4=25a;-32. 
Transposing the terms, we get 

7a;-25a;=-32-4. 

Combining like terms, we get 

--18a;=-36. 
Changing the signs on each side, we get 

18a;=36. 
Dividing both aides by 18, we get 

and the value ofz is determined, ' 
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Ex. 3. 


To solve the equation^ 




2a;-3a;+120=4aj-6a;+132, 


that is, 


2»-3a;-4aj+6a;=132-120, 


or, 


8cc-7a;=12, 


therefore, 


a;=12. 


Ex. 4. 


To solve the equation, 




3aj4-6-8(13-aj)=0, 


that is. 


3aj+6-1044-8a;=0, 


or, 


3a;+8a;=104-6, 


or, 


ll9;=99, 


therefore, 


a=9. 



Ex. 5. 



that is, 

or, 

or, 

or, 

therefore, 



To solve the equation, 

6a;-2(4-3«)=7-3(l7-a;), 

6a;-8 + 6a;=7-61 + 3a;, 

6a;+6a;-3a;=7-5H-8, 

12a;--3aj=15-51, 

9a;=-36, 

«= -4. 



Examples.— xxxii- 



1. 7a;+6=5a:+ll. 

2. 12a;+7=8a;+15. 

3. 236a; + 425= 97a: +564. 

4. 5a;-7=3a; + 7. 

5. 12a;-9=8a;--l. 

6. 124a; +19 = 112a; +43. 

7. 18--2a;=27--5a;. 

8. 125-7a;=145-12a;. 



9. 26-8a;=80-14a^ 

10. 133-3a;=a;-83. 

11. 13-3a;=5a;-3. 

12. 127 + 9a;=12a; + 100. 

13. 15-5a;=6-4a^ 

14. 3a;-22 = 7a;+6. 



15. 8 + 4a;=12a;-16. 

16. 5a;-(3a;-7)=4a;-(6a;-36). 
17. 6a;-2(9-4a;) + 3(5a;-7) = 10a;-(4 + 16a;) + 35. 

i8. 9a;-3(5a;-6) + 30=0. 
ip. iife-5(Pa;+3) + 6(7-8x)+78^=0. 
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22. (a;-8)(a;+12)=(a5 + l)(aj-6). 

23. (a;-2)(7-a;) + (a;-6)(a; + 3)-2(a;-l) + 12=0. 

24. (2a;-7)(a;+5)=(9-2a;)(4-a;) + 229. 

25. (7-6a;)(3-2a;)=(4aj--3)(3a;-2). 

26. 14-a:-6(a;-3)(a;+2) + (5-aj)(4-6x)=46a;-76. 

27. (a;+5)2-(4-a;)2=21{B. 

28. 5(a;-2)2+7(a;-3)8=(3a;-7)(4a;-19) + 42. 

29. (3aj-17)«+(4aj-26)2-(5x-29)«=l. 

3a (a;+5)(a;-9)+(a;+10)(x-8)=(2x+3)(x-7)-113. 



VII. PROBLEMS LEADING TO SIMPLE 

EQUATIONS- 

117. When we liave a question to resolve by means of 
Algebra^ we represent the nnmber sought by an unknown 
symbol, and then consider in what manner the conditions of 
the question enable us to assert ihaX two ea^essions are equaL 
Thus we obtain an equation, and by resolving it we determine 
the value of the number sought 

The whole difficulty connected with the solution of Alge- 
braical Problems lies in the determination &om the conditions 
of the question of two different expressiona having the same 
nvmerkOfl valvs. 

To explain this let us take the following Problem : 

Find a number such that if 15 be added to it, twice the sum 
will be equal to 44. 

Let X represent the number. 

Then «+ 15 will represent the number increased by 15, 
and 2(x-\r 15) will represent twice the sum. 

But 44 will represent twice the sum, 
therefore 2 (a; + 15) = 44. 

Hence 2a; +30 =44, 

ibatia, 2a; ^14, 

^'^ a;=7, 

and therefore the nnmber sought is 7. 
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118. "We shall now give a series of Easy Problems, in 
which the conditions by which an equality between two expres- 
sions can be asserted may be readily seen. The student should 
be thoroughly familiar with the Examples in set xxviii, the use 
of which he will now find. 

We shall insert some notes to explain the method of repre- 
senting quantities by algebraic symbols in cases where some 
difficulty may arise. 

EXAMPLES.— XXXiii. 

1. To the double of a certain number I add 14 and obtain 
as a result 154. What is the nimiber ? 

2. To four times a certain nimiber I add 16 and obtain as 
a result 188. What is the number 1 

3. By adding 46 to a certain number I obtain as a result a 
number three times as large as the original number. Find the 
original number. 

4. One number is three times as large as another. If I 
take the smaller from 16 and the greater from 30, the remain- 
ders are equal. What are the numbers ] 

5. Divide the number 92 into four parts, such that the first 
is greater than the second by 10, greater than the third by 18> 
and greater than the fourth by 24. 

6. The sum of two numbers is 20, and if three times the 
smaller number be added to five times the greater, the sum is 
84. What are the numbers ] 

7. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he would be 10 years older 
than his father. What is the age of each ? 

8. A man has six sons, each 4 years older than the one 
next to him. The eldest is three times as old as the youngest 
What is the age of each ? 

9. Add ^24 to a certain sum, and the amount will be as 
much above ^80 as the sum is below ;£80. What is the sum ? 

^o. Thirty yards of cloth and forty yarQia ol «^ \a%%^<^t 
cost £66, and the ailk is twice as yaluabl^ aa t\i^ cX-oJesu T\tl^ 
ie cost of a yard of each. 
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1 1. Find the number, the double of which being added to 
24 the lesult is as much above 80 as the number itself is below 
100. 

12. The sum of ;£500 is divided between A^ B, and D. 
A and B have together ;£280, ^ and (7 ^60, ^ and D ^20. 
How much does each receive ? 

13. In a company of 266 persons, composed of men, women, 
and children, there are twice as many men as there are women, 
and twice as many women as there are children. How many 
are there of each ? 

14. Divide £1520 between A, B and G, so that A has ;£100 
less than B, and B £270 less than 0. 

15. Find two numbers, differing by 8, such that four times 
the less may exceed twice the greater by 10. 

16. A and B began to play with equal sums. A won £6, 
and then three times ^'s money was equal to eleven times ^'s 
money. What had each at first 1 

17. ^ is 58 years older than By and ^'s age is as much 
above 60 as JB's age is below 50. Find the age of eacL 

18. ^ is 34 years older than B, and ^ is as much above 50 
as 1^ is below 40. Find the age of each. 

.19. A man leaves his property, amounting to £7500, to be 
divided between his wife, his two fions and his three daughters, 
as follows : a son is to have twice as much as a daughter, and 
the wife £500 more than all the five children together. How 
much did each get ? 

20. A vessel containing some water was filled up by pour- 
ing in 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel hold ? 

21. Three persons. A, By C, have £76. B has £10 more 
than A, and G has as much as A and B together. How much 
has each 1 

22. What two numbers are those whose difference is 14, 
and their sum 48 ? 

23. A and B play at cards. A liaa £1^ ravi B V^ 03^. 
when tbejr begin. When they cease playing, A\i!aa >i)tttfeei'C\SNS 

as much as B. How much did -A wiul 
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Note I. If we have to express algebraically two parts into 
which a given number, suppose 50, is divided, and we repre- 
sent one of the parts by x, the other will be represented by 
50-a;. 

Elx« Divide 50 into two such parts that the double of one 
part may be three times as great as the other part. 

Let a; represent one of the parts. 

Then 50-a; will represent the other part. 

Now the double of the first part will be represented by 
2a;, and three times the second part will be represented by 
3 (50-a;). 

Hence 2x=3(50-a;), 

or, 2x=150-3a;, 

or, 5a; —150; 

.-. a;=30. 

Hence the parts are 30 ^d 20. 

24. Divide 84 into two such parts that three times one part 
may be equal to four times the other. 

25. Divide 90 into two such parts that four times one part 
may be equal to five times the other. * 

26. Divide 60 into two such parts that one part is greater 
than the other by 24. 

27. Divide 84 into two such parts that one part is less than 
the other by 36. 

28. Divide 20 into two such parts that if three times one 
part be added to five times the other part the sum may be 84. 

Note II. "When we have to compare the ages of two per- 
sons at one time and also some years after or before, we must 
be careful to remember that feotfc will be so many years older 
or younger. * 

Thus if a; be the age of A at the present time, and 2a; be 
the age of Bat the present time, 

The age of A 5 years hence will "b* x -Vb, 
od the age of B 6 years hence will "be Sx-vb. 
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£x. ^ is 5 times as old as B^ and 5 years hence A will 
only be three times as old as B. What are the ages of A and 
B at the present time ? 

Let X represent the age of B, 

Then 5a; will represent the age of A. 

Now a; + 5 will represent B% age 5 years hence, 
and 5a; + 5 will represent A\ age 5 years hence. 

Hence 5a;4-5=3(a;+5), 

or 5a; + 5=3a; + 15, 

or 2a;=10; 

/. a; =5. 

Hence ^ is 25 and £ is 5 years old. 

29. A is twice as old as ^, and 22 years ago he was three 
times as old as B, What is ^'s age ? 

30. A father is 30 ; his son is 6 years old. In how many 
years will the age of the father be just twice that of the son ? 

31. AS& twice as old as B^ and 20 years since he was three 
timesteold. WhatisFsage] 

32. A is three times as old as B, and 19 years hence he will 
be only twice as old as B, What is the age of each ] 

33. A man has three nephews. His age is 50, and the 
joint ages of the nephews are 42. How long will it be before 
the joint ages of the nephews will be eqiial to the age of the 
imcle % 

Note III. In problems involving weights and measures, 
after assuming a symbol to represent one of the unknown 
quantities, we must be careful to express the other quantities 
in ihs same terms. Thus, if x represent a number of jjewce, all 
the sums involved in the problem must he redttced to p^uce. 

Ex; A sum of money consists of fourpemiy "g\ae^^ «3ai\^aL.- 
pencea, and it amounts to £1. 16«. 8(1. Tlie nwxnbct oi ^o^as 
28 78. How many are tiere of each sort 1 
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Let X be the inimber of fourpenny pieces. 

Then 4aj is their value in pence. 

Also 78— X is the number of sixpences. 

And 6 (78 - x) is their value in pence. 

Also ^1. 16s. Sd, is equivalent to 440 pence. 

Hence 4a; + 6 (78 -a;) =440, 

or 4a;4-468-6a;=440, 
from which we find a;= 14. 

Hence there are 14 fourpenny pieces, 
and 64 sixpences. 

34. A bill of ;f 100 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used. How many 
of each were paid ? 

35. A person paid a bill of £Z. 14s. with shillings and 
half-crowns, and gave 41 pieces of money altogether. How 
many of each were paid ] 

36. A man has a sum of money amounting to j£ll. 13s. 4(2., 
consisting only of shillings and fourpenny pieces. He has in 
all 300 pieces of money. How many has he of each sort ? 

37. A bill of £60 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are 
given. How many of each are used 1 

38. A sum of money amounting to £42, 8s. is made up of 
shillings and half-crowns, and there are six times as many 
half-crowns as there are shillings. How many are there of 
each sort ? 

39. I have £6. lis. 3(2. in sovereigns, shillings and pence. 
I have twice as many shillings and three times as many pence 
as I have sovereigns. How many have I of each sort ? 



YIII. ON THE METHOD OF FINDING 
THE HIGHEST COMMON FACTOR. 

119. An expression is said to be a Factor of another 
expression when the latter is divisible by the former. 

Thus 3a is a factor of 12^, 
bxy of 15x^^. 

120. An expression is said to be a Common Factor of two 
or more other expressions, when each of the latter is divisible 
by the former. 

Thus 3a is a common factor of 12a and 15a, 

Zxy of I6a^^ and 2105^, 

4z of 82!, 1222 and 16«3. 

121. The Highest Com/mon Factor of two or more expres- 
sions is the expression of highest dimensions by which each of 
the former is divisible. 

Thus 6a^ is the Highest Common Factor of I2a^ and ISa^, 

535^ of 10x3^, 15xV 

and 26a^. 

Note. That which we call the Highest Common Factor is 
named by others the Greatest Common Measure or the Highest 
Com/mon Divisor, Our reasons for rejecting these names will 
be given at the end of the chapter. 

122. The words Highest Common Factor are abbreviated 
thus, H.C.F. 

123. To take a simple example in Arithmetic, it will 
readily be admitted that the highest numbex 'wViVOsi 'w^ 
divide 12, 18, and 30 is 6. 

Now, 12=2x3x2, 

18=2x3x3, 
30=2x3x5. 
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Having tliiis reduced the nmnbers to their mtvphsi factors, 
it appears that we may determine the Highest Common I^actor 
in the foUowing way. 

Set down the factors of one of the numbers in any order. 

Place beneath them the factors of the second number, in 
such order that factors likA any of Ihose of the first nurnher shall 
stand under those factors. 

Do the same for the third number. 

Then the number of vertical columns in which the numbers 
are alike will be the number of factors in the H.C.F., and if 
we multiply the figures at the head of those columns together 
the result will be the h.c.f. required. 

Thus in the example given above two vertical columns are 
alike, and therefore there are two factors in the h.c.f. 

And the numbers 2 and 3 which stand at the heads of 
those columns being midtiplied together will ^ve the h.c.f. 
of 12, 18, and 30. \ 

124. Ex. 1. To find the H.C.F. of a^JAc and a^l^aP. 

aWx^aaa.hh .«, 
a^IM=a^ ,hbh,xx; 
:. H.c.F.=aa56a5 
=^aVj^. 

Ex. 2. To find the H.C.F. of ZAa^lfid*' and Sla^JV. 

Z4a^lfic^ =2x17 xaa . 666666 . cccc, 
6la%*c^ = 3 X 17 X a^ui . 6666 . cc ; 
/. H.c.F. = 17aa6666cc 
= 17a26*c2. 



Examples.— xxxiv. 



FYnd the Highest Common EactoT oi 
^' «^% and x^h\ t^ ASiXfM^ m^^ftw^w^. 
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5. 18a5>c>(2 and 36a%cd>. 8. 17|)^, 3^9 and 51|>V. 

6. a%», a«63 and a*6*. 9. 8a^, 12x»yV and 20KB«yV- 

7. 4fl6, lOoc and 306c. la 30scy, 90xy and 120xy. 

125. The student mnst be tuged to commit to memory the 
following Table of forms which can or cannot be resolved into 
fEictors. Where a blank occurs after the sign = it signifies 
that the form on the left hand cannot be resolved into simpler 
factors. 

aj»-^=(a;+y)(a;-y) x»-l=(a;+l)(a;-l) 

aS_y8^(a._y)(aJ^a5y^.yS) flc'-l=(a-l)(a:>+a;+l) 

a55+y8=(a;+y)(«8-a5y+y*) flc'+l = (a; + l)(a:*-a;+l) 

ar*-y*=(fl5«+yS)(jr«-y») ar*-l=(a^+l)(a:»-l) 

ar*+y*= ar*+l = 

aj«+2iBy+y«=(rB+y)« ai«+2a;+l=(rB+l)« 

a;«-2ajy+y*=(rB-y)2 {B2_2a; + i=(aj-l)a 

a? + 3a^ + 3a^+t/»=(a;+y)» a?+3x2 + 3a + l=(a;+l)8 

a?-3x2y + 3»y«-t/8=(x-y)8 jr»-3a^+3»-l = (a-l)3 

The left-hand side of the table gives the general forms, the 
right-hand side the particular cases in which ^=1. 

126. Ex. To find the H.C.P. of a^-l, a^-^x-^-l, and 

x» + 2x-3. 

««-l=(a;-l)(a;4l), 

fc2-2x + l = (a;-l)(a;-l), 

{B2*+2»-3=(rB-l)(» + 3), 

Examples.— XXXV. 

1. a*-6'anda^— 6^. 4. a^+a^and (a+a)'. 

2. a«-&2anda*-6*. 5. 9x^-1 and (3» + l)«. 

3. a^-a? and (a-x)^. 6. 1 -25aa and (1 -baf. 

7. a^-y^y {x-^-yy and a^+Sajy ^^-y^. 
^. a^-y^, a^-f^ and a;2-7ayi/ + 6]^^. 
p. a^-l,ix^-\ anda52+a-2. 
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127. In large nunibers the factors cannot often be deter- 
mined by inspection, and if we have to find the h.c.f. of two 
such numbers we have recourse to the following Arithmetical 
Bule : 

" Divide the greater of the two numbers by the less, and the 
divisor by the remainder, repeating the process imtil no re- 
mainder is left : the last divisor is the h.c.f. required." 

Thus, to find the h.c.p. of 689 and 1573. 

689; 1573 (2 
1378 

"195; 689 (3 
585 



104; 195 (1 
104 

~9i; 104(1 
91 

13; 91 (7 
91 

/. 13 is the H.C.F. of 689 and 1573. 

Examples.— xxxvi. 



Find the H.C.F. of 




I. 6906 and 10359. 


4. 126025 and 40115. 


2! 1908 and 2736. 


5. 1581227 and 16758766. 


3. 49608 and 169416. 


6. 35175 and 236845. 



128. The Arithmetical Bule is founded on the following 
operation in Algebra, which is called the Proof of the Bule for 
finding the Highest Common Factor of two expressions. 

Let a and h be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensionB than h, 

I^t b divide a with p as qnotieiit and TemAmdet c, 

c h g ^> 

d c r mt\i Tio xemsMAKR. 
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The form of the opeiation may be shewn thus : 

c)h(q 

d)c(r 
rd 

Then we can shew 

I. That (2 is a common factor of a and 5. 

II. That any other common factor of a and 5 is a factor of 
d, and that therefore d is the Highest Common Factor 
of a and h. 

For (I.) to shew that (2 is a factor of a and b : 
b=qc+d 
=:qrd-{-d 
= (gr + 1) (2, and .'. (2 is a factor of b ; 

and a=pb + c 

=pqc+pd+c 

^^pqrd-^pd-^-rd 

=(j?gT+j? +r) d, and .'. i is a factor of a. 

And (II.) to shew that any common factor of a and & is a 
factor of d. 

Let S be any common factor of a and b, such that 
asm8 and b=^n8. 

Then we can shew that 8 is a factor of d. 

For <i=6-gc 

=:b-q{a-pb) 

^b-qa+pqb 

==n8-qTn8+pqnS 

—(n-qm +pqn) 8, and :. & \a «* Iwriwst ^"l ^ 

Now no expression higher than d can \>e a iacX^T oil d. \ 
.: dis the Highest Cominon Factor oi a aa^^. 
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129. Ex. To jand the h.c.f« of a^+2fl;+ 1 and 

«' + 2a?-r2aj+l. 

Hence x+ 1 being the last divisor is the h.o.f. required. 

130. In the algebraical process four devices are frequently 
useful These we shall now state^ and exemplify each in the 
next Article. 

I. If the sign of the first term of a remainder be 'Mgaimt^ 
we may change the signs of all the terms. 

II. If a remainder contain a factor which is clearly not a 
common factor of the given expressions it may be 
removed. 

III. We may multiply or divide either of the given expres- 
sions by any number which does not introduce or 
remove a cow/fwrn factor. 

lY. If the given expressions have a common factor which 
can be seen by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which remain. If we mulUpl/y this remit by 
the ejected factor^ we shall obtain the Highest Com- 
mon Factor of the given expressions. 

131. Ex. I. To find the h.c.f. of 2{b2 - a; - 1 and 

6iB«-4a:-2. 
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Change the signs of the remainder, and it becomes x— 1. 

a;-i;2a:«-a;-l(2a:+l 



a-1 

The H.C.F. required is x - 1. 

Elx. II. To find the H.C.F. of {b2+3x+2 and x»+6«+6. 

ai'+3x+2 
2a; + 4 

Divide the remainder by % and it becomes x + 2. 

rB+2)a^+3a;+2(a + l 
a^ + 2x 

a;+2 
a;+2 

The H.C.F. required is x+ 2. 

Ex. III. To find the H.C.P. of 12x2^.2; _ land 15352 4. 8aj+l 

Multiply 15a2+8x+l 

by 4 



12x2 + a;-i;60»2+32a; + 4(5 
60a^+ 6»-5 

27a; +9 

Divide the remainder by 9, and the result is 3fl;+ 1. 

3a;+i;i2a;2+a;-l(4a;-l 
12a^ + 4a; 



-3»-l 
-3a;-l 



The H.C.F. is therefore 3x + 1. 

Ex. IV. To find the H.C.F. of a? - 5qi? -V ^ «sA 

Remove and reserve the factor x, -wln-dL^B coTcmicpa.XaVi'^ 
tpreaaioj2B, 
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Then we have remaming x^— 5x + 6 and a^— lOx + 21. 

The H.C.F. of these expressions is a— 3. 

The H.aF. of the original expressions is therefore ^^Zx, 



EXAMPLES.— XXXViL 

Find the H.c.v. of the following expressions : 

I. ic* + 7a; + 12and{B2+9a; + 20. 
* 2. iB2 + x2a; + 20andfl5* + 14fl5 + 40. 

3. a;*-17» + 70andx2_i3a.+42. 

4. iB2 + 5a._34andx2 + 21rB+108. 

5. a:? + a;-12anda^-2a;-3. 

6. a!2^.5jpy^gy2an^ /pa + gajy + gyS^ 

7. a? — 6a5y + 8y2 andx^ — 8iBy + 16y*. 

8. a^-13ajy-30y2 and JB2-18x2/ + 45y«. 

9. flc^— y' anda;^— 2iBy+3/2, 

to. 35^ + ^ and 3^ + 3x^ + 335^2 + ^.^ 

I. jc*— 2/* and X*— 2a5y+3/2, 

12. x^ + 2/^ and ix^ + y^. 

[3. x*-y* andx2 + 2xy+2/2. 

[4. a2_52+26c-c2anda2 + 2a6 + 62-2ac-26c+c2. 
[5. 12x2 + 7xy + y* and 28x2 + 3xy- 2/2, 
[6. 6x2 + x2/-2/2 and 39x2- 22x1/ + 3y2. 
[7. 16x2-8xy + 2/2 and 40x2-3xy-2/2. 
[8. x5-5x3 + 5x2-landx* + x3-4x2 + x + l. 
i^L ;2r*-^4a?»+I6andxS+ac*-2x? + l7x2-10x+20. 
^a ;2r<+ip^«+y*andaj* + 2a?a|+^xV-V^a?\p-V'\f. 
-2/. a:«-.ftr* + 9a;«-4anda^ + a:^-^-V^x^-*-'^- 
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22. 16a* + 10a'6+4a«62 + 6ct63_354and6a»+19a26 + 8a6«-56». 

23. 15a:8-14a:2y + 24ajy«-7^and27«3 4.33a^_20xy2 + 2y3. 

24. 21352 -83a5y- 27a; + 22y2 + 99y and 12iB*-35xy-6a; 

-33y« + 22y. 

25. 3a3_i2a«-a«6 + 10a6-268aiid6a3-17a26 + 8a&2-6». 

26. 18a3-18a2a; + 6ajB2-6x'and60a«-75aa; + 16iB?. 

27. 21a53-26x2 + 8xaiid6«*-a-2. 

28. 6a5*+29a*x2 + 9a*aiid3iB?-15aic2+ct2a;-6a8 

29. flc^+a^^+jpay + ^and JB*— y*. 

3a 2«3 4.i0jg2 + 14fl. + 6andiB? + a;> + 7a;+39. 
31. 46a^ + 3a2x2-9aa5 + 6jB* and ISa^x-Sx^. 

132. It is sometimes easier to find the H.C.F. bj reoernng 
the order in which the expressions are given. 

Thus to find the h.c.p. of 21flc» + 38x + 6 and 129iB2 + 221x + 10 
the easier course is to reverse the expressions, so that they 
stand thus, 6 + 38a; + 21a* and 10 + 221x + 129a;2^ and then to 
proceed by the ordinary process. The h.c.p. is 3x+ 5. Other 
examples are 

(1) 187a;3_84a;2 + 31a;-6and253a;»-14a^» + 29a;-12, 

(2) 3711/3 + 26y2 - 50y + 3 and 46^ + 75y2 - lOZy - 21, 
of which the H.O.P. are respectively 11a;— 3 and 7y + 3. 

133. If the Highest Common Factor of three expressions 
a, 6, c be required, find first the h.c.f. of a and 6. If d be the 
H.C.F. of a and 6, then the H.C.P. of d and c will be the H.G.F. 
of a, bf c. 

134. Ex. To find the h.o.f. of 
a?-^7a?-x-7fa^ + 6x^-x-6, anda;2_2a; + l. 

TheH.c.F. oia^ + W-x-7 ajida^ + 6aP--x---5yn]lheio\md. 
to be a;2— 1, 

The JEL'CF, of st^-l and a;2-2x + l ^wi\i "bci iowxA Xft >a^ 
x—l. 

Hence x-lia the h.c.f. of the three ex^xeBaVona. 
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Examples.— xxxviii. 

Find the Highest Common Factor of 

1. ^^-Xix^-^ «* + 7a;+10, and a2+i2x + 20. 

2. «3 + 4a^-5, «3_3a.^.2, andiB3+4g2_3a.^3^ 

3. 2x^+35-1, 352 + 5a; +4, and 05^ + 1. 

4- ^-y*-ytl, 3y«-2y-l, andi/3-y«+y-l. 

5. fl53-4a;2 + 9rB-10,flc»+2a;«-3a;+20, and 

03+602.9354.35. 

6. a?-7a2+16a;-12, 3a;5-14a^» + 16a;, and 

6a;3-10x2+7a;-14. 

7. y'-Sy'+lly-lSyy^-y^+Sy + S, and 

2^-7^2+ 16y_ 15. 

Note. We use the name EUghest Common Factor instead 
of Greatest Common Measv/re or Highest Common Divisor for the 
following reasons : 

(1) We have used the word ^^Measu/re*^ in Art. 33 in a 
different sense, that is, to denote the number of times any 
quantity contains the unit of measurement. 

(2) Divisor does not necessarily imply a quantity which 
is contained in another an eocact number of times. Thus in 
performing the operation of dividing 333 by 13, we caU 13 
divisor, but we do not mean that 333 contains 13 an exact 
number of times. 



IX. FRACTIONS. 

235, A QUANTiTT a is called an Exact Divisor of a quan- 
^'^ 4 when b containa a an exact number of times. 

-4 quantity a ia called a Multiple oi a c^aa^\^ b^^RV^tii 0. 
ootains b an exact number of times. 



FRACTIONS. 77 



136. Hitherto we haye treated of qnantities wluch contam 
the imit of measuremeiit in each case an exact number of 
times. 

We haye now to treat of quantities 'whi^k contain some tscaci 
divisor of a primary unit an exact number of times. 

137. We must first explain what we mean by a primary 
unit 

We said in Art. 33 that to measure any quantity we take a 
known standard or unit of the same kind. Our choice as to 
the quantity to be taken as the unit is at first unrestricted, but 
when once made we must adhere to it, or at least we must 
give distinct notice of any change which we make with respect 
to it. To such a unit we give the name of Pbimart Unit. 

138. Next, to explain what we mean by an exact divisor of 
a prvmary unit. 

Keeping our Primary Unit as our main standard of mea- 
surement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take as a 
Subordinate Unit, 

Thus we may take a pound as the unit by which we mea- 
sure sums of money, and retaining this steadily as the prvmary 
unit, we may still conceive it to be subdivided into 20 equal 
parts. We call each of the subordinate units in this case a 
shilling, and we say that one of these equal subordinate units is 
one-twerUieth part of the primary unit, that is, of a pound. 

These subordinate units, then, are exact divisors of the 
pri/mary unit, 

139. Keeping the primary unit still clearly in view, we 
represent one of the subordinate units by the following nota^ 
tion. 

We agree to represent the words one-third, one-fifth, and 
one-twentieth by the symbols 5, -, ^, au^ -w^ ^^^ 'Owj^ M 

the Prim&rjr Unit he divided into fliree eqyvsA. ^«tf^, "^^ 
repreaent one oftbeae parts. 
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If we have to represent two of these subordinate units, we 

2 3 

do so by the symbol ^ ; if ihrte^ by the symbol ^ ; if four^ by 

4 
the symbol ;r, and so on. And, generally, if the Primary Unit 

be divided into 6 equal parts, we represent a of those parts by 

the symbol | 

140. The symbol ? we call the Fraction Symbol, or, more 

briefly, a Fraction. The number helow the line is called the 
Denominator, because it denominates the number of equal 
parts into which the Primary Unit is divided. The number 
cih(yot the line is called the Numerator, because it enumerates 
how many of these equal parts, or Subordinate Units, are 
taken. 

141. The term nvmhtr may be correctly applied to Frac- 
tions, since they are measured by units, but we must be 
careful to observe the following distinction : 

An Integer or Whole Number is a multiple of the Primary 

Unit. 
A Fractional Number is a multiple of the Subordinate 

Unit. 

142. The Denominator of a Fraction shews what multiple 
the Primary Unit is of the Subordinate Unit. 

The Numerator of a Fraction shews what multiple the 
Fraction is of the Subordinate Unit. 

143. The Numerator and Denominator of a fraction are 
called the Terms of the Fraction. 

144. Having thus explained the nature of Fractions, we 
next proceed to treat of the operations to which they are sub- 
jected in Algebra. 

145. Dep. If the quantity x be divided into 6 equal parts, 
and. a of those parts be taken, the result is said to be the 

fraction j- of x, 
Ifx he the unit, this is called the iTac\ioTi v. 
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146. If the unit be divided into h equal parts, 
^ will represent one of the parts. 

\ *^o 

■T three 



And generally, 

T will represent a of the parts. 

147. Next let us suppose that each of the h parts is «u5- 
divMed, into c equal parts : then the unit has been divided 
into he equal parts, and 

-T- will represent one of the subdivisions. 

2 
¥ *^^ 

And generally, 

u " 

148. To shew that tt = t. 

Let the unit be divided into 6 equal parts. 

Then ^ will represent a of these parts* (1). 

Next let each of the 6 parts be subdivided into c equal 
parts. • 

Then the primary unit has been divided into he equal parts, 

and -5— will represent ac of these subdivisions, (2). 

oc 

Now one of the parts in (1) is equal to c of the subdivisions 
in (2), 

.'. a porta are equal to ac &\iMv<7mQi&& *, 
. a_ae 
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Cor. We draw from this proof two inferences : 

I. If the numerator and denominator of a fraction be 
multiplied hy the same number, the value of the frac- 
tion is not altered. 

II. If the numerator and denominator of a fraction be 
dvoided by the same number, the value of the fraction 
is not altered. 

149. To make the important Theorem established in the 
preceding Article more clear, we shall give the following proof 

that ^=97^> ^7 taking a straight line as the unit of length. 



ill I I I I I M M I I M I i 



A E D F B C 

Let the line AG he divided into 5 equal parts. 

Then, if 5 be the point of division nearest to (7, 

ABia^ofAC. (1). 

Next, let each of the parts be subdivided into 4 equal parts. 

Then AG contains 20 of these subdivisions, 
and AB 16 

:.ABw^o^AG. (2). 

Comparing (1) and (2), we conclude that 

4_16 
5"20* 

150. From the Theorem established in Art. 148 we derive 
the following rule for reducing a fraction to its lowest terms : 

^tndihe Highest Common Factor of the nvmerator and denomi- 
nator and divide poth hy it Tht reaultvag Jrodiou vylU ^ 
^^^z<? eg^tvalent to the original jractiou expressed iu IV* «itw^\w\. 
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151. When the numerator and denominator each consist of 
a single term the h.c.f. may be determined by inspection, or 
we may proceed as in the following Example : 

To reduce the fraction g^, « to its lowest terms, - 

12a263c2- 2x6xaa666cc' 
We may then remoye factors common to the numerator and 
denominator, and we shall have remaining -^ — r-; 

/. the required result will be -^. 

152. Two cases are especially to be noticed. 

(1) If emery one of the factors of the numerator be removed, 
the number 1 (being always a factor of eyery algebraical 
expression) will still remain to form a numerator. 

ZaH ZoMC 1 



Thus 



12a^(^ 3 X 4 X aoKicc 4ac 



(2) If eyery one of the factors of the denominator be removed, 
the result will be a whole number. 

_- 12aV 3x4xaaacc ^ 

Thus o g = — o =4ac. 

3a^c 3 X ouic 

This is, in fact, a case of exact division, such as we have 
explained in Art 74. 
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Reduce to equivalent fractions in their simplest terms the 
following fractions : 

4a» o ^ lOa^y 

'• 12a»' Z^' ^' 24^* 

61a^ Ibab^t^ ^g^^ 
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lo. 



13- 



3ig* + 3a%g 



II. 
14. 

17. 



120^-606 
BWc-2c • 



12. ^ 



l4m^ 



21w^ - 7t»«* 






18. 



c2-4a« 



20. 



21. 



22. 



23- 



lOx-lOy 
4a;2 — 8a:y + 4^*^ 

aac + by 
laV - 76V 

6a6 + 8cci[ 
27^6¥^^48c^' 

ixy^xyz 



2az — 2a«^ 



24. 



25' 



26. 



27. 



28. 



c'+4ac+4a2 



10a» + 20a& + 10y 

4a^~8gy + 4y^ 
48(a;-y)a ' 

3^na + 5n^ 
37?iy + 6«ajf* 



153. We shall now give a set of Examples, some of which 
may be worked by Resolution into Factors. In others the 
H.G.F. of the nnmerator and denominator must be found by 
the usual process. As an example of the latter sort let us 
take the following : 

aj3 _ 42p2 _ j9jp _ ]^4 

To reduce the fraction oyS^q 2,oq ^.qi ^ *** lowest terms. 

Proceeding by the usual rule for finding the h.c.f. of the 
numerator and denominator we find it to be x - 7. 

Now if we divide a:3-4iB*— 19a5-14 by a? -7, the result is 

aH3a5 + 2, and if we divide 2a;3-9a;2-38a;+21 by x-7, the 

result is 2a^+6a5— 3. 

jp2 ^ 3jp J. 2 
Hence the fraction di ^ , g __o ^ equivalent to the proposed 

fraction and is in its lowest terms. 



I, 






Examples.— xl. 



^-%«-^ 



2. 



^2-705+12: '^^ ^-\^'V'»: 
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^ jB2-8an(-105y«* 5 a:« + a; + i- ^- ^?lf^8 • 

fle^-4g'+9a;-10 m'+3m'-4m 

gg-5g» + llg~15, 08 + 1 

gg-7g» + 16a;-12 14gg~34a;+12 

^^' 3x5-14jB» + 16a; ' '7' 9aa:«-39aa; + 42a' 

"• ic*-.iB3y-iBy8-y*' '^' 15-24a + 3a8+6a5' 

'^' a3-3a+2' ^^' 763-1262 + 56 * 

58^,452_55 a»j-3^+3a-v2 

^3- ft3_6^ + 5- 20. a3_4a2 + 6^_4- 

(a;+y + i8)'^ + (g-y)8+(g-g)g+(y-ag)» 

^^ iB2+y2+«2 • 

2ac*-g^-9a^+13g-5 . 15ag + 06-262 

^5- 7«3-19aj2+17aj-5 ' ^3' 9a2 + 3a6-262' 

16g*-63a^^+45a + 6 a»-7a + 10 

^^' &c*-30x3 + 31iB2-12* ^"^^ 2a2_a.-6' 

4fl:2-12aa; + 9a2 a:3 + 3a^ + 4a; + 1 2 

^7- 8a? -27a« ' ^^* ^?T^T^to+3' 

J. 6a:»-23ay» + 16a;->3 . g*-a^^-2a; + 2 

^^ 6a?-17x«+llaj-2* 3^' 2a?-x-l ' 

a?-6a? + na;-6 a?-2g2-16a;+36 

^^ aj3-2aj2-x + 2 * ^7- 3ic2-4fl:-16 ' 

m^+m2+m~3 3a?+a?-5g4-21 

3°* m» + 3ma + 5m + 3" ^^* 6a? + 29x« + 26aj-2r 
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154. The fraction -r is said to be a ^oper fraction, when a 
is less than 6, 



a . 



The fraction -r is said to be an im^oper fraction, when a is 
greater than h, 

155. A whole number x may be written as a fractional 
number by writing 1 beneath it as a denominatoi:, thus =-. 

156. To prove that r of ^=f;j. 
Divide the unit into bd parts. 

a 



=^ of 6c of these parts (Art. 147) 

=-T- of 6c of these parts (Art. 148) 

= oc of these parts (Art 147). 

But M^^ ^^ these parts ; 

''' b ^ d^M' 

This is an important Theorem, for from it is derived the 
Rule for what is called Multiplication op Fractions. We 

extend the meaning of the sign x and define ^x-^ (which 

according to our definition in Art. 36 has no meaning) to mean 

J- of -j, and we conclude that ^ x j= v^, which in words gives 

us this rule — " Take the product of the numerators to form 
t^he numerator of the resulting fraction, and the product of the 
denominators to form the dexioimnatoi." 

The same rale holds good for the ixixillV^'^caViou oi >JKXfcfc ot 
ore factions. 
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157. To »km (hat r-rg^TT' 

The quotient, ^ of ? diyided hy ^ is such a number that x 
multiplied by the divisor ^ will give as a result the dividend t. 



,xe 
"- d 


a 
"6' 




•• -of-j-» 


.^of 


a 

p 


•• cd 


0(2 




/. «= 


ad 

'be' 





Hence we obtain a rule for what is called Diyibiok of 
Fbaotions. 



^, a , c ad 
Since 5^2= j^, 

a c ^a d 
b'^d'b^e' 

Hence we reduce the process of division to that of multipli- 
cation by inverting the divisor. 

158. The following are examples of the Multiplication and 
Division of Fractions. 

2a! o__2aj 3a__6ax^2x 

3« . ^ _?5j^?^_3» 1 _ 3g _ X 
^' 26 ' ^^^2b ' I "26^3a""6a6'"2a6* 

4a^ 3c_ 3x4xa' c_2a 
^ 9c8^2a"'2x9xac^"3c* 

14g', 7a^l4fl;g 9y_ 9xl4xx^ 2x 
^ 57p'%~j27y«^7iB""7x27x»y*""^' 

r. j?^^^ jg_ 2gx9bx5c Z 
' 3d lOe 4a 36 x 10c x 4a"' 4 
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^* a^+7a«^ a;-4~^^7)^ aj-4 

a;(a;--4)a;(g + 7) _. 
*a^(aj + 7)(a;-4)"'^' 



(a + 6)(a-6) g(a + 6 ) 
""(a+ftXa + t) 4a(a-6) 
(a+^)(a-6)a(a+6 ) _1 
"(a + 6)(a+6)4a(a-6)~4* 



Examples.— xli. 

Simplify the following expressions : 

'• 4y^9y' ^' 46 ^3a 3* Qya^'s/ 

4- Abxhi^^^W 5- I0a«62c^i8a«/2i8- ^- 56^3c^6a- 

Za?y hyh I2xz W¥ 20c»(P 4ac 

7- 4a»a ^ 6jcy ^ 20an^2* ^' Sc^rf^ ^ 42a*6S ^ 3 W 

9m«n^ 5pgg 24fl;V 25^%^ 70n8g 3pm 



Examples.— xlii. 

Beduce to simple fractions in their lowest terms : 

a-h a^-l^ x^ + x-2 a^-13a; + 42 

'• a^+ab^HnH' ^ 7?-lx ^ x2+2» ' 

ac8 + 4fl; 4a;^ - 12g a»-llg + 30 x^-Zx 

a;g+3a;+2 a^-7g+12 ^ a»-4 ag3^25 

a»-4a+3 o^~9a+20 0^-7^ 
^' ^^-6a+4^a3-10a+21^a'*-5a 

^ ^-y^ + g y+10b-f24 ^-^ 
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(ac-m)*— n' g* - (n - m)* 



12. 






g*— 2apy+3^~g' x + y-z 



EXAMPLES.— Xliii. 
Simplify the following ezpreasions : 

'• a? • 6c' 14a ' 7»' ^ ISofts ' 30SP' 

/• 7-^- **• jB2-3a. + a*aj-r ^ ai»-17a;+30 ' aj-lS* 

158. We are now able to justify the use of the Fraction 
Symbol as one of the Division Symbols in Art. 73, that is, 

we can shew that -r is a proper representation of the quotient 

resulting from the division of c^ by ii 

For let X be this quotient. 

Then, by the definition of a quotient, Art 72, 

But, from the nature of fractions, 
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159. Here we may state an important Theorem, which we 
shall require in the next chapter. 

If a(2=5c, to shew that -t»;v. 
Since ad^hCy 



ad 


he 


bd- 


-u' 


. o 


e 


"y 


'£ 



X. THE LOWEST COMMON MULTIPLE. 

160. An expression is a Common Multiple of two or 
more other expressions when the former is exactly divisible by 
each of the latter. 

Thus 24ai? is a common multiple of 6, 8a^ and 122^. 

161. The Lowest Common Multiple of two or more 
expressions is the expression of lowest dimensions which is 
exactly divisible by each of them. 

Thus 18a^ is the Lowest Common Multiple of 6a^, 9a^, 
and 3a;. 

The words Lowest ^ Common Multiple are abbreviated 
into L.O.M. 

162. Two numbers are said to be prime to each other 
which have no common factor but unity. 

Thus 2 and 3 are prime to each other. 

163. If a and h be prime to each other the fraction ^ 
is in its lowest terms. 

Hence if a and 5 be prime to each other, and r= j, and 
ifm he the H.aF, of c and d, 

a« — and b=---. 
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164. In finding the Lowest Common Multiple of two or 
more expressions, each consisting of a single tenn, we may 
proceed as in Arithmetic, thns : 

(1) To find the l.cjl of 4a^ and ISoa^, 



2 


4aSa;, 18aa^ 


a 


2a«r, 9aic» 


X 


2a^, 9x3 




2a«, dx« 



L.0.H.»2 X a X a; X 2a' X 9x^ai36aV. 
(2) To find the L.C.1C. of a5, oc, 5c, 



a 


dby acy he 


5 


6, c, be 


e 


1, c, c 




1, 1, 1 



L.aic ssa X & X c=a5e. 
(3) To find the L.O.M. of 12a\ 145c> and 3605^, 



2 


12a«c, 


14&c8, 


36a5> 


6 


6a*c, 


76c«, 


18a6« 


a 


a\ 


76c«, 


3a^ 


b 


ac, 


76c«, 


362 


e 


ac, 


7c2, 


36 




«! 


7c, 


Zb 



L.O.H. »2 x6xax&xcxax7cx 3&sB252a2&2c'. 



Examples.— xliv. 



Find the l.c.h. of 

1. 4a^ and 6a V. 

2. 3x^ and 12a^. 

3. 4a^aDd8a^. 
4. ax,a^ and ah^, 

S> Sao!, 4aa^ and a^. 



6. a6, aH and J'c'. 

7. a^, a*y aivd x^*. 

lo. IBood', iaa/«^ anW^to^ 
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165. The method of finding the L.o.M.y giyen in the pre- 
Qedii^ article, may be extended to the case of eompound 
expressions, when one or more of their footers can be readily 
determined. Thus we may take the following Examples : 

(1) To find the L.O.M. of a-r.aj, a*— a^, and a^+oaj, 



a— x 


a^Xya^—oi?, a^+ax 


a + ic 

1 


I, a+oj, a^-^aoi 




1, 1, a 



L.C.M, a? (a — as) (o + jb) a a? (a* -« a5*)a « a' — oo*. 
(2) To find the L.aM. of x*- 1, ic*- 1, and 4jB^-4iB*, 



a^-1 



X*— 1, SB* — 1, 4a^-4jc* 



1, Q?-¥\, 4a^ 
L.C.M. = (a^ - 1) (iB* + 1) 4ax* = (ic* - 1) 4iB* = 4flc8 _ 4a4. 

166. The student who is familiar with the methods of 
resolving simple expressions into factors, especially those giyen 
in Art. 125, may obtain the L.O.M. of such expressions by a 
process which may be best explained by the following Ex- 
amples : 

Ex. 1. To find the L.C.M. of a^-x* and a^-T?. 

a^"Si^=(a- x) (a + aj), 
a^-(jfi=(a—x) (a^+oa+a;*) 

Now the L.G.M. must contain in itself each of the factors in 
each of these products, and no others. 

.*. L.G.M. is (a -x){a+ x) (a* + ax + x% 

the factor a—x occurring (mc» in each product, and therefore 
once only in the l.g.m. 

Ex. 2. To find the l.o.h. of 

a^-hS a2-2a6 + 62, and a2+2a5+6a. 

-z>.a3f. is (a + J) (a - 6) (a - b) (a •Vb'), 
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tlie factor a— 6 occmnzig Uoiu in one of the piodxicts, and a+ 5 
occurring ttrtce in another of the prodncts, and therefore each 
of these factors must occur twk/t in the L,ajtf . 



Examples.— xlv, 

Find the l.g.m. of the following expressions : 

1. ac^andoa+a:'. 10. a^-l, «* + ! and ac*-l. 

2. as*— 1 andx*— 0^ 11. ic'-x, aj^— 1 and ac'+l. 

3. a* —6* and a* +06. 12. sc^-l, a^-aando^-l. 

4. 2x-l and 4x^-1. 13. 2a+l, 4a2-l and8a*+l. 

5. a+6 and a^+ft'. 14. x+t^and 2x^+2an^. 

6. a;+l, «-landaj*^l. 15. (a +6)2 and a' -6^^ 

7. a+l,a:^— landa^+oj+l. 16. a+5, a-6and a^— 6^. 

8. a; + l, a* + l andac^+l. 17. 4(l + x),4(l-aj)and2(l-iB2)^ 

9. 05— 1, a*-l and ac*-!. 18. x-l, a^+oj + l andac^-l. 

19. (a-6)(a-c) and (a-c)(6-c). 

2a (a + l)(a; + 2), (a5+2)(a; + 3)and(a5 + l)(a + 3). 

21. a*-y', (x+y)2and(a;-y)*. 

22. (a+3)(a+l), (a+3)(a-l)anda2-i. 

23. a*(a;-y), xi^-'f) and x+y. 

24. (x+l)(x+3), (x+2)(x+3)(x+4)and(x + l)(x+2).' 

25. iB2-y2, 3(x-y)2 and 12 (x^+yS). 

26. 6(x2+xy), 8(xy-y2) and 10(x2-y2). 

167. The chief nse of the rule for finding the l.c.m. is for 
the reduction of fractions to common denominators, and in the 
simple examples, which we shall have to put before the student 
in a subsequent chapter, the rules which we haye already given 
will be found generally sufficient. But as we may have to fo^^L 
the L.O.M. of two or more expressions in whicYi t\i^ ^emeo^JKTj 
factoTs cannot be deteTmined by inspection, "we toxmbXi "hqv ^xo- 
ceed to discuss a Rule for finding the li.c.H. oi two ex^Y^e^^sysv 
wbieb is applicable to eyery case. 
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] 68. Tlie rale for finding the lcm. of two expressions a 
and h is this. 

Find d the highest common factor of a and &. 

Then the L.C.M. of a and & =3 x 6, 

I 
or, =Txa. 

In words, the l.c.m. of two expressions is found by the fol- 
lowing process : 

Divide ohe of the escpressums hy the H.O.F. and mvUiply the 
quotient hy the other esopression. The result is the L.C.M. 

The proof of this rule we shall now give. 

169. To find the L.C.M. of two algebraical expressions. 
Let a and h be the two algebraical expressions. 
Let d be their H.C.F., 
X the required L.O.M. 

Now since x-ia a multiple of a and &, we may say that . 

x=ma, x^rib; 
.*. mci'^nh ; 

.-.-=- (Art 169). 
n a ^ * 

Now since x is the Lowest Common Multiple of a and b, 
m and n can have no common factor ; 

.'. the fraction — must be in its lowest terms : 

n * 

Hence, since x=may 

h 
x=-^xa. 

Also, since aB=nb, 

X = -1 X 0. 
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170. Ex. rmdtheL.c.M.of«2-13a5 + 42andx2-19x + 84. 
First we find the H.G.F. of the two expressions to be x — 7. 

Then L.c.M.=<'^-^^-^^)-iif-^^-^»^>. 

aj — 7 

Now each of the feu^tois composing the numeiator is divisible 
by 05— 7. 

Divide o? - 13fl5 + 42 by as - 7, and the quotient is a; - 6. 

Hence ii.C.M.=(x-6)(x«-19x + 84)=a^-25a^+198aj-504. 

EXAMPLKS.— Xlvl. 
Find the L.O.M. of the following expressions : 

1. a^ + 6a?+6andx* + 6a; + 8. 

2. a*-a-20anda*+a-12. 

3. a^+3fl5 + 2 and»2+4B + 3. 

4. a^ + lla; + 30 and 352 + 120; + 35, 

5. «2_9a._22 and 352-1335 + 22. 

6. 2a2 + 3a; + l anda2_a5_2. 

7. «*+a;2y + fl3y+y2and jg4_|^^ 

8. iB^-8aj + 15anda;2+2a;-16. 

9. 21»2_26a; + 8and7a53-4»2_21x + 12. 

10. a'+a52y+a:2/*+y3 and a53-x2y4.a5y2_yS^ 

11. a3 + 2a26_a62_2&3anda3_2a26-a52 + 263. 

171. To find the l.g.m. of three expressions, denoted by 
a, 6, c, we find m the l.c.m. of a and 6, and then find M. the 
L.C.M. of m and c. M\a the L.G.M. of a, & and c. 

The proof of this rule may be thus stated : 

Every common multiple of a and 6 is a multiple of m, 

and every multiple of m is a multiple of a and \ 

therefore every common multiple of m and c is a common 
multiple of a, & and c, 

and every common multiple of a, 6 and c Va & <^c^tdssl<sv\. 
multiple oim sjudi c, 

And therefore the L.C.H. of m wid c ia \i\ife 'U.CTiL. oi a,>3 
and c. 
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Examples.— xlvii. 

Find the l.o.m. of the following expressions : 

1. ic2-3x+2, {B2-4B+3andx2-6a; + 4. 

2. a2^.5a. + 4^ 3^^.4^4.3 and «2^.7jj.^X2. 

3. {b2-9x + 20, ic2-12a; + 36andic2-iia. + 28. 

4. 6x2-a;-2, 21a^-17x + 2and 14a;2 + 6x-l. 

5. {b2-1, a;2 + 2x-3and6x^~a;-2. 

6. 0^-27,02-1535 + 36 and ic3_3a^_2x + 6. 



XL ON ADDITION AND SUBTRACTION 

OF FRACTIONS. 

172. Having established the Kules for finding the Lowest 
Common Multiple of given expressions, we may now proceed 
to treat of the method by which Fractions are combined by 
the processes of Addition and Subtraction. 

173. Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator by the following 
rule : 

Find the Ij.o.m. of the denominators of the given fractions. 

Divide the L.C.M. by the Denominator of each fraction. 

Multiply the first Numerator by the first Quotient. 

Multiply the second Numerator by the second Quotient. 

The two Products will be the Numerators of the equivalent 
fractions whose common denominator is the L.C.M. of the 
original denominators. 

The same rule holds for three, four, or more fractions. 

1'74, Cx. 1. Reduce to equivalent fractions with the 
lowest common denominator^ 

2a;+5 ^ 4»~*? 
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Denominators 3, 4. 

Lowest Common Multiple 12. 

Quotients 4^ 3. 

New Numerators Sx + 20, 12ac - 21. 

Equivalent Fractions «5^, ^J^. 

£x. 2. Reduce to equivalent fractions with the lowest 
common denominator, 

56 + 4c 6a-2c 3a -56 
06 ' oc ' 6c * 
Denominators 06, oc, he. 
Lowest Common Multiple ahc. 
Quotients c, 6, a. 
New Numerators 56c + 4c', 6a6 - 26c, 3a' - 6a6. 

T? • 1 4.T31 X. 56c + 4c2 6a6-26c 3a2-5a6 
^Jquivalent Fractions r , ^ , ; . 



Examples.— xlviii. 

Beduce to equivalent fractions with the lowest common 
denominator : 

305 J 4a;. , a-6 , o'*-a6 

3fl5-7 , 4a;-9 „ 3 , 3 
2. —5 — and -- . 7. and 



6 18 ' '' l + « l-a 

3« K o ^ and -, ^ 8. . 3 and = 5. 

•^ 5ar lOaj 1 - y^ 1 + y 

4a + 66 J 3a-46 5,6 

4. -ct::?- and — s--. 9. r-— and 



2a2 6a * ^- \-x — l-xS- 

4a— 5c J 3a— 2c a , 6 



5ac 12a'c * * c c(6+ccy 

II. 7 — tt-tt — iand 
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175. To shew that t + j = — tj— • 

Suppose the Tinit to be divided into hd, equal parts. 
Then ^^ will represent ad of these parts, 

and T^ will represent 5c of these parts. 

J c 6c 

ft i* 
Hence ^ + t will represent oi + &c of the parts. 

But — T-^ will represent a(2 + &c of the parts. 

Therefore r + j = ~TT~* 

By a similar process it may be shewn that 

a c _ ad-~hc 

176. Smce^+2^ g^, 

our Kule for Addition of Fractions will run thus : 

^'Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then add the Numerators of 
the equivalent fractions and place the result as the Numerator 
of a fraction, whose Denominator is the Common Denominator 
of the equivalent fractions. 

The fraction will be equal to the sum of the original frac- 
tions." 

The beginner should, however, generally take two fractions 
at a time, and then combine a third with the resulting frraction, 
as will be shewn in subsequent Examples. 

M J . a c ad^bc 

Also, since = == — tt— i 

o a od ' 

^e Bnle for Subtracting one fiactioiL tiom wdoVSiiet VJS5l\j%, 
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"Reduce the fracidoiis to equivalent fractions having the 
Lowest Common Denominator. Then subtratt the Numerator 
of the second of the equivalent fractions from the Numerator 
of the first of the equivalent fractions, and place the residt as 
the Numerator of a fraction, whose Denominator is the Common 
Denominator of the equivalent fractions. This fraction will be 
equal to the difference of the original fractions.'* 

These rules we shall illustrate by examples of various degrees 
of difficulty. 

Note, When a negative sign precedes a fraction, it is best 
to place the numerator of that fraction in a bracket, before 
combining it with the numerators of other fractions. 

177. Ex. 1. To simplify 

Ax-Zy 3x + 7y 5x-2 y 9x + 2y 
7 "^ 14 ~2i~'^ 42 • 

Lowest Common Multiple of denominators is 42. 

Multiplying the numerators by 6, 3, 2, 1 respectively, 

24a;- 18y 9a; + 21y 10a;-4y 9x + 2y 
42 "^ 42 42 "^ 42 ' 

24a;-18y + 9g + 21y-(10a;-42/) + 9a; + 2y 
-- 42 ' 

_ 24a;-18y + 9g + 21y-10a; + 4y + 9g + 2y 

42 
_ 32a; + 9y 
42^"- 

-c^ o m • Ti?^2a; + 1 4a; + 2 1 
Ex. 2. To simplify -^ ^+^. 

Lowest Common Multiple of denominators is 105a;. 

Multiplying the numerators by 35, 21, 15^, respectively, 

70a; + 35 84a; + 42 15a; 



105a; 105a; 105a; 

_ 70a;+35-(84a; + 42) + 15x 
105x 

I06x ""To&x 

[B.A.] Q, 
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• Examples.— xlix. 

4a; + 7 3a;-4 3a~46 2a-6 + c 13a --4c 

'• 5 ■*■ 15 • ^'7 3 ^ 12~- 

4a;- 3 y 3a;+7y 6g-2y 9a; + 2y 
^' 7" 14 21 "*" 42 • 

3g-2y 5a;-7y 8a;+2y 
"** 6a; 10a; 26 • 

4a;8-7y» 3a;-8y 6-2y 
5* 3a;2 + 6x "^ 12 • 

, 4ag+5y 3tt + 26 7-2g 

4a; + 5 3a;-7 9 
"• 3 5a; ■*"l2a;2* 

8 5«+2& 4c-36 6a6-76c 
3c 2a 14ac 

2a + 6c 4ac-3c2 5ac-2c* 



H ac^ aV * 



a*c 



lO. 



3an/-4 6y»+7 6a;«-ll 

X2y2 ajyS jp3y 



a-5 4a -66 3a -76 

178. Ex. To simplify 

a-6 a+6 

a + 6 a-6* 
L.C.M. of denominators is a^ - 6^. 

Multiplying the numerators by a-6 and a+6 respectively, 
we get 

a»-2a6-f6g^ a»+2a6+6g 
a2-62 + a2-62 

a2_2a6 + 62 + a«+2a6+62 



a2-l)» 
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EXAMPLKS.— 1. 



1.1 1 _ - ^ 



a;-6 a; + 5* «-? %-Z' ^' 1+x l-» 

0;+^ as-y 1 _^ 2 ^ g (dd - 6c) a; 

os-y ~a;+y' 1-JC 1-05^' ' c(c+cte) " 

7. — — - + . 8. + 



x+y x-y ' x-y (x-y^ 

2 3fl& j^ .1 ^ 1 

^* jc + a (x + a)2* ' 2a"(a+a;) 2a (a-ac)* 

179. Ex. !• To simplify 

3 5 6 

+ 



l+y 1-y 1 + y*' 

Taking the first two fractions 

3 ^ 6 



l+y i-y 

3-3y^6 + 6y 



l-y^^l-f 

8 + 2y , 
-"1-1,2 > 

we can now combine with this result the third of the original 
fractions, and we have 

3 5 6 



l+y l-y l+y2 
8 + 2y 6 

"l-y2 l + y2 

_8 + 2y + 8yg + 2y3 6--6y2 
l~y* l-y* 

_ 8 + 2y + 8y'-^ + 2y3-6 + 6ti)* 
_ V4-14y2 + 2i/ + 2 
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1 1 ,1 , I - I .1-1 

Ex.2. To simplify 

2.22 



(a-6)(6-c) (a-6)(c-a)"(6-c)(c-ay 
IJ.C.M. of first two denominators being (a - 6) (& - c) (c - a) 
2c-2a 26-2c 2 



(a_6)(6-c)(c-a)^(a-&)(6-c)(c-a)^(6-c)(c-a) 

_ 26-2a 2 

(a-6)(6-c)(c--a)"*'(6-c) (c-a)' 

L.C.M. of the two denominators being (a - 6) (6 - c) (c - a) 

26-2a+2a-26 



,-.=0. 



(a - 6) (6 - c) (c - a) (a - 6) (6 - c) (c - a) 



EXAMPLKS.— li. 
1 1 2a 1 1 26 463 



1 L_x ^^ a; y a^ 

a; JB* 35 , 35 + 3 , a;-4 a; + 6 
+ ^— : — 5-. o. — r-T-\ ^7+ 



''• l-x l-a:3"^l+a^* a;+4 'a;-3"^a;+r 

a;-l a;-2 a;-3 

o 3 4a 5*2 



x-a {x-ay (as - a)** 

_1 1 3 

^* x-l x + 2 (a;+l)(a; + 2y 

1 3 



lo. 



(a;+l)(a;+2) (x + 1) (x + 2) (x + 3)' 



g' g , X 



(a+c)(a-hd) (a+c)(a-\-e) 
'. ^ — 3 6 — c c — cb 
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^ x~h z-a {x-'a)(x-by 

A tt+6 5 + c c-fg 

i^- (6-c)(c-a)"*"(c-a)(a-6)"*"(a-6)(6-c)' 

,R 2 2, 2 (a-6)2+(6-c)»-f(c-ay 

'^- a-6"^6-c'^c-a"^ (a-6)(6-c)(c-a) ' 

a + 6 2a a^b-a^ 

1 1 1 

^^' (n+l)(n+2) (n + l)(n + 2)(n + 3) (n + l)(n + 3y 

o^— 6c y-ac c*— oft 

^'* (a+6)(a+c)"*'(6 + a)(6 + c)"*'(c+6)(c+ay 

180. Since ~r~^* *^ "ZT~**' •^^' ^'' 

From this we learn that we may change the sign of the 
denominator of a fraction if we also change the sign of the 
numerator. 

Hence if the numerator or denominator, or hoth, be expres- 
sions with more than one term, we may change the sign of 
every term in the denominator if we also change the sign of 
every term in the numerator 

a-6 — (a-6) 

For — T=— 7 — ^ 

c-d -{c-a) 

-a+6 



or, writing the terms of the new fractloiL eo li^iaXi V)!afc^^'®5©:^^ 
terms m&y stand £i8t, 
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181. Ex. To simplify ^^-^) -^5!^::^. 

^ '' a-x x—a 

Changing the signs of the numerator and denominator of the 
second fraction, 

x(a-{-x) —6ax+x^ 
a — x a—x 

ag+g^-( — 5aa;-fa^ _ ag + g' + 5fla;-a^ _ 6ax 
a—x a—x a — x' 

182. Again, since —db= the product of -a and h, 

and a5= the product of +a and &, 

the sign of a product will be changed by changing the signs of 
one of the fsu^tors composing the product. 

Hence (a —b)(b- c) will give a set of terms, 

and (6 -a){b- c) will give the soma set of terms with dif- 
ferent signs 

This may be seen by actual multiplication : 

{a-b){b-c)=^db-ac-h^ + bey 
(6-a) (6-c)= — a6+ac+6*— 6c. 

Consequently if we have a fraction 

1 

{a-b)(b-cy 

and we change the factor a-b into b-a, we shall in effect 
change the sign of every term of the expression which would 
result from the multiplication of (a - b) into (b-c). 

Now we may change the signs of the denominator if we also 
change the signs of the numerator (Art 180) ; 

" (a-b){b-c)~'{b-a){b-cy 

If we change the signs of two factors in a denominator, the 
fi/^n of the nnmer&toT will remain "QiifilteteA.^)i3Kxxa 

1 ^ }^ 

(a-b)(Jb-c) (J)-aH<i-^^' 
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183. Ex. Simplify 

1 1 



(a-6)(6-c) (6-a)(a-c) {p-o^ip-^* 

First change the signs of the factor (6 -a) in the second 
£raction, changing also the sign of the numerator ; and change 
the signs of the factor (p-c^ in the third fraction, changing 
also the sign of the nxunerator, 

*^®^^*^(a-6)(6-c)"*'(a-&)(a-c)"(a-c)(c-6)- 

Next, change the signs of the factor (c-6) in , the third, 
changing also the sign of the numerator, 

the resnlt is -. rr-Tr — r + , — xv-t ^ — 7 x-tt — ; . 

{a-o)(p-c) {a-h){a-c) {a-c){b-c) 

L.C.M. of the three denominators is (a - 6) (6 - c) (a - c), 
a-c -b+c . a-h 



{a-h)Q)-c){a-cy{a-h){a-c)Q)-c) {a~b){a-c){h-c) 

a-'C-b + c-{a-b) 

"(a-6)(6-c)(a-c)"(a-6)(6-c)(a--c)"' 

EXAMPLES.— lii. 

X x-y 3 + 2x 2-30? 16a;-a^ 

x-y y-x' ' 2—x 2 + a; x2~4 * 

X X aP 1 1 4 



*' x+l l-^x^a^-r ^ iyy + 6 2y-2^3-3y2- 

12 1 

^' (m-2)(m-3)"*"(m-l)(3-m)'''(m-l)(m-2)* 

A 1 1 a^+6» 2ay . 2a»6 

^' (a-6)(a; + 6)'^(6-a)(a; + a)* 7- ^^zi^ ^sTp+^j^If^ 

o _1 1, 1 

^* 4(l + a;) 4 (JB- 1)^2(1 +«2y 

1 ^ 11 

1 1 ^ 



I04 ADDITION AND SUBTRACTION OF FRACTIONS, 

184. Ex. To simplify 

- 1 , 1 

a;8-llx + 30 a;2-12x + 35* 

Here the denominators may be expressed in factors, and we 
have 

_^ + __J: 

The L.C.M. of the denominators is (x-5)(a5— 6)(a-V), and 
we have 

a;-7 a;-6 



(a;-5)(a;-6)(a;-'7) (a; -6) (a; -6) (a; -7) 

2a;~13 

'"(a;-5)(a;-6)(a;-7)' 



EXAMPLES.— liii. 



, ,i__^ 



a^ + 9a; + 20 a* + 12a; + 35' 
2. -5 — T7r—r-77; + 



a;2 - 13x + 42 ^a;2 _ 15a. + 54- 

3- a;2 + 7a;-44^a;2-2a;-143* 

1 2a; 1 

"*• a;2+3a;+2'^a;2 + 4a; + 3"*"a;2^5a;+6' 

m 2m 2mn 
5- ~+; 



, l+a; . 1-a; 

O. r— : — 5 + 



l + a;+a;^ l-x+a;^ l+a;^ + a;*' 

5 2 7a; 7g 

^* 3(l-a;) l + x'^3a;2 + 3 3a;2_3- 

®' 8(a;-l)^4(3-a;)^8(x-5)^(l-a;)(«-3)(a;-6)' 

1 +3/ 



XII. ON FRACTIONAL EQUATIONS. 

185. We shall explain in this Chapter the method of 
solving, first, Equations in which fractional terms occur, and 
secondly, Problems leading to such Equations. 

186. An Equation involving fractional terms may be 
reduced to an equivalent Equation without fractions Inf mvl' 
U/plying every term of the equation hy the Lowest Common 
MvJtiple of the denominators of the fractional terms. 

This process is in accordance with the principle laid down 
in At. in. page 58 ; for if both sides of an equation be multi- 
plied by the same expression, the resulting products will, by 
that Axiom, be equal to each other. 

187. The following examples will illustrate the process of 
clearing an Equation of Fractions. 

KX« la 5"^5 = 8. 

2i D 

I 

The L.aH. of the denominators is 6. 
Multiplying both sides by 6, we get 

or, 3a; + 35=48, 

or, 4a;=48; 

.*. x=12. 

Ex. 2. 1+^=05-2. 

The L.O.M. of the denominators is 14. 

Multiplying both sides by 14, we get # 

14a;. 14a; + 14 



2 



^ — = 14x-2a, 
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or, 


7a; + 2a; + 2 = 14a;-28, 


or, 


7a; + 2a;-14a;=-28-2, 


or, 


-6a;=-30. 



Changing the signs of both sides, we get 

5a;=30; 

.*. 05=6. 

188. The process may be shortened from the following 
considerations. If we have to multiply a fraction by a multiple 
of its denominator, we may first dmOt the multiplier hy the 
denominator, and then multiply the numerator hy the quotient. 
The result will be a whole number. 

Thus, -X 12=a;x4=4a5, 

^^x56=(a;-l)x8=8aj-8. 

Ex. 1. 1+1+1=39. 

The L.C.M. of the denominators being 12, if we multiply the 
numerators of the fractions by 6, 4, and 3 respectively, and the 
other side of the equation by 12, we get 

6x+4a; + 3a;=468, 

or, 13a;=468; 

.'. a; =36. 

^^"^' X 2i^3a;"l2- ' 

The L.G.M. of the denominatois is 12a;. Hence, if we mul- 
tiply the numerators by 12, 6, 4, and x respectively, we get 

96-90 + 28 = 170;, 
or, 34=\1x, 

^^> I7x«^ •, 
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EXAMPLES.— liV. 

I. g-S. 2. ^-». 3. 3 + 5-0- 

4- 4-7=3. 5- 36 --^-8. 6. y- ^ . 

2aj . 7a; . rt ,„ a; + 2^a;-l a;-2 

7- T-^^=I2 + ^- '7. -5-+-7-=-2- 

«2a;,«4a;^ -xsc^Sa; 

8- T + ^2=T+«- »^ 2 + 3=^-4- 

3*,K 6«.o ,« «+9 2a! 3ai-6 ,, 

9- -4-+6=-6-+2. 19. -i-+y 6- + 3- 

7a! . 9a; „ l7-3a! 29 - 11a: . 28a: +14 

5a! o „. 7a! 2a;- 10 . 

II. -g-8=74-^. 21. -^^ 0. 

a: . oj * 3a;+4.4a:-61 - 

,2. g-4=24-g. 22. -7— +-^7 0. 

I 

»« 3a5 .rt 5x 3 _ 1 _ 

,3. 66-^=48-g-. 23. --3=--l. 

3a! 180-63! „ 12+« , 6 

^4- T+y-ne 29. 24. -^^ 6=-. 

3a: „ a:-8 1 1 1 .. 

,5. __n —. 25. jk + jqX+2^=40. 

. a: a! , a; 13 ^ «! . 3— as „5 .„1 

'^- 2 + 3 + 4=12- ^^- 2^ + -2-=¥-% 

.3 3 1 325 



^7- ^ a^a; lOO* 

o „1 . 18-a; ,1.1. 3-2a; . 2 
^^- ^+-3-=V + 3 + -10-+5- 

a; as 5a; -- -2 
73!+ 2 3x 3X+13 Vlx 
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189. It must next be observed that in clearing an equation 
of fractions, whenever a fraction is preceded by a negative sign, 
we must place the result obtained by multiplying that nume^ 
rator in a hroLcket^ after the removal of the denominator. 

For example, we ought to proceed thus : — 

Multiply by 70, the L.C.M. of the denominators, and we get 

14a; + 28 = 35a; - 70 - (lOx - 10), 
or 14a; + 28= 35a; -70 -10a; +10, 

from which we shall find a; =8. 

Ex.2. 17ii§x_^+2^j 
5a; 3a; 

Multiplying by 15a;, the L.C.M. of the denominators, we get 

61 -6a; -(20a; + 10) = 15a;, 
or 51 -6a;- 20a;- 10= 15a;, 
from which we shall find a;= 1. 

Note, It is from want of attention to this way of treating 
fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations. 

EXAMPLKS.— Iv. ^ 

-, a;+2 ^, 5a; 5a; 9 3 -a; 

1. 5a:-^ 71. 4. ^"T^i 2~- 

3-a; -2 _ 5a;-4 ^ l-2a; 

2. a:-- 3-=5-. 5. 2x— ^=7— ^. 

5-2a; , o 6a;-8 , a; + 2 14 3 + 5a; 

3. — j— +2=a; ^— . 6. -^ 



9 



5a; + 3 3-4a; a;_31 9-5a; 
^•8 3 '*'2~'2" ""6~"' 



^ x+5 x-2 a;+9 ^ a;+2 x 

8. -^ g -^. 10. X-^ ^ = ;^ 

^-/•i ar-4 x-\-A x+b _ x-V^ x-^ 
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X x-\ _ Q x+l x-Z _ x+ZO 

^^' 3"Tr"^"^- '5- ~2 3 13~- 

x + 2 x-2 x-l ^ 2x x-{-3 „ -,- 

13. -g -^ ^. 16. --- ^=3a:-21. 

x + 9 3«-6__ 2x 2x + 7 9a;-8 _ a;~ll 

^^4 5 ""* 7* '7* 7 11 ~ 2 ■ 

7«-31 8 + 15x 7aj-8 



18. 



4 26 22 * 

8a;-16 llx-1 7aj + 2 



'^- ~~3 ~T 13 • 

7a; + 9 3a;+l 9x-13 249-9x 



20. 



8 7 4 14. 



sc.,^ a; 35 X 10 -a; ^«3 

21. -+ito=-+-+_— ^+93^. 

190. Literal eqnations are those in Vhich known quantities 
are represented by letters,, usually the first in the alphabet. 
The following are examples : — 

Cx. 1. To sohe the equation 

ax-\-hc=bx+a(>y 
that is, ax-hx=ac-hc, 

or, (a - b)x= (a - 6)c, 

therefore^ x=c. 

£x. 2. To solve the equation 

ah>-{'bx-c=l^x-\-cx-d, 
that is, ' ahi-\-hx-l^-cx=6-d, 

or, {a^-{-h-li^-c)x=c—d, 

therefore, x=-s — r^-io — . 

' a^ + o-o^-c 



EXAMPLKS.— Ivi. 
I. <ia5+&c=(j. 4. dm-5x=bc — (Mt, 

2. Sa-cx^Sc-bbx. 5. oibc — a^x=ax— o?b« 

J. bc+ax-d=^a^b^fx. 6. 3acx-6bcd=-A.^cdavaV 
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8. — ac2+62c+a&ca5=a^+c7iiaj— oc^ + ft^c— mc 

9. (a+a; + 6)(a+6-a;)=(a+aj)(6— a;)— 06. 

10. (a— x)(a+a;)=2a2 + 2aa;— 0^. 

11. (a2 + a;)2=a^ + 4a2+a*. 

12. (a^ -, x) (a^ + a;) =a* + 2aa; - «*. 

aa;-6 x + oc m(iA;+a5') wia* 

13. + a= . 17. — ^^- ^=mqx+ . 

3a-6a5l o^xC 

14. ox 2~~"2- '^- a"^"3""^ 

4ax-2h 01? — a a-x 2x a 

,5. 6a 3 z. 19. -^—^=-5---. 

, 6a;+l a(»2-l) 3 o^-ai^ 4a;-ac 

16. ax =— ^ -. 20. i: — = 

XX c ox ex 

ah-{-x l^-x 05—6 ah-x 
21. 



22. 



62 a^b a2 6^ 

3aa;— 25 ax—a ax 2 
36 26"~T""3* 

oa; x 



23. 6W/1-6 — i-H — =0. 
m 

^^ (a + 6) a(a + 6) a + 6"" 6 (a + 6) ' 

aa;2 aa r. 06 , , 1 

25. T +a + — =0. 27. — =6c+d+- 

' o — cx C ' X X 

26. ^(^=ac+^. 28. 'c^a+'H^^^. 

dx d 3a + a; 

29. (a+a;)(6+a;)-a(6 + c)=-T-+a;2. 

ace (a +6)2. a; , ., 

30. —J — ^^ 6a;=ae-36a;. 

^ d a 

191. In the examples already given the L.aM. of the 

denominators can generally be determined by inspection. 

WIieB compound expressions appear in the denominators, it 

18 aometimeB desirable to collect tlie iracVioiift into Iaoo^ one 
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on each side of the equation. When this has been done, we 
can clear the equation of fractions by multiplying the nu- 
merator on the Ufi by the denominator on the rights and the 
numerator on the right by the denominator on the Ufi^ and 
making the products equal. 

ft ft 

For, if T=j, it is evident that ad=hc. 
' or 

_ 4a?+6 13a;-6 _ 2a;-3 

^^^' 10 7x+4"" 6 ' 

. 4flg + 6 2a;-3 _ 13a;-6 
•'10 5 ~ 7x4-4 ' 

. 4a;+5-(4a;-6) _ 13a;-6 ^ 
10 "" 7a;+4 ' 

ll_13x-6, 

•• 10~ 7a; + 4 * 

.-. ll(7a;+4)=10(13x-6); 

whence we find a;=— — . 

5«> 



Examples.— Ivii. 

^" 4a;+5 4x + 3* ^* l-5a; l-2a;"* 

a; + 6 _ X 1 13 

2a;-f7 ^ 4a;-l ^ 4a;+3 ^ 8g+19 7x-29 

^ aj + 2 2a;- r 9 "* 18 5a;- 12* 

6a; - 1 _ 5a; - 3 a; a;2-5a;_2 

^ 2x+3""2x^' ^' 3"3a^""3' 

1.2^ 3a; + 2 2a;-4 ^ 

=0. lo. =- + — -7r-=5. 



^ 3a;-2 ■ 4a;-3 a;-l a; + 2 

II. g(^ + 3)-i(ll-x) = |(a;-4)-^(x-3). 

(a; + l)(2a;-h2) 3 a;-H_ x^ 

"• (a;-3)(a; + 6) '^~'^' ^^ x + l a;-l""l-a;2- 

(2a;4-3)g . 1 ^- ^ 2 ^ ft. \t> 

'3- 2a;^J '^^"^"^^' '5- 1^'^VV^""\"-^^ 
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,4 3,5 
l6. tt + t; T7;-l^=; 



«-8 2a;-16 24 3x-24' 
cc*-(4a;2-20x + 24) „ . . 

18. 2^ + 2x3-23a.^4-31x^^,_^_3. 

\ 2 05/ 2 4 

192. Equations into which Decimal Fractions enter do not 
present any serious difficulty, as may be seen from the follow- 
ing Examples : — 

£lx. 1. To solve the equation 

•5a;=-03a; + l-41. 

Turning the decimals into the form of Vulgar Fractions, 
we get 

bx_ 3g 141 
10"lOO'*'l60* 

Then multiplying both sides by 100, we get 

50a; = 3a; + 141; 
therefore 47a; =141; 

therefore a; =3. 

Ex.2. l-2a;-^i55lL2?=.4a;+8-9. 

•5 

First clear the fraction of decimals by multiplying its 
numerator and denominator by 100, and we get 

l-2a;-i^^=:-4fl;+8-9; 

^, - 12a; 18a; -5 4a; 89 

therefore _.__=__ + _. 

therefore ^ 60a?-18x + 5=a0x+44^\ 

therefor^ 22a = 440 •, 

berefore »==20. 
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Examples.— Iviii. 

1. •5a;-2=:-25a; + -2a;~l. 

2. 3-26a;-5-l+a!--75x=3-9 + *6a;. 

3. •126a; + -Ola; = 13 - '20; + '4. 

4. 'Zx + \ •306x + -Sa; = 2295 - -IQSa;. 

5. •2a?--01a;+-006x=ll-7. 

^ «^ -sea;- -05 „ o/x 
•5 

7. 2-4a;- 10-76 =-25x. 8. •6a; + 2-*76a;=*4a;-ll. 

4-05 



10. 2'6x 



+ 3-876 =4-026. 
2 + a;/l «\ , 5a; + 3 



9a; 



■(-)- 



8-6 -2 .1 1--1» •4a« 3-4x ,„„ 
"• T-x=^ ^' "• -6 ^-=1993- 

2-3a; 6a; 2a;~3 g~2 ^^ 
'3- 1-5 +125 9 "^ 1-8 ■*■ V 

24;2§+l|r.04(x+-9)=241-2. 

•45a; --75 1*2 -33; --6 
15. -60: + :g ^ ^-. 

, ^ 3-5a; 24 -3x _^_ 

'^- •^"i::2 8 ^'^^^• 

•135a; --225 ^36 ^093;- -18 
17. •15a;+ :g ^^ :^ . 

193. To skew that a simple equation can only have one roof. 

Let a; = a 1)6 the equation, a form to whicli all equations of 
the first degree may be reduced. 

Now suppose a and )8 to be two roots of the equation. 

Then, by Art. 109, 

a=a, 

and ^9=^9 

therefore aajS; 

in other words, the two supposed roota ate idenXicaV. 
fAA.J 1 



XIII. PROBLEMS IN FRACTIONAL 

EQUATIONS. 

194. We shall now give a series of Easy Problems resulting 
for the most part in Fbagtional Equations. 

Take the following as an example of the /orm in which such 
Problems should be set out by a beginner. 

" Find a number such that the sum of its third and fourth 
parts shall be equal to 7." 

Suppose X to represent the number. 

Then ^ will represent the third part of the number, 

and 2 will represent the fourth part of the number. » 

Hence -^ + -7 will represent the sum of the two parts. 
But 7*will represent the sum of the two parts. 

X X 

Therefore 3 "*" 4 ~ ''^' 

Hence 4a; + 3a; =84, 

that is, 7a; =84, 

that is, a; =12, 

and therefore the number sought is 12. 

EXAMPLKS.— liX. 

1. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95 1 

2. What is the number of which the twelfth, twentieth, 
and fortieth parts added together give as a result 38 ? 

J. What h the number of which the fourth part exceeds 
tJie dfth part hy 41 
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4. What is the number of which the twenty-fifth part 
exceeds the thirty-fifth part by 8 ? 

5. Divide 60 into two such parts that a seventh part of one 
may be equal to an eighth part of the other. 

6. Divide 50 into two such parts that one-fourth of one 
part being added to five-sixths of the other part the sum may 
be 40. 

7. Divide 100 into two such parts that if a third part of the 
one be subtracted from a fourth part of the other the remainder 
may be 11. 

8. What is the number which is greater than the sum of its 
third, tenth, and twelfth parts by 58 ? 

9. When I have taken away from 33 the fourth, fifth, and 
tenth parts of a certain number, the remainder is zero. What 
is the number % 

10. What is the number of which the fourth, fifth, and 
sixth parts added together exceed the half of the number 
by 1121 

11. If to the sum of the half, the third, the fourth, and the 
twelfth parts of a certain number I add 30, the sum is twice as 
large as the original number. Find the number. 

12. The difference between two numbers is 8, and the 
quotient resulting from the division of the greater by the less 
is 3. What are the numbers % 

13. The seventh part of a man's property is equal to his 
whole property diminished by ^1626. What is his property % 

14. The difference between two numbers is 504, and the 
quotient resulting from the division of the greater by the less 
is 15. What are the numbers ? 

15. The sum of two numbers is 5760, and their difference 
is equal to one-third of' the greater. What are the numbers ? 

16. To a certain number I add its half, and the result is as 
much above 60 as the nimiber itself is belo^ ^. T\xi^*v^^ 
number. 
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17. The difference between two numbers is 20, and one- 
seventh of the one is equal to one-third of the other. What 
are the numbers ] 

18. The sum of two numbers is 31207. On dividing one 
by the other the quotient is found to be 15 and the remainder 
1335. What are the numbers ? 

19. The ages of two brothers amount to 27 years. On 
dividing the age of the elder by that of the younger the quo- 
tient is 3J. What is the age of each ? 

20. Divide 237 into two such parts that one is four-fifths of 
the other. 

21. Divide £1800 between A and B, so that J^'s share may 
be two-sevenths of A\ share. 

22. Divide 46 into two such parts that the sum of the 
quotients obtained by dividing one part by 7 and the other by 
3 may be equal to 10. 

23. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
other by n may be equal to 6. 

24. The sum of two numbers is a, and their difference is 6. 
Find the numbers. 

25. On multiplying a certain number by 4 and dividing 

the product by 3, 1 obtain 24. What is the number ? 

5 

26. Divide £864 between A^ B, and C, so that A gets — 

of what B gets, and (7's share is equal to the sum of the shares 
of A and B, 

27. A man leaves the half of his property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
brother, and the rest, amounting to £600, to charitable uses. 
What was the amount of his property 1 

28. Find two numbers, of which the sum is 70, sucli that 
the first divided by the second gives 2 as a quotient and 1 as 
a remainder. 

29. Find two numbers of which the difference is 25, such 
tliai the second divided by the first gives 4 as a quotient and 

4 as a remainder. 
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30. Divide the number 208 into two parts guch that the 
sam of the fourth of the greater and the third of the less is 
less by 4 than four times the difference between the two parts. 

31. There are thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 
are there in the term ? 

• 32. Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was two-thirds 
full. How much did it hold % 

33. The sum of the ages of a father and son is half what it 
will be in 25 years : the difference is one-third what the sum 
will be in 20 years. Find the respective ages. 

34. A mother is 70 years old, her daughter is exactly half 
that age. How many years have passed since the mother was 
3^ times the age of the daughter ? 

35. A is 72, and B is two-thirds of that age. How long is 
it since A was 5 times as old as B ? 

Note I. If a man can do a piece of work in x hours, the 
part of the work which he can do in one hour will be repre- . 

sented by -. 

St/ 

Thus if A can reap a field in 12 hours, he will reap in one 
hour yq of the field. 

Ex. A can do a piece of work in 5 days, and B can do it 
in 12 days. How long will A and B working together take to 
do the work ? 

Let X represent the number of days A and B will take. 
Then - will represent the part of the work they do daily. 

X 

Now ■= represents the part A does daily, 



5 

1^ 
12 



and ja repiesenta the part B does daily. 
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Hence v+yq will represent the part A and B do daily. 

Consequently r + To = ~« 

Hence I2x + 5a; = 60, 

or I7a;=60; 

.60 

9 

That is, they will do the work in 3=^ days. 

36. A can do a piece of work in 2 days. B can do it in 3 
days. In what time will they do it if they work together ? 

37. A can do a piece of work in 50 days, B in 60 days, 
and C in 75 days. In what time will they do it all working 
together ? 

38. A and B together finish a work in 12 days ; A and G 
in 15 days ; B and (7 in 20 days. In what time will they 
finish it all working together ? 

39. A and B can do a piece of work in 4 hours ; A and G 

3 1 

in 3^ hours ; B and (7 in 5= hours. In what time can A do 
5 7 

it alone ? 

1 ' 1 

40. A can do a piece of work in 2^ days, 5 in 3^ days, 

3 
and G in 3j dajrs. In what time will they do it all working 

together ? 

3 

41. A does ^ of a piece of work in 10 days. He then calls 

in B, and they finish the work in 3 days. How long would B 
take to do one-third of the work by himself ? 

Note II. If a tap can fill a vessel in a; hours, the part of 
the vessel filled by it in one hour will be represented by -. 

Ex. Three taps running separately will fill a vessel in 20, 
30, and 40 minntea respectively. In what time will they fill it 
when they all run at the same timel 
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Let X represent the number of minuteB they will take. 

Then - will represent the part of the vessel filled in 1 

minute. 

\ 

Now ^7: represents the part filled by the first tap in 1 minute. 



1 




..second 




30 




"••••••/•• 


1 




..third 




40 






« 


11.1 1 
20 "^30"** 40 ^ 







Hence 

or, multiplying both sides by 120a;, 

6a;+4c+3a;=120, 

that is, 13a; ==120; 

_120 
..a;-- jg-. 

3 
Hence they will take 9.-;^ minutes to fill the vessel. 

42. A vessel can be filled by two pipes, running separately, 
in 3 hours and 4 hours respectively. In what time will it be 
filled when both run at the same time ? 

43. A vessel may be filled by three different pipes : by the 

first in I5 hours, by the second in 3^ hours, and by the third 

in 6 hours. In what time will the vessel be filled when all 
three pipes are opened at once ? 

44. A bath is filled by a pipe in 40 minutes. It is emptied 
by a waste-pipe in an hour. In what time will the bath be 
full if both pipes are opened at once % 

45. If three pipes fill a vessel in a, 6, c minutes running 
separately, in what time will the vessel \>e ^^^\k&TL ^>i\£K&<^ 
are opened at once ? 
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46. A vessel containmg 755 ^ gallons can be filled by three 
pipes. The first lets in 12 gallons in 3^ minutes, the second 

15^ gallons in 2^ minutes, the third 17 gallons in 3 minutes : 

in what time will the vessel be filled by the three pipes all 
running together % 

47. A vessel can be filled in 15 minutes by three pipes, 
one of which lets in 10 gallons more and the other 4 gallons 
less than the third each minute. The cistern holds 2400 gallons. 
How much comes through each pipe in a minute ? 

Note III. In questions involving distance travelled over in 
a certain time at a certain rate, it is to be observed that 

Distance -,. 

That is, if I travel 20 miles at the rate of 5 miles an hour, 

20 
number of hours I take=-=-. 

o 

Ex. A and B set out, one from Newmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. A walks 4 miles an hour, and B 3 miles an 
hour. Where will they meet ? 

Let X represent their distance from Cambridge when they 
meet. 

Then 13 - a: will represent their distance from Newmarket 
Then 5= time in hours that B has been walking, 
13-a; 



4 - 

And since both have been walking the same time, 

a;__13-a; 
3""~r"' 

or 4a;=39-3a;, 

or 7a;=39; 

. __39 
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That is, they meet at a distance of 5- miles from Cam- 
bridge. 

48. A person starts from Ely to walk to Cambridge (which 

4 
is distant 16 miles) at the rate of 4^ miles an hour, at the 

same time that another person leaves Cambridge for Ely 
walking at the rate of a mile in 18 minutes. Where will they 
meet? 



49. A person walked to the top of a mountain at the rate 



of 2^ miles an hour, and down the same way at the rate of 



1 

3^ miles an hour, and was out 5 hours. How far did he walk 

altogether ? 

50. A man walks a miles in 6 hours. Write down 

(1) The number of miles he will walk in c hours. 

(2) The number of hours he will be walking d miles. 

51. A steamer which started from a certain place is fol- 
lowed after 2 days by another steamer on the same line. The 
first goes 244 miles a day, and the second 286 miles a day. In 
how many days will the second overtake the first ? 

52. A messenger who goes 31^ miles in 5 hours is followed 

after 8 hours by another who goes 22^ miles in 3 hours. When 
will the second overtake the first ? 

53. Two men set out to walk, one from Cambridge to 

London, the other from London to Cambridge, a distance of 

60 miles. The former walks at the rate of 4 miles, the latter 

3 

at the rate of 3- miles an hour. At what distance from Cam- 

4 

bridge will they meet 1 

54. A sets out and travels at the rate oi *I TaVV"fc^m^\\ssva&» 
"Eight Louis Afterwards B sets out from tVie aani<fe^^c.^,«a.^ 

travels along the same road at the rate oi 6 isnV^* Va'i Vcpqss 
After what time will B overtake A 1 
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'—' — — -- — — 

Note IV. In problems relating to clocks tlie chief point to 
be noticed is that the minute-hand moves 12 times as fast as 
the hour-hand. 

The following examples should be carefully studied. 

Find the time between 3 and 4 o'clock when the hands of a 
clock are 

(1) Opposite to each other. 

(2) At right angles to each other. 

(3) Coincident. 




(1) Let ON represent the position of the minute-hand in 
Fig-L 

OD represents the position of the hour-hand in Fig. I. 
M marks the 12 o'clock point. 
T 3 o'clock 

The lines OM, OT represent the position of the hands at 
3 o'clock. 

Now suppose the time to be x niinutes past 3. 

Then the minute-hand has since 3 o'clock moved over the 
bxqMDN 

And the hour-hand has since 3 o'clock moved over the 
arcTi). 

Hence arc MDN= twehe times arc TJ), 
If then we represent MDN by x, 

we Bball represent TD by ^. 

^so we sball represent MT by 15, 

and DN by 30. 
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Now MDN^MT-\-TB-{-DN, 

thatia, a;=15+^ + 30, 

or 12a;=180+x+360, 
or 1105=540; 

. _540 

••^"ll* 



Hence the tune is 49=^ minutes past 3. 



(2) In Fig. II. the description given of the state of the 
clock in Fig. I. applies^ except that DN will be represented by 
15 instead of 30. 

Kow suppose the time to be x minutes past 3. 

Then since 

MnN=MT+ TD + DN, 

a;=15+^ + 15. 

from which we get 

_360 

8 
that is, the time is 32yy minutes past 3. 

(3) In Fig. III. the hands are both in the position ON, 

Now suppose the time to be x minutes past 3. 

Then since 

MN^MT-^TN, 

or 12a; =180+ a?, 

180 

or 05= — . 

11 ' 

4 
that is, the time is l^yr minutes past 3. 

55. At what time are the hands of a watch OTgigo^fc^ 1<^ 
each other, 

(1) Between 1 and 2, 
(2) Between 4 and 6, 
(3J Between 6 and 9 ? 
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56. At what time are the hands of a watch at light angles 
to each other, 

(1) Between 2 and 3. 

(2) Between 4 and 5, 

(3) Between 7 and 8 ] 

57. At what time are the hands of a watch together, 

(1) Between 3 and 4, 

(2) Between 6 and 7, 

(3) Between 9 and 10 1 

58. A person huys a certain numher of apples at the rate 
of five for twopence. He sells half of them at two a penny, 
and the remaining half at three a penny, and clears a penny 
hy the transaction. How many does he buy ] 

59. A man gives away half a sovereign more than half as 
many sovereigns as he has : and again half a sovereign more 
than half the sovereigns then remaining to him, and now has 
nothing left. How much had he at first ] 

60. What must be the value of n in order that ^ 



may be equal to ^ when a is 5 ] 



3n + 69a 
33 



61. A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
a day. The enemy pursues it at the rate of 23 miles a day, 
but is first a day later in starting, then after 2 days is forced 
to halt for one day to repair a bridge, and this they have to do 
again after two days* more marching. After how many days 
from the beginning of the retreat will the retreating force be 
overtaken % 

62. A person, after paying an income-tax of sixpence in the 
pound, gave away one-thirteenth of his remaining income, and 
had i£540 left. What was his original income ? 

63. From a sum of money I take away ^£50 more than the 
Iialf then from the remainder JESO moTe )^«il V\vfc^l>i)a.^\3aK5L 
^^om the second remainder £20 moxe t\iaa Vk^ IcsvaiOcL ^«s\. 
md at last only £10 remains. What ^aa t\v^ oxv^sas^ ^vwsv'V 
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64. I bought a certain number of eggs at 2 a penny, and 
the same number at 3 a penny. I sold them at 5 for twopence, 
and lo6t a penny. How many eggs did I buy ? 

65. A cistern, holding 1200 gallons, is filled by 3 pipes 
A^By in 24 minutes. The pipe A requires 30 minutes more 
than C to fill the cistern, and 10 gallons less run through per 
minute than through A and B together. What time would 
each pipe take to fill the cistern by itself? 

66. Ay By and drink a barrel of beer in 24 days. A and 

4 

B drink ..rds of what G does, and B drinks twice as much as A, 
o 

In what time would each separately drink the cask % 

(fj, A and B shoot by turns at a target. A puts 7 bullets 
out of 12 into the centre, and B puts in 9 out of 12. Between 
them they put in 32 bullets. How many shots did each fire] 

68. A farmer sold at market 100 head of stock, horses, 
oxen, and sheep, selling two oxen for every horse. He obtained 
on the sale £2, 7«. a head. If he sold the horses, oxen, and 
sheep at the respective prices ^£22, ^£12, 10«., and £\y 10^., how 
many horses, oxen, and sheep respectively did he sell ? 

69. In a Euclid paper A gets 160 marks, and J? just passes. 
A gets full marks for book- work, and twice as many marks 
for riders as B gets altogether. Also By sending answers 
to all the questions, gets no marks for riders and half marks 

for book- work. Supposing it necessary to get - of full marks 

in order to pass, find the number of marks which the paper 
carries. 

70. It is between 2 and 3 o'clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is 55 minutes earlier than the 
reality. What is the true time \ 

71. An army in a defeat loses one-sixth of its number in 
killed and wounded, and 4000 prisoners. It is reinforced by 
3000 men, but retreats, losing a fourth of its numb^x m ^'Qk\a% 
so. • There Temain 18000 men. What 'waa t\i^ oTvgkXiaJL\!Qrt^sfc\ 

/2, The national debt of a country "waa mcac^aafc^Vj ^"^^ 
fonrth in a time of war. During twenty yeaia oi ^^»R.^ ^^^ 
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followed ^25,000,000 was paid off, and at the end of that time 
the interest was reduced from 4^ to 4 per cent. It was then 
found that the interest was the same in amount as before the 
war. What was the amount of the debt before the war % 

73. An artesian well supplies a brewery. The consump- 
tion of water goes on each week-day from 3 a.m. to 6 p.m. at 
double the rate at which the water flows into the well If 
the well contained 2250 gallons when the consumption began 
on Monday morning, and it was just emptied when the con- 
sumption ceased in the evening of the next Thursday but one, 
what is the rate of the influx of wat^r into the well in gallons 
per hour % 



XIV. ON MISCELLANEOUS FRACTIONS. 

195. In this Chapter we shall treat of various matters con- 
nected with Fractions, so as to exhibit the mode of applying 
the elementary rules to the simplification of expressions of a 
more complicated kind than those which have hitherto been 
discussed. 

196. The attention of the student must first be directed 
to a point in which the notation of Algebra differs from that of 
Arithmetic, namely whan a whole number and a fraction stand 
side hy side with no sign between (hem. 

3 *) 

Thus in Arithmetic 2= stands for the sum of% and =. 

But in Algebra x^ stands for iike product of a; and -. 

So in Algebra 3 stands fox the -^^loduct of 3 and - — ; 

ibat is, 3^±^=.?±!:^ 
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EXAMPLES,— IX. 
Simplify the following fractions : 

1. a+a + a^^. 3. ^^+2-^. 

X ^ X x-y 

a^ + ax JK-a .« + & «a^-^ 

2. 5 2 . 4. 4 r-2 a . ,y 

197. A fraction of which the Numerator or Denominator 
iB itself a fraction, is called a Complex Fraction. 

y ' 5 

Thus -, >% and ^ are complex fractions. 
b n 

A Fraction whose terms are whole numbers is called a 

Simple Fraction. 

All Complex Fractions may be reduced to Simple Fractions 
by the processes already described. We may take the follow- 
ing Examples : 

a 

^ ' m~h ' n~h m^bm 
n 

a c 

^ ^ m p~\h df ' \n q^~ bd ' nq 
n q 

_ ad—hc ^ nq _nq(ad-hc) 
" bd mq-n^'~bd{mq-'njpy 



(3) iif.(i..)^(i^l)=(i+.)^^ 



^^i 



1 x-vl "V-^* 
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(4) IzU^J.! L_Vf_^+J_\ 

_ l + ag-l + a; . g + g^+l-ag 
2a; 1~«2 2a; 

X 



(5) 



1--Q? \-{-X^ l+a;2- 

3 3 3 



^j _3_ ^ l-a;+3 ^l-a; + 3 ^ 4-a; 

1-05 l-SC 

3 3(4-0;) ^ 12-3a; 

4-a; + 3-3a; 4-x+3-3a;* 7-4a;* 
4 — X 



Examples.— Ixi. 

Simplify the following expressions : 
6 X 

'• "7 rr- 






a; 



1 
a 



/a — :L.^i- ^ 



2". 


a; y 

Li 

x-y 




3- 


l-a;2 




5+*+^ 




6. 


1 

a;2 


5- 


2-«'+^' 




X 










X a; 








8. 


a; + a «- 
2a; 
a;2-a2 


a 


9- 


2x 








11. 


x-y 
-—- + 

X-VOJ 

x-a| 


x+y 

X-V^J 



2+1 «' + !' 
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12. 


• 

X x^ 


14. 


2»i-3 + — 
m 


2m-l 
m 




a+6 h 
b a + b 




111 
ab ae he 


13- 


a b 


15- 


06 



198. Any fraction may be split np into a number of frac- ' 
tions equal to the number of terms in its numerator. Thus 

a^ + g^+g + l _a^ a^ X I 

=1 _L JL JL 



Examples.— ixii. 

Split up^ into four fractions, each in its lowest terms, the 
following fractions : 

a^ + 3a» + 2a^ + 5g 9a^-12ag + 6a-3 

'• 2^* • ^ 108 

a26c + a6^rf4-a6c^ + 6c<£^ lV+12g2-36r8 + 72^g 

^' abed ' ^' Zp^8 



3- 



g8-3a^ + 3a?y^-y^ , lOx^ -• 25a;g + 75a; - 125 

a;V • 1000 



199. The quotient obtained by dividing the unit by any 
fraction of that unit is called The Reciprocal of that fraction. 

Thus -, that is, -, is the Reciprocal of -r. 
b 

m 

\ 

200. We have shewn in Art 158, that t\ift ixwiXKovi «^\s^iOs 
fi8 a proper representative of tlae .Bivmoa oi a \s^ "Vi. 

ijS,A.J 
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Chapter IV. we treated of cases of division in whicli the divisor 
is contained an exact number of times in the dividend. We 
now proceed to treat of cases in which the divisor is not con- 
tained exactly in the dividend, and to shew the proper method 
of representing the Quotient in such cases. 

Suppose we have to divide 1 by 1-a. We may at once 

represent the result by the fraction y— — . But we may 

actually perform the operation of division in the following 
way 

1-a^ 1 (l+a + a2+a3+... 
l-a 



a 








a- 


-a\ 








a2 






a2- 


-as 








a8 








a3- 


a* 



a* 

The Quotient in this case is interminahle. We may carry 
on the operation to any extent, but an exact and terminable 
Quotient we shall never find. It is clear, however, that the 
terms of the Quotient are formed by a certain law, and such 
a succession of terms is called a Series. If, as in the case 
before us, the series may be indefinitely extended, it is called 
an Infinite Series. 

If we wish to express in a concise form the result of the 
operation, we may stop at any term of the quotient and write 
the result in the following way. 

-^=1+-^- 

1 , a2 

= l+a+ 



l-a ^ ^1-a' 
1 a' 



l-a 1 - or 

1 0.^ 

±l+a + a*-va*-v- 



I— a 1— a 
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always being careful to attach to that term of the quotient, at 
which we intend to stop, the remainder at that point of the 
division, placed as the numerator of a fraction of which the 
diyisor is the denominator. 



Examples.— Ixiii. 

Carry on each of the following divisions to 5 terms in the 
quotient. 

1. 2byl + a. 7. 1 by 1 + 2a; - 2a^. 

2. mbym+2. 8. l+asby l-oj+sc^. 

3. a-6bya + 6. 9. 1+6 by 1-26. 

4. a'+x'by a^-x^. 10. a?-l^hy x-\-h, 

5. ascbya-jc 11. a' by 05-6. 

6. 6 by a+oj. 12. a'by(a+x)*. 

13. If the divisor be a; -a, the quotient a;^-2aa;, and the 
lemainder 4a\ what is the dividend ? 

14. If the divisor be m - 5, the quotient m' + bm^ + 15m + 34, 
and the remainder 75, what is the dividend ? 

201. If we are required to multvply such an expression as 

a;^ 05 1 , sc 1 

we may multiply each term of the former by each term of the 
latter, and combine the results by the ordinary methods of 
addition and subtraction of fractions, thus 



2 


^1- 


1 
4 




X 


1 






2" 


■3 






7? 


I ^ 


1.^ 




4 


' 6 


*"8 






«2 


X 


1 


■ 


6 


9" 


\% 


»3 

4 


^72 


1 
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Or we may first reduce the multiplicand and the multiplier 
to single fractions and proceed in the following way : 



/o^ a; 1\ (X 1\ 



6ic^-l-4a; + 3 3a;-2 _ 18a^ + a;-6 
12 ^ 6 " 72 

18a^ X 6 ^ X 1 






" 72 ^72 72 4 "^72 12' 
This latter process will be found the simpler by a beginner. 



EXAMPLES.— Ixiv. 
Multiply 

^ X \ ^ X \ .oi.lva-il 

a2 a 1 , a 1 JLj.i. v. J_ J_ 

^' "5""6'*'3^4 5' 5- a2^62 ^y ^2 52- 

-^ .111. 1 a11.1i.1.11 

3. a:'+x+-+-o-bya; — ^. o. — _+_ by -+r+- 

7. l + -+-2-by 1-- + -^. 

8. l + gcf^byl-gOJ + gaa-— jb3. 

9' 2x«"*"a;*3 "^^ aj*^ a; 2' 

'°- F+^ + ^^^F-^-^- 
202. If we have to divide such an expression as 



X 01? 

by «+-, we may proceed as in the division of whole numbers, 
carefally observing that the oidei oi deacending powers of x 



'^* ^' ^> 5' ?* 3? 
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Any isolated digits, as 1, 2, 3 ... will stand between x 
and-. 

X 

Thus the expression 

1 '^ ft 

arranged according to descending powers of x, will stand thns, 

5 3 1 

a?+3iB2 + 5fl5 + 4 + - + -2 + -5. 

X X* Xr 

The reason for this arrangement will be given in the Chapter 
on the Theory of Indices. 



Ex. 



,4;a=»+3x44(: 


a? + 2+i 


a^+ X 




> 


2x+^ 

X 




2x + ^ 

X 






X 


1 




1. 

X 


1 





Or we may proceed in the following way, which will be 
found simpler by the beginner. 

_ a^ + 3g* + 3gg+l . gg + r 
a3 ' X 

a^ + 3fl5* + 3a:* + l x 



X 
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EXAMPLES.— IXV. 




Divide : 








I. 


^^ 


--oby « + -. 




.-fill. 1 
4. cs-^^byc-j. 




2. 


a2. 






^ r ^ ^ y X 




3- 


m' 


1 V 1 






+ 52- 






7. 1 S 3? + 3?? 


by- 


X 








8. ^t-^-^'y 


43 


;2_^ + 27byJ-x+3. 




9- 


a3 


f-3byx+-. 


lO. 


11^1 3,111 

a3 + 68-^c3-a6c^ya"^6+c- 



203. In dealing with expressions involving Decimal Frac- 
tions two methods may be adopted^ as will be seen from the 
following example. 

Multiply 'Ix— '2^ by '030?+ '4^. 

We may proceed thus, applying the Rules for Multiplication, 
Addition, and Subtraction of Decimals. 

•la;— '2^ 
•03a; + -4^ 



•003a;2_.oo6a^ 

+ •04 a5y--08y* 
•003a;« + -0342;^ - -OSy* * 
Or thus, 

(•l»-2y)<.03...4,)=(±-g)(^4v) 

a;-2y 3g + 40y 
"" 10 ^ 100 
^ 3a;» + 34ay-80y« 

1000 
« -OOaa:? + -0340711 - -O^i)*. 

The Utter method will be foimd t\ie «m^V« ioT %.\ie^\mKt 
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EXAMPLKS.— IXVi. 

Multiply : 
I. 'la --3 by '50; +07, 2. -OSa; + 7 by "Sx - 3, 

3. 'Saj - '2^ by '40; + '7^, 4. 4-3x + 5'2y by •04x - Oey. 

5. Find the value of 

a3-53 + c3+3a6c when a=-03, &=-l, and c=-07. 

6. Find the value of 

0? - 3ox* + 3a^ - a^ when x= '7 and a= •03. 

204. When any expression E is put in a fonn of which / is 
a factor, then -7 is the other factor. 

Thus a + 6=a(?±^) 

So oo+ac+oc=aoc. , 

aJbc 

and «2+2xj,+y«=«?.(^±^^) 

Examples,— Ixvli. 

1. Write in factors, one of which is Oisc, the series 

dio; + 0,05* + 0355* + a4X* + . . . 

2. Write in factors, one of which is jcya, the expression 

3. Write in factors, one of which is x*, the exi^T^vei^TL 

4, Write in factors, one of which, la a -vb, VJafc ec^tswasya. 
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205. We shall now give two examples of a process by 
which, when certain fractions are known to be equal, other 
relations between the quantities involved in them may be 
determined. 

This process will be found of great use in a later part of 
the subject, and the student is advised to pay particular 
attention to it. 

(1) If ^ = ^, shew that 

a— 6""c — (f 
Let fc~^ 

Then ^=\; 

and c=\<i 

.Now (t+6_ \& + 6 _6(\ + l)_X + l 

a_6-X6-6"6(X-i)""X-r 

and c + <^_^ Xd+(£ ^ d(X + l) ^X+l 

c-d Xd-rf rf(X-l)"X-r 

Hence — -^ and — -^ being each equal to r— y are equal to 
one another. 

(2) If — r—^ — = , shew that m+n+r=0. 

ft — 0— C C — Ot 

Let J!L=X, 



b-e 



then m=Xa-X&, 

r=Xc-Xa; 
.: «» + « + r=Xa-X6+Xb-Xc-V\c-\a=^, 
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Examples.— Ixviii. 

1. If T= J prove tlie following relations : 

ft 

. ^ 3(1 3c s . lla + 6 _ 13<i + 5 

2. If i-=T — = , then i+m+n=0. 

a-6 6-c c-a' 

4. If — ir-= = f prove that a=6=c. 

,; n ^--*-?8 shew that ?i_2ai +^3a, + 4a, 
ace 



6. If T, ^, ^ be in descending order of magnitude, shew 
lat , , , is less than ^ and greater than ^. 

7. If?i=^, shew that |?4g?i=^±g^. 

o. ii r = jj snew tiiat -5 — 3 = - , — ^j-- 
a' c*+ca cd-dF 

o If-=- shew that "^"^^ _;7c+d^ 
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10. If r^ be a jproper fraction^ shew that -r— — is greater 
than p c being a positive quantity. 

11. If T^ be an improper fraction, shew that tt — is less 
than T-y c being a positive quantity. 

206. We shall now give a series of examples in the working 
of which most of the processes connected with fractions will 
be introduced. 



EXAMPLES.— IxiX. 

I. Find the value of 2a^ + to when 

c (r 

o. vr Sos^+a^-Sa + S , a»-39a+70 
^' SunpMy ^^,_^^^^ ^^ a^^4a-45 ' 

3. Simplify (?±^-^)-(^±^+^. 
•^ '^ '' \a-p a+p/ \a-p a+p/ 

4. Add togetheb 

4 6^8'4 6^8^^4'*^6^8' 
and subtract a^ - a* + ^ from the result 

5. Fmd the value of -= — rs — » — sr- when 

»=4, 6=2' ^"^- 
d Jlfizitfpi/ ^ay^+Saa-ga* by 2aj*-aa;-^. 

7. Shew that ^^^ a ^^h\^. 

(a — by a-o 
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10. Simplify ^-^^-g^-_-^—g. 

11, Simplify JJ-J+ J—. 

1-x J 



1 + a: 



12. Simplify a + oft + ft^ra + aft+ftYrx)* 

13. Multiply together (^ + 7) (^ + ^) (^ - 7)- 

14. Add together — -rr, 1— t* — tt, and shew that if their 
^ ° a + 1' 0+1 c+1 

sum be equal to 1, then ahc=a^h-¥c-{-% 

15. Divide--! 5 + -+--9 byas-a. 

a 6 c , 

16. Simplify < . , and shew that it is equal 

a c 

17. Shew that j-+ p+ j — = ^4_a4 ' 

1+ 1 1+ 0,, 

a-^as a—as a'^-rar 

18. Simplify j- + — -^-2 a . i>y 

'^ "^ a-6 a+o a^-\-l^ 

.9. Simplify ^^-^^+^j^^j^^. 
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2 11 

21. Simplify ^3i)S-2a:«_4c +2 "T^- 

22. Simplify ^_^,_^^^ ^^^^--. 

23. Simplify /-l^+l_^^ ^ ^_£^_^__i-y 



2 • 



24. Find the value of ( — r ) 5i» when «=' 

25 SimplifT "'-<^-' )' I f-C''-")' I «^-(<>-ft)' 

25. aimpmy^^^^^_j,+^^-j^;^-^+^j-j-^_^ 

26. Smiphfy V ^^^)^^ ' . 

27 SimDlifv («'-!) («'-!) 

27. »impmy^^^j^,^^,_^j, 

28. SimpWy^+^---^^^+^^^-p^^^j:^ 

29. Divide—, — + % by . 

^ or a X 2P '^ a X 

30. Simplify jg-^^-^-^^j^+^-^l^j-. 

Simplify (''^> + '')'^(^-'')'+('-'»)' + ('»-^)'. 

33. Simplify(g±^'-Sr^).(|±|-|r|). 

3^ Simplify(^-l)(^-0.(^-i)(^^,-l). 

Jr/. Simplify 
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36. Simplify 



1 1 1 

4 



¥) 



r 



2{x- \y 4(a;-l)'^4(a;+l) (a; - 1)2 (x + 1)' x 
yj» Prove that 

a&c a{a-'h){x-'<i) 6 (6 - a) (a; - 6) a; (a; - a) (a; - 6)' 

38. If «=a+6 + c+ ...to n terms, shew that 

«-a «-6 «-c /111 \ 

H — -,— + + ... =«I-+T-+-+ ... )-n. 

a c \a c / 

.39. Multiply (^-^-^J by ^^_;i)i+\^+ 

40. Simplify --^^—^j^ 

a + x a^+a* 

41. Divide x3 + ^-3(i-aj2) + 4(a; + l) by a;+i. 

42. If «=a + 6+c+ ...to n terms, shew that 

«-a . «— 6 8-e , - 

+ + +...=n-l. 

« « « 

«• Divide (^-^-) by (^+^). 

- Si.plify-i^.(-l\ 

,,0+5 c+i ., .o+5 + «+d , . 

45- ^r=^=-^dri>P^Q^^that ^ ^ =a6c(i 

a 6 c a 

46. Simplify 

j?* + 4p^ g + 6pV + 4p g»4-g* . p^-t-3p2^-t-3pq2 4<]f 
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48. 




1 y 






1 1 , « y 


49. 


Simplify ^-^ ^-H (<^-^r (^-y}\ 




(a-y) (a-xy (a-t/)2(a-a;) 




3 


50. 


'3imTDlifT ^^^ 3-a-6-c 


Jimplily ^ ^ ^ ^^j_^ . 
5c ca 06 




1+^ 


t* r 


5I* 






a- ^ 


- 





XV. SIMULTANEOUS EQUATIONS OF 
THE FIRST DEGREE. 

207. To determine several unknown quantities we must 
have as many independent equations as there are unknown 
quantities. 

Thus if we had this equation given^ 

we could determine no definite values of x and y, for 

P 

or other values might be given to x and. \), CiOitfaaXftT^^ ^nfioL 
the equatdoiL In fact we can find aa man"^ ^»m% qS. -^^xvfc^ q1 
' and yaswe pleaae, which will aatisiy tTaa %^«.>as3Ki. 



!=2) a;=4) x=Z) 
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We must have a second equation independent of the first, 
and then we may find a pair of values of x and y which will 
satisfy both equations, 

Thns, if besides the equation x-¥y=Q, we had another 
equation x-y=2, it is evident that the values of x and y 
which will satisfy both equations are 

05 = 4) 

since 4 + 2=6, and 4-2=2. 

Also, of all the pairs of values of x and y which will satisfy 
one of the equations, there is but one pair which will satisfy 
the other equation. 

We proceed to shew how this pair of values may be found. 

208. Let the proposed equations be 

2a; + 7y=34 
5a; + 9y=51. 

Multiply the first equation by 5 and the second equation by 
2, we then get 

10a; + 35^=170 
10a; +181/ =102. 

The coefficients of a; are thus made cUike in both equations. 

If we now subtract each member of the second equation 
from the corresponding member of the first equation, we shall 
get (Ax. II. page 58) 

35y- 18^=170- 102, 
or 17y=68; 

/. y=4. 
We have thus obtained the value of one of the unknown 
symbols. The value of the other may be found thus : 

Take one of the original equations, thus 

2a; + 7y=34. 

Now, since ^=4, 7y=28; 

.-. 2a; + 28=34; 
/. a;=3. 

ffence the pair of values of x and 'y -w^iviVi «^^^ ^^ 
equations is 3 and 4. 
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Note. The process of thus obtaining from two or more 
equations an equation, from which one of the unknown quanti- 
ties has disappeared, is called EliTmnation, 

209. We worked out the steps fully in the example given 
in the last article. We shall now work an example in the form 
in which the process is usually given. 

Ex. To solve the eqimtions 

3a;+7y=67 
5a; + 42/=58. 

Multiplying the first equation by 5 and the second by 3, 

15a; + 35y=335 
15aj+12y=174. 

Subtracting, . 23y = 161, 

and therefore y = 7. 

Now, since 3x + 7y = 67, 

3a; + 49 = 67, 
.-. 3a; =18, 
.*. a;=6. 

Hence »=6 and y=7 are the values required. 

210. In the examples given in the two preceding articles 
we made the coefficients of x alike. Sometimes it is more con- 
venient to make the coefficients of y alike. Thus if we have 
to solve the equations 

29a; + 2y=64 
13a;+ 2/=29, 

we leave the first equation as it stands, and multiply the 
second equation by 2, thus 

29x+2y=64 
26a;+2y=68. 

Subtracting, 3x = 6, 

and therefore a; =2. 

Now, amcQ 13a5+y=29, 

26+11=^9, 

Sence x^2 and y=3 are the valuea lecvysaift^ 



OF THE FIRST DEGREE, 145 



EXAMPLKS — IXX. 

I. 2aj+7y=41 2. 6a; + 8y=:101 3. 13fl5+17y=189 

3x + 4y=42. 9a;+2y=95. 2a;+ y=21. 

4. 14fl; + 9y = 156 5. aj + 15y=49 6. 15» + 19y=132 

7»+2y=68. 3x4- 7y=71. 36»+17y=226. 

7. 6a;+ 4y=236 8. 39a;+27y=105 9. 72a; + 14y=330 
3a; + 15y=673. 52a; + 29y=133. 63a; + 7y=273. 

211. We shall now give some examples in which negatvot 
signs occur attached to the coefficient of 3^ in one or both of 
the equations. 

Ex. To solve the eqimtums: 

6a; + 35y=l77 
8a;-21y= 33. 

Multiply the first equation by 4 and the second by 3. 

24a; + 140y=708 
24a;- 63y= 99. 

Subtracting, 203y=609, 

and therefore ^=3. 

The value of x may then be found. 



EXAMPLES.— IXXi- 

I. 2a; + 7y=52 2. 7a;- 4y=hb 3. a;+y=96 

3a;-5y=16. 15a; -13^=109. a;-y=2. 

4. 4a;+ 92/=79 5. a; + 19y=97 6. 29»-14ij=^I1^ 

7a;-17y=40. 7a;-53^=iai. ^nx-^^'-'^"^^ 

7. 171x-213y=642 8. 43a;+ a-yrs^eft 9. tix-V^^^^^ 

114a: -3261/ =24^. I2x-17ii = 4, Vb»-'^>i-='^'^ 

[8,A,] ^ 
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EXAMPLES.— IXXiV. 

I. |+|='7 2. 10a;+|=210 3. |+7y=251 

1 + 1=8. 10y-|=290. | + 7a;=:299. 

4. 5|l4.5 = 10 5. 7x4-^=413 6. ^=10-^1 

^+7=9i. 39a.= 14y-1609 f^=| + l. 



0.-^=5 10. ^ + 8y=31 

4y-^=3. l^+10x=192. 



4 

8. |+8=|-12 II. ?5ipl+3a;=2y-6 

^+y4.|=??^+36. y + 3 + l^=2x-8. 

5 3 4 5 6 

3a;-5y 2aj + y a;-2 10r-g _ y~10 

9. — ^_ + ^=— ^_ 12. -^ —-—^ 

** 4 "2'*"3* "~3 8 

13. 55ll5^ + 3x=4y-2 

5g + 6y 3g-2y 

— 6 4 2y-2. 

5»-3 3fl5-19 . 3y-aj 

2a; + y 9g-7 _ 3yf9 _ 4a; + 5y 
2 8 ~ 4 16 • 

^ 4a;+6y 

2a; — v _ 1 
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21^ We bxFe nov to fjphhi the method of aolTii^ Liiaml 
Bq[itstiflBB inTolTiiiig tro imkiiovn q[iiiiititie& 



Mnltipj^iiig the fiist eqmtiaii br^ and the aeeond by a, ire 

npz -i- o^y ^ or. 
Sahtactbig, ipy— o53f=cp— or, 

_cp—iMr 

We JXos^oX then find x bj snbetitnting this Tahie of y in one 
of the onghial equations, but nsoall j the safest course is to 
begin afresh and make the coefficients of y alike in the original 
equations, nmlti{djing the first b j 9 and the second by 6, 
which gires 

Jja+6gy=6r. 
Subtracting, ogx-Jja^cg-ftr, 

or, (05— ip)x=scg-6r; 



I. iiiic+ny=:c. 


2. 


az+5y=e 
ix-«y=/ 


3. ax-5y«m 
cx+«y=n. 


4. ex =<iy 
x+y=«. 


5. 


fiix-ny=r 


d x+y«a 


7. ax4-^=<? 


8. 


a&B + ody=% 


a >^ 


9- >j4^^ ^^A^- 


dx+fy^<^. 




d-b 


oa-V^^Ji^"'' 



bd 
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EXAMPLES.— IXXiv. 

I. 1+1=7 2. 10a;+|=210 3. |+7y=251 

1+1=8. 10y-|=290. | + 7a;=299. 

4. .^+6 = 10 5. 7x4-1=413 6. ^=10-^1 
^+7=9i. 390^=142,-1609 f^=| + l. 

7. a;-^-=— =6 10. — ^ + 8y=31 
4y-^=3. ?^ + 10x=192. 

8. ^+8=1-12 II. ?5rl + 3a;=2y-6 
4 2 7 > 

3aj-5y 2a;+y a;-2 10r-g _ y-10 

Q x-2y _x y 2y+4 _ 4a;4-y+13 

4 "2"^ 3* 3 " 8 • 

13. 55^ + 3x=4y-2 
^+6y_3x-2y^2^_2 

5aj-3 3a;-19 . 3y-g 
'"^ ""2 2 * 3— 

2a;4-y 9g-7 _ 3yf9 __ 4a; + 5y 
2 8 ~ 4 16 • 

4a;+6y 
2x—y „ 1 
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215. We have now to explain the method of solving Literal 
Equations involving two unknown quantities. 

Ex. To solve the equationsj 

ax + by—c 
px + qy=r. 

Multiplying the first equation by p and the second by a, we 
get 

apx + aqy^ar. 
Subtracting, hpy — aqy =^cp — wr, 

or, (lyp-aq)y=cp-a/r; 

"^ hp — aq 

We might then find x by substituting this value of y in one 
of the original equations, but usually the safest course is to 
begin afresh and make the coefficients of y alike in the original 
equations, multiplying the first by gr and the second by 6, 
which gives 

aqx-\rhqy=cq 
hpz + hqy=hr. 

Subtracting, aqx - hpx =cq-hr, 

or, (aq — hp)x=cq-hr; 
_ cq-hr 
aq-op 

Examples.— Ixxv. 

. I. ma5+ny=e, 2. ax-\-ly—c 3. ctx-hy=m 

px + qy—f, dx-ey—f, cx + ey=n, 

4. ex =dy 5. mx-ny=r 6. x+2/=a 

x+y=e. mfx-\-7ify='/. x-y=h. 

7. ax+h7/=c 8. a6« + cd'y=a 9. Vv"'^""'^^^^^ 
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lo. &cjc + 26-ci|f=0 II. (6+c)(a5 + c-6) + a(y+a)=2a* 

^^ 6c c (6-c)a; a^ ' 

^ . _ (86-2m)6OT 
12. 3a;+5y=^— ^5 ^ — 

6^-ir- — + ^6+c+m)wiy=m%;+(6+2m)&m. 

216. We now proceed to the solution of a particular class 
of Simultaneous Equations in which the unknown symbols 
appear as the denominators of fractions, of which the foUowing 
are examples. 

Elx. 1. To solve the equatunu, 

a h 

- + -=c 
X y 

X y 

Multiplying the first by m and the second by a, we get 

am bm 
X y 

a/m an , 

Subtracting, 5!?+??=cm_ad 

hmt+an , 

or, = cftn — cuL, 

y 

or, bm-^am,t=(cm''ad)y, 

_ 6m-f on 
^""cm-flkf 

Then the value of x may be found "by w3\i%\.\W^"^\Xvxa value 
ofy in one of the original equatiouft, ot \>7 TcisiSEfli^ >5Jci& XfeTccA 
containing y alike, as in the example gwen. 'm kiJC *iVb. 
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Ex.2. To wb)6ihe equations: 

X 3y 27 

4aj^y 72' 
Multiplying the second equation by 8, we get 

X 3y~27 

2 8__11 
X y 9 



Subtracting, 



j6^ 8 _4_11 
3y y''27 9- 



m. ' 5 8 11 4 

Cbanging signs, g^+-=-^-27' 

54-24 _ 33-4 
""'' '^ 27~' 

whence we find y=9, 

and then the value of x may be found by substituting 9 for y 
in one of the original equations. 



Examples. — ixxvi. 

1 ^2 ,. 12 ah 

I. -H — =10 2. -+-=« 3. -+-=c 

43 o^ 34, 6a, 

-+-=20. -+-=6. -+-=rf. 

X y a; y a; y 

4. %^=^ s. 7+5=19 6. |-+|-=7 

ojy -' X y 3x 6y 

^A^n. ?-.?=7 -l-J-=3 

a; y as y * 6a5 lOy 

' ax by TV» iinAi 

ax by a^ 'y 
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217. There are two other methods of fiol^ing Simoltaneoas 
Equations of which we have hitherto made no mention, because 
thejr are not generalLj so conyenient and simple as the method 
which we have exphiined. Thej are 

L The method of Snbstitation. 

If we have to solve tiie equations 

a;+3y= 7 
2a;+43(==12 

we maj find the value of a; in terms of y from the first eqna- 
tion, thus 

a;=7-3y, 

and wbtiUuie this value for a; in the second equation, thus 

2(7-3y)+4y=12, 
from which we find 

We may then find the value of x from one of the original 
equations. 

II. The method df Comparison. 

If we have to solve the equations 

5x + 2y=16 
7x-3y= 5 

we may find the values of a; in terms of y from each equation, 
thus 

«=l«-2y,fro„, the first equation. 

x=^, from the second equation. 

Hence, equating these values of x, we get 

16-2y _ 6-f 3y 
6 " 7 ' 
an equation involving only one unknown symbol, from which 
we obtain 

^od then the value of x may be fouad IroTXi ou^ ol^^ ^yv^x^s^ 
equations. 
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218. If there be thru unknown symbols, their values may 
be found from three independent equations. 

For from two of the equations a third, which involves only 
tvjo of the tmknown symbols, may be found. 

And from the remaining equation and one of the others 
afimrth, containing only the same two imknown symbols, may 
be found. 

So from these two equations, which involve only two un- 
known symbols, the value of these symbols may be found, and 
by substituting these values in one of the original equations 
the value of the third unknown symbol may be found. 

Ex. 6x— 6^+48=sl5 

7x + 4y-3K=19 
2x+ y + 6z=46. 

Multiplying the first by 7 and the second by 5, we get 

35x-42y + 28»=105 

35x + 20y-16»=96. 
Subtracting, 

-62y + 432J=10 (1). 

Again, multiplying the first of the original equations by 2 
and the third by 6, we get 

10x-12y + 8»=30, 
10x+5i/ + 30»=«230. 

Subtracting, -17y-22»= -200 (2). 

Then, from (1) and (2) we have 

62y-43»=-10 

17y+22»=200, 
from which we can find y=4 and »=6. 

Then substituting these values for y and z in the first equa- 
tion we find the value of x to be 3. 

EXAMPLKS.— IXXVii. 

I. 5x+7y- 225=13 3. 6x-3y + 2»=21 

8x+3y+ »=17 8x- y-3»= 3 

x-42/ + 10»=23. ^x-V^-V*^*^*^*^* 
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5 «+ y+ »= 6 8. 4aj-3y+ »= 9 

635+ 4y + 3a=22 9x+ y-5a=16 

15a; + 10y+62=53. a;-4y + 3»= 2. 

6. 8a; + 4y-a8=6 9. 12x+6y-48=29 

a; + 3y- a=7 13a;-2y + 5a=58 

4a5-5y+48=8. 17x- y— »=15. 

7. 05+ y+ 21=30 10. y-a;+»=- 5 
8a; + 4y+22;=60 »-y-a;=-26 

27a:+9y + 3»=64. a; + y+«=35. 



XVI. PROBLEMS RESULTING IN SIMUL- 
TANEOUS EQUATIONS. 

219. In the Solution of Problems in wMgIl we represent 
i/wo of the numbers sought by unknown symbols, usually a; and 
^, we must obtain two mi&^ndj&nX equations from the condi- 
tions of the question, and then we may obtain the values of 
the two unknown symbols by one of the processes described in 
Chapter XV. 

Ex. If one of two numbers be multiplied by 3 and the 
other by 4, the sum of the products is 43 ; and if the former be 
multiplied by 7 and the latter by 3, the difference between the 
results is 14. Find the numbers. 

Let a; and ^ represent the numbers. 

Then 3fl;+4y=43, 

and 7«— 3y=14. 

From these equations we have 

21a; + 28y=301, 
21a;- 9y=42. 

Subtracting, 37y=259. 

TherefoTe ^ = *7 , 

and then the value of x may be found \iO\>^^. 

Sence the numbers are 5 and *7. 
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EXAMPLKS.— Ixxviii- 

1. The snm of two numb^re is 28, and their diffBrence is 4, 
find the ntunbers. 

2. The sum of two numbers is 256, and their difference is 
10, find the numbers. 

3. The stun of two numbers is 13*5, and their difference is 
1, find the numbers. 

4. Find two nimibers such that the sum of 7 times the 
greater and 5 times the less may be 332, and the product of 
their difference into 51 may be 408. 

5. Seven years ago the age of a father was four times that 
of his son, and seven years hence the age of the father will be 
double that of the son. Find their ages. 

6. Find three numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second 
and third 90. 

^ 7. Three persons A, B, and C make a joint contribution 
which in the whole amounts to j£400. Of this sum B contri- 
butes twice as much as A and £20 more ; and C as much as A 
and B together. What sum did each contribute? 

8. If A gives B ten shillings, B will have three times as 
much money as -4. If jB gives A ten shillings, A will have 
twice as much money as B, What has each ? 

9. The sum of ^£760 is divided between A, B, C, The 
shares of A and B together exceed the share of G by ;£240, 
and the shares of B and G together exceed the share of A by 
;£360. What is the share of each % 

10. The sum of two numbers divided by 2, gives as a quo- 
tient 24, and the difference between them divided by 2, gives 
as a quotient 17. What are the numbers] 

11. Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3, and 
when the sum of the two numbers is increased by 38 and the 
result divided by the greater of the two numbers, the quotient 
is 2 and the remainder 2. 

12. Divide the number 144 into \.\a^fe wolOcl \'»3\a, •'^oaX 
when the Gist ia divided by the Becoiid t^i^ c^qMvko^.Sa'^ «s^ 

the remainder 2, and when the thiid \a d=mdA^ V3 ^^ofc^^ 
of the other two parts, the quotient ia ^ axL^^i^aa^^:^^^^^^^'^'^ 
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13. A and B buy a horse for ;£120. A can pay for it \iB 
will advance haK the money he has in his pocket. B can pay 
for it if -4 will advance two-thirds of the money he has in his 
pocket. How much has each? 

14. "How old are you?" said a son to his father. The 
father replied, "Twelve years hence you will be as old as I was 
twelve years ago, and I shall be three times as old as you were 
twelve years ago.*' Find the age of each. 

15. Required two numbers such that three times the 
greater exceeds twice the less by 10, and twice the greater 
together with three times the less is 24. 

16. The sum of the ages of a father and son is half what it 
will be in 25 years. The difference is one-third what the sum 
will be in 20 years. Find their ages. 

17. If I divide the smaller of two numbers by the greater, 
the quotient is '21 and the remainder '0167. If I divide the 
greater number by the smaller, the quotient is 4 and the 
remainder '742. Find the numbers. 

18. The cost of 6 barrels of beer and 10 of porter \& £h\\ 
the cost of 3 barrels of beer and 7 of porter is £^% 2^. How 
much beer can be bought for £^% 

19. The cost of 7 lbs. of tea and 5 lbs. of coffee is £\ 9^. 4(2. : 
the cost of 4 lbs. of tea and 9 lbs. of coffee is £\y 7«. : what is 
the cost of 1 lb. of each? 

20. The cost of 12 horses and 14 cows is ;£380 : the cost of 
5 horses and 3 cows is £\Z^ : what is the cost of a horse and a 
cow respectively? 

21. The cost of 8 yards of silk and 19 yards of cloth is 
;618, 4«. 2d. : the cost of 20 yards of silk and 16 yards of cloth, 
each of the same quality as the former, is ;£25, 16«. 8(2. How 
much does a yard of each cost? 

22. Ten men and six women earn £\%y 18«. in 6 days, and 
four men and eight women earn £%^ 6«. in 3 days. What are 
the earnings of a man and a woman daily? 

^J' A farmer bought 100 acres oi laii^ ioT £Aaa^,^«s\.\5&. 
^3Z an acre and part at £45 an acre. HlO^ TCi»ii'^ s^ct^^ \isA 
iGof each kind? 
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Note I. A number consisting of two digits may be repre- 
sented algebraically by 10a; +y, where x and y represent the 
significant digits. 

For consider such a number as 76. Here the significant 
digits are 7 and 6, of which the former has in consequence of 
its position a heal value ten times as great as its natural 
value, and the number represented by 76 is equivalent to Un 
times 7, increased by 6. 

So also a number of which x and y are the significant digits 
will be represented by ten times x, increased by y. 

If the digits composing a number lOx+y be irwerted, the 
resulting number will be lOy + x. Thus if we invert the digits 
composing the number 76, we get 67, that is, ten times 6, in- 
creased by 7. 

If a number be represented by 10a +y, the sum of the 
digits will be represented by os+y. 

A number consisting of three digits may be represented 

algebraically by 

lOOx+lOy+z. 

Ex. The sum of the digits composing a certain number is 
5, and if 9 be added to the number the digits will be inverted. 
Find the number. 

Let lOx + y represent the number. 
Then x+y will represent the sum of the digits^ 
and lOy + x will represent the number with the digits inverted. 
Then our equations will be 

x + y=6, 
10x+y+9=10y+aj, 
from which we may find x=2 and y =^ 3 ; 

.*. 23 is the number required. 

24. The sum of two digits composing a number is 8, and if 
36 be added to the number the digits will be inverted. Find 
the number. 

2S' The sum of the two digits cora^osca^^^bTisasici^tS&V^ 
and if 64 be added to the numbeT t\ie ^ki©X» ^sfnS!L\i'b yk^««^^ 
What is the number ? 
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26. The sum of the digits of a number less than 100 is 9, 
and if 9 be added to the number the digits will be inverted. 
What is the number ? 

27. The sum of the two digits composing a number is 6, 
and if the number be divided by the sum of the digits the 
quotient is 4. What is the number ? . 

28. The sum of the two digits composing a number is 9, 
and if the nimiber be divided by the su^ of the digits the 
quotient is 5. What is the number ? 

29. If I divide a certain number by the sum of the two 
digits of which it is composed the quotient ia 7. If I invert 
the order of the digits and then divide the resulting number 
diminished by 12 by the difference of the digits of the original 
number the quotient is 9. What is the number I 

30. If I divide a certain number by the sum of its two 
digits the quotient is 6 and the remainder 3. If I invert the 
digits and divide the resulting number by the sum of the digits 
the quotient is 4 and the remainder 9. Find the number. 

31. If I divide a certain number by the sum of its two 
digits diminished by 2 the quotient is 5 and the remainder 1. 
If I invert the digits and divide the resulting number by the 
sum of the digits increased by 2 the quotient is 5 and the re- 
mainder 8. Find the number. 

32. Two digits which form a number change places on the 
addition of 9, and the sum of these two numbers is 33. Find 
the numbers. 

33. A number consisting of three digits, the absolute value 
of each digit being the same, is 37 times the square of any 
digit. Find the number. 

34. Of the three digits composing a number the second is 
double of the third : the sum of the first and third is 9 : the 
sum of all the digits is 17. Find the number. 

J/. A number is composed of three digits. The sum of the 
digits is 21 : the sum of the first and. second. \& ^«a.^t than thi^ 
^^^i^K^ bjr 3; and if 198 be added to t\ife utmlJoet ^i)Ci^ ^\©.\A-^r^ 
be inverted. Find the number. 
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Note II. A fraction of which the teims are unknown may 
be represented by -. 

£lx. A certain fraction becomes ^ when 7 is added to its 

denominator, and 2 when 13 is added to its numerator. Find 
the fraction. 

Let - represent the fraction 
Then "^ ^ 



y + 7 2' 
a;+13 



are the equations ; from which we may find 05=9 and y = 11. 

9 
That is, the fraction is -rry 

36. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 1 is subtracted from its denominator. 
What is the fraction % 

37. Find such a fraction that when 1 is added to its 

numerator its value becomes ^, and when 1 is added to the 

o 

denominator the value is -^, 

38. What fraction is that to the nimierator of which if 1 be 

1 
added the value will be ^ : but if 1 be added to the denominator, 



2 



the value will be ^ ? 



39. The numerator of a fraction is made equal to its 
denominator by the addition of 1, and is half of the deno- 
minator increased by 1. Find the fraction, 

40. A certain fraction becomes -r vr\ifin. ^ \a X.'^^ea.^crssik.'Oafc 

4 

nnmeratoT and the denominator, and \t \>^<iOTsx%a -^^V^^ 
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M added to IbeinnBaator and die dcBcndiwtQK. WluilKtiie 
tectkwl 

7 

41. A cenam fraetioii l)eeoniei ^ idicn tiie denfimiiialor is 

mewaused hj4y and jr when, the nameiator is dindnislied hy 
15: determine tibe fiaetioii. 

42. Wliatfiactionistluittotlieniinieratorof whiehif 1 be 
added it becomes ^ and to the denominatorof whichif 17be 

add*ditb««n«lT 

NcmB III* In qneations relating to money pat out at 
timplc inteieat we aie to obseire that 

T ^i»MMf Principal x Bate x Time 
lntcre«t= ^^ , 

where Bate means the number of poonds paid for the nse of 
£100 far one year^ and Time means the nnmber of years for 
which the money is lent 

43« Amanpatsont;f2000intwoinvestmd!nts. For the first 
he gets 6 per cent., for the second 4 per cent, on the sum 
invested, and by the first investment he has an income of 
;^10 more than on the second. Find how much he invests in 
each case. 

# 

44. A sum of money, put out at simple interest, amonnted 
in 10 months to J5250, and in 18 months to ^£5450. What 
was the stun and the rate of interest ? 

45. A sum of money, put out at simpie interest, amounted 
in 6 years to J5200, and in 10 years to ;£6000. Find the sum 
and the rate of interest. . 

Note IV. When tea, spirits, wine, beer, and such com- 
modities are rrmed, it must be observed that 

quantity of ingredients = quantity of mixture, 

cost of ingredients = cost of mixture. 

-Ex; I mix wine which coat 10 alwiliL^^ «. ^^ctcl ^^SScl 
another sort which cost 6 sbiXlmg^ a s^on, \» m^<i ^'^ 
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gallons, which I may sell at 7 shillings a gallon without profit 
or loss. How much of each do I take ) 

Let X represent the number of gallons at 10 shillings a gallon, 
and y 6 

Then «+y=100, 

and 10x+6y=700, 

aie the two equations from which we may find the values of 
X and y to be 25 and 75 respectively. 

46. A wine-merchant has two kinds of wine, the one costs 
36 pence a quart, the other 20 pence. How much of each must 
he put in a mixture of 50 quarts, so that the cost price of it 
may be 30 pence a quart ? 

47. A grocer mixes tea which cost him Is, 2d. per lb. with 
tea that cost him I5. Qd. per lb. He has 30 lbs. of the mixture, 
and by selling it at the rate of 1«. 8(2. per lb. he gained as 
much as 10 lbs. of the cheaper tea cost him. How many lbs. 
of each did he put in the mixture ? 

Note V. If a man can row at the rate of x miles an hour 
in still water, and if he be rowing on a stream that runs at the 
rate of y miles an hour, then 

x + y will represent his rate down the stream, 
x—y vjp 

48. A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes twice as long to come 
up a river as to go down. At what rate does the stream flow ] 

49. A man sculls down a stream, which runs at the rate of 
4 ndles an hour, for a certain distance in 1 hour and 40 minutes. 
In returning it takes him 4 hours and 15 minutes to arrive at 
a point 3 miles short of his starting-place. Find the distance 
he pulled down the stream, and the rate of his pulling. 



50. A dog pursues a hare. The hare geVa «b ^asN. ^1 ^^ ^^ 
her own leaps. The hare makes six leapa 'W^iSL'^ ^2bJ& ^^^^Sk^^^^ 
6, and 7 of the dog'a leaps are equal to ^ oi Xkfe Vax^^- ^<2r« 
manjr leaps will the hare take before aVie \a caxx^^'V 

[8,A,] ^ 
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51. A greyhomid starts in pursuit of a bare, at the distance 
of 60 of liis own leaps from her. He makes 3 leaps while the 
hare makes 4, and he covers as much ground in two leaps as 
the hare does in three. How many leaps does each make 
before the hare is caught ? 

52. I lay out half-a-crown in apples and pears, buying the 
apples at 4 a penny and the pears at 5 a penny. I then sell 
half the apples and a third of the pears for thirteen pence, 

^ which was the price at which I bought them. How many of 
each did I buy ? 

53. A company at a tavern found, when they came to pay 
their reckoning, that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more. Find the number of 
the company, and each man's share of the reckoning. 

54. At a contested election there are two members to be 
returned and three candidates, -4, 5, and G. A obtains 1056 
votes, jB, 987, 0, 933. Now 85 voted for B and C, 744 for 
B only, 98 for G only. How many voted for A and C7, for 
A and 5, and for A only ? 

55. A man walks a certain distance : had his rate been 
hdf a mile an hour faster, he would have been 1^ hours less 
on the road; and had it been half a mile an hour slower, he 
would have been 2^ hours more on the road. Find the distance 
and rate. 

56. A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. Which 
is the faster crew ] 

Also, if the faster crew start at a distance equivalent to 
four of their own strokes behind the other, how many strokes 
will they take before they bump them ? 

57. A person, sculling in a thick fog, meets one barge and 
overtakes another which is going at the same rate as the 
former ; shew that if a be the greatest distance to which he 
can Bee, and 6, V the distances that he sculls between the 

timea of Ma Arat seeing and pasaing t\i^ bax^<&&) 
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58. Two trains, 92 feet long and 84 feet long respectively, 
are moving with uniform velocities on parallel rails in opposite 
directions, and are observed to pass each other in one second 
and a half ; but when they are moving in the same direction, 
their velocities being the same as before, the faster train is 
observed to pass the other in six seconds; find the rate in 
miles per hour at which each train moves. 

59. The fore-wheel of a carriage makes six revolutions 
more than the hind-wheel in 120 yards ; but only four revolu- 
tions more when the circuroference of the fore- wheel is increased 
one-fourth, and that of the hind-wheel one-fifth. Find the 
circumference of each wheeL 

6a A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 

2 miles against the stream in the same time that he rotrs 

3 miles with it. Find the rate of the stream, and the time of 
his going and returning. 

61. A number consists of 6 digits, of which the last to the 
left hand is 1. If this number is altered by removing the 1 
and putting it in the unit's place, the new number is three 
times as great as the original one. Find the number. 



XYII. ON SQUARE ROOT. 

220. In Art. 97 we defined the Squa/re Boot, and explained 
the method of taking the square root of expressions consisting 
of a single tenn. 

The square root of a positive quantity may be, as we 
explained in Art. 97, either positive or negatim. 

Thus the square root of 4a^ is 2a or - 2a, and this ambiguity 
is expressed thus, 

V4a2=±2a. 
In our examples in this chapter ^e ahaXl Vn. «X3l ^s»aft»» ^kss^sks 
the square root of a single term as a po«itwe c^oelNsA^- 
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221. The square root of a igroduci may be found by taking 
the square root of each factor, and multiplying the roots, so 
taken, together. 

Thus V^ =a&, 

222. The square root of a fraction may be found by taking 
the square root of the numerator and the square root of the 
denominator, and making them the numerator and denominator 
of a new fraction, thus 



V4a^_2a 
816^"96' 

4 



25a; V _ 6agy^ 



Examples,— Ixxix. 

Find the Square Boot of each of the following expressions : 
I. 4a%2. 2. 81a«68. 3. 121miW4. 

4. 64a*6i0c2. 5. 71289a*62ic6. 6. leOa^ftScia. 

7- 1662' ^* 4a2c4- 9- i2ia:8yio- 

256g^ 625^2 

*°* 2891/* • "• 32462- 

223. We may now proceed to investigate a Rule for the 
extraction of the square root of a compound algebraical 
expression. 

We know that the square of a + 6 is a^ + 2flt6 + 6^^ and there- 
fore a + 6 is the square root of a^ + 2a6 + ft^. 

If we can devise an operation by which we can derive a + 6 
from a2 + 2c66+62, we shall be able to give a rule for the 
extraction of the square root 

Now the first term of the root is the square root of the first 
term oi the square, i.e. a is the square root of d^. 

Hence our rule begins : 

/* Arrange the terms in the order oj mogmVu^ oj ^ \tvA.\w» 
^Ofie of the quantities involved, tHen take tU aqmxe xool oJ \\va 
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first term and set dovm the result as the first term of the root: 
svhtract its square from the given es^ession, and bring dovm the 
remainder:" thus 

a^ 



2ah+J^ 

Now this remainder may be represented thns h(2a+b): 
hence if we divide 2ab +I^hj2a + hwe shall obtain + &, the 
second term of the root. 

Hence our rule proceeds : 

'^Dovhle the first term of the root and set iovm the resuU as the 
first term of a divisor:'* thus our process up to this point will 
stand thus : 



a2 



2a 



2a&+»» 



Now if we divide 2ab by 2a the result is 5, and hence we 
obtain the second term of the root, and if we add this to Sd 
we obtain the full divisor 2a +b. 

Hence our rule proceeds thus : 

" Divide the first term of the remmnder by this first term of the 
dwisor, and add the result to the first term of the root and also to 
the first term of the dwisor:** thus our process up to this point 
will stand thus : 



a2 



2a+6 



206 + 52 



If now we multiply 2a + 6 by 6 we obtain 2ah + &*, which we 
subtract from the first remainder. 

Hence our rule proceeds thus : 

"Multiply the divisor by the second term of tV* tooI atvA. «>J^ 
tract the result from the first remainder ;" ^ikoa wjiT ^towjs^ ^«^ 
stand thus : 



i66 
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a2 + 2a6 + 62(a+6 



a> 



2a + & 






If there is now no remainder, the root has been found. 

If there be a remainder, consider the two terms of the root 
already fonnd as one, and proceed as before. 

224. The following examples worked out will make the 
process more clear. 



(1) 



a2_2a&+62(^a-6 



a 



2 



2a- & 



-2a6 + 62 
-2a6 + 62 



Here the second term of the root, and consequently the 
second term of the divisor, will have a negaXwiQ sign prefixed, 



, -2a6 , 

because —^ — = - o. 



2a 



(2) 



9p2 



C^ + 42 



24pgr + 16g2 
24p2 + 162* 



(3) 



25a;2 



lOx-e 



-60a; + 36 
-60a; + 36 



Next take a case in which the root contains ihre^ terms. 

a2 + 2a6 + 6*-2ac-26c+c?(a + 6-c 
a2 




2a6+&2_2ac-2&c+c« 



-2ac-abc-V<? 
— 2ac~Sibc-¥<? 
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When we obtained the second remamder, we took tlie doable 
of a + &, considered as a single term, and set down the result as 
the first part of the secoTid divisor. We then divided the first 
term of the remainder, — 2ac, bj the first term of the new 
divisor, 2a, and set down the result, - c, attached to the part 
of the root already found and also to the new divisor, and then 
multiplied the completed divisor by — c. 

Similarly we may proceed when the root contains 4, 5 or 
more terms. 

Examples.— Ixxx. 

Extract the Square Root of the following expressions : 

1. 4a2 + 12a6 + 962. 6. cB*-6a^ + 19a^-30a;+25. 

2. 16A;i0-24Jfc6Z3 + 9^. 7. 9x* +12x3 + 10x2 + 4a; +1. 

3. a2&2+i62a5 + 6561. 8. 4r*-12r3+13r2-6r+l. 

4. ^-38t/3 + 361. 9. 4n* + 4n3-77i2-4n+4. 

5. 9a2&2c2-102a&c + 289. 10. l-6x+13x?-12x»+4x*. 

11. 0^-4x6+ lOx*- 12x3+9x2. 

12. 42/* - l^fz + 251/222 _ 2^^ + 1624, 

13. a2+4a6+462+9c2+6ac + 126c. 

14. a« + 2a^h + Zal^W + AaW + 3a264 + 2a&6 + 56. 

15. x«-4x5 + 6x3 + 8x2 + 4x + l. 

16. 4x* + 8ax3 + 4a2a;2 + I662a;2 + I6a62x + 166*. 

17. 9 - 24x + 58x2 - 116x3 + 129x* - 140x6 + lOOa^o. 

1 8. 1 6a* - 40a36 + 25a262 _ ^Qcit^ + 64 J2a;2 + 64a26x. 

19. 9a* - 24aV - ^OaH + 16a2p« + 40ap3« + 25^2. 

20. 4i/*x2 - 12i/3x3 + VJyh^ - 12i/x6 + 4afi. 

21. 25x*2/2- 30x31/3 + 29xY-12xi/6 + 4^. 

22. 16x* - 24x3^/ + 25xY - 12xy3 + 4y*. 

23. 9a2 - 12a6 + 24ac - 1 66c + 462 + iQc*. 

24. ;r<+9a;2^ 25 -6x3 + 10x^-^006. 

;?/. ^5«*-2Qx3/+42/2 + 9»2-l^'y»-V.^Oa». 



i68 
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225. When any fracUoncd terms are in the expression of 
which we have to find the Square Root, we maj proceed as in 
the Examples just given, taking care to treat the fractional 
terms in accordance with the rules relating to fractions. 



Q 1 O 

Thus to find the square root of a;^-Qa5+ qtv 

8 16 



2a;-^ 
9 



^ 8 16 / 4 
9 81V 9 



X 



2 



8 16 
""9^ "^81 

8 16 
-9^+81 



Since 



8^ 8^2_8 1_4 
9*9 • l'"9^2""9' 



Q yo 

Or we might reduce a;^— jrx + qt- to a single fraction, which 

9 ' ol 



would be 



81x^-720;+ 16 
8l ' 



and then take the square root of each of the terms of the 
fraction, with the following result : 

~ -, which is the same as x--^. 



9 



9' 



Examples.— Ixxxi. 



I. 4a6+^_a*62. 



16 



9 



a 



2 



2* ;;j*"^+"or- 



a 



9 



4- To-+2-f 



62 



a 



2* 



5. a:*-2a3^.2jB2_a;+-7. 

4 



3' a*-2+-^. 
a* 



6. a^-v^-x-v--7. 



7. 4a^-l2a5 + a62 + 9fta-?|+^. 
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8. 0^+8x8 + 24+—+^. 

lo y _ « 

1.4.9 4 6 12 
jc? jr «* asy a» y8 

^^ « 48m 12m© 16 . p* 8p 

4m2 9n2 . 16m 24?i 

a2 h^ c^ cP ab 2ac ad he hd cd 
5* 9 "'"16 25"** 4 "6 16 3 lO"*" 4 6' 

16. 49{C*-28«3-17x2+6aj+? 

4 

17. 9a^-3flKB3+66a:8+^-a&B2+Wc2. 



18. 9x*-.2«3-i^+2x+9. 



XVIII. ON CUBE ROOT. 

226. The Cube Boot of any expression is that expression 
whose cube or third power gives the proposed expression. 

Thus a is the cube root of a^, 
36 is the cube root of 276^. 

The cube root of a native expiesdoii "snSi \>^ Tifc^5sSa;:^^^^ss«^ 
since 

(-ay='-ax —ax -a==-o^, 
the cube root of - a^ is -^ a. 
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So also 

- 3a is the cube root of - 27a:^, 

and — ^h is the cube root of - 64a^6^. 

The symbol I] is used to denote the operation of extracting 
the cube root. 



Examples.— Ixxxli. 

Find the Cube Boots of the following expressions : 
I. 8a^ 2. 27iCV. 3. -125mV. 

4. -216ai268. 5, 3436i«ci8. 6. - lOOOaSJOcW. 

7. -1728m2in2*. 8. 1331a»&w 

227. We now proceed to investigate a Rule for finding the 
cube root of a compound algebraical expression. 

We know that the cube of a + 6 is a^-^Za%->r^}^-\-Wy 
and therefore a + 6 is the cube root of a? + Zc?h + 3a6^ + 6^. 

We observe that the first term of the root is the cube root of 
the first term of the cube. 

Hence our rule begins : 

^^ Arrange the terms in (he order of magnitude of the indices of 
one of the quantities involved^ then take the cube root of the first 
term and set down the result as the first term of the root: subtract 
its cube from the given expression, and bring down the remainder:" 
thus 

a8+3a26+3a62+63(a 
a3 



3a26 + 3a62+j8 



Now this remainder may be represented thus, 

6(3a2 + 3a6+62); 

hence if we divide 3a% + ^ah^ + b^ by Sa^ + 3a6 + 6*, we shall 
obtain + b, the second term of the root. 

Hence our rule proceeds : 

^Multiply ike squa/re of ih^ jint term of tlie Tool\yvj ^, at\A. %«,y. 
^2^^«^ ^ resuU as the first t&rm of a dWlsoT:'' >iXi\x& ovvi Yt^<s«aA 
P to thiB point will stand tihuB : 
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3a2 



a8 



3a«6+3a5»+6» 



Now if we divide Za^h by 3a* the result is 6, and so we 
obtain the second term of the root, and if we add to 3a* tiie 
expression 3a6 + 6* we obtain the foil divisor 3a* + 3a6 + 6*. 

Hence our rule proceeds thus : 

" Divide the first term of the remamder by the fi/rst term of the 
divisor, and add the result to the first term of the root. Then take 
three times the product of the first amd second terms of the root, 
and also the square of (he second term, amd add these remits to 
the first term of the divisor," Thus our process up to this point 
will stand thus : 



a8+3a*6+3a6*+68(a+6 
3a2+3a6+6* 



a» 



3a*6+3a6a+^6» 



If we now multiply the divisor by h, we obtain 

3a*6+3a62+63, 
which we subtract from the first remainder. 

Hence our rule proceeds thus : 

^^ Multiply the dinrisor by the second term of the root, and sub- 
tract the result from, the fi/rst remamder:" thus our process will 
stand thus : 

a8+3a26+3a6*+6S(a+6 



a8 



3a*+3a5 + 6* 



3a26H-3a5* + 68 
3a*6 + 3a5*+6» 



If there is now no remainder, the root has been found. 

If there be a remainder, consider the two t^Ti£k»» ^1 •Cwi.^'CR^. 
already found as one, and proceed as 'beioT<i. 

^& The following Examples may xenjict ^^ ^toiwy^ ^ 
clear: 
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Ex. 1. a3-12a«+48a-64(a-4 



a^ 



3a«-12a+16 



-12a2+48a-64 
-12o2+48a-64 



Here observe that the second term of tlie divisor is formed 
thus: 

3 times the product of a and — 4==3 x a x - 4= — 12a. 
Ex. 2. a«-6a5 + i5a4_20a;8 + i5ad_ea;+i(^ad_2a; + l 



3iC*-6jc8+4a:« 

3x*-12a? 

+ 15aB*-6x+l 






3a*-12x3 + i5ad_6a.+i 
3a*-12jBS + 16x*-6»+l 



Here th'e formation of the first divisor is similar to that in 
the preceding Examines. 

The formation of the second divisor maj be explained thus : 

Regarding x^— 2a; as one term 
3(x*-2a;)2=3({c*-4a8+4»2)=,3a4_i2a;3 + i2iB« 
3x(a:8-2a;)xl = 3«8-6» 
12 = 1 

and adding these results we obtain as the second divisor 

3x* -12jbS + 150^2 « 6a; + 1. 



Examples.— Ixxxiii. 

Find the Cube Root of each of the following expressions : 

I. a3-3a26+3a62-63. 2. 8a3+12a2+6o + l. 

3. a8+24a2& + 192a62 + 51268. 

4- ^*V-5a^3+3fl^+63+3a2c + 6abc+^c-V^ac2-v^bc2 4-c5• 
5. -^;'a?<^-542;«+63a?*^44a:^ + 21a?-6x-Vl. 
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7. l-3a + 6aa-7a3H-6a*-3o« + a«. 

9. a«-12a« + 54a*-112a3 + 108a2-48a + 8. 
la 8m»-36m* + 66m*-63m8+33m2-9m + l. 

11. a^ + 6a8y + 12ajy» + 8y»-3«%-12a^-12y%+3a»«+6y58«-a3. 

12. 8m3-36m^+54mw*-27w8-12m*r+36mnr-27nV 



+ 6mr«-9nr>-r». 



13. m»+3m»-5+;;;5-^ 



m* m^ 



229. The fourth root of an expression is found by taloDg 
the square root of the square root of the expression. 

Thus 4/16a«6*= ^4a^h^=2a%. 

The sixth root of an expression is found by taking the cube 
root of the square root of the expression. 

Thus 4^64ai26«= i/8a^Jfi=2a%. 



Examples.— Ixxxiv. 

Find the fourth roots of 

1. 16a*-96a8!»+216aV-216aiB3+81{r*. 

2. l + 24a2+16a*-8a-32a3. 

3. 625 + 2000X+ 2400x2+ 128003. +256X*. 

Find the sixth roots of 

4. a6-6a66+l5a*62-20a368+i5a26*-6a6«+66. 

5. ^-/■ftc«+15a^+20x? + 15a?-V^-W 

6. ^^-12w«+6()m*«160m^-V^^^^>w?-'^^'^^'*^^^ 



XIX. QUADRATIC EQUATIONS. 

230. A Quadratic Equation, or an equation of tioo dimen- 
sions^ is one mto which the square of an unknown symbol 
enters, witkout or wilh the first power of the symbol 

Thus aj«=16 

and a?+6a;=27 

are Quadratic Equations. 

231. A PuBE Quadratic Equation is one into which the 
sqiiiare of an unknown symbol enters, the first power of the 
symbol not appearing. 

Thus, a;^=16 is a jmre Quadratic Equation. 

232. An Adfegted Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first 
power of the symbol. 

Thus, sc2 + 6a; = 27 is an adfected Quadratic Equation. 

Pure Qucdratic Equations. 

233. When the terms of an equation involve the square 
of the unknown symbol only, the value of this square is either 
given or can be found by the processes described in Chapter 
XVII. If we then extract the square root of each side of the 

equation, the value of the unknown symbol will be determined. 

^34, The following are examples oi t\ie ftoVxy^on ^l "^^ofe 
hadratic EquationB. 
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Ex. 1. iB2=16. 

Taking the square root of each side 

a;=±4. 

We prefix the sign ± to the number on the right-hand side 
of the equation^ for the reason given in Art. 220. 

Every pure quadratic equation will therefore have two rooUy 
equal in magnitude, but with different signs. 

Ex. 2. 4a;2 + 6==22. 

Here 42^=22-6, 

or ^—\% 
or a;^=4; 
/. a;=±2. 

That is, the values of x which satisfy the equation are 2 
and -2. 

TTy Q 128 _ 216 

Here 128(5a;2-6)=216(3a2_4)^ 

or 640a^-768 = 648ic2_864, 
or 35^=12; 

/. a;=± V12. 



Examples.— Ixxxv- 

I. aj2=64. 2. a;2=a262. 3. a;2_ioooo=0. 

4. a;2_3=46. 5. 5x2-9=2ai2+24. 6. 3aa;2=192a6c8. 

7. — - — =-— -. II. ma^+n=g^. 
'34 

8. (500 +x) (500 -a;) =233359. 12. a;2_aa;^.j=flKB(a;-l> 
8112 ^ __ 45 57 

10. 5^:2?^- I8a?+ 66 = (3a; -3)2. IV ^jrr^'=''^^:^ 



176 QUADRATIC EQUATIONS. 



Adfected Qaadratie Equattans, 

' 235. Adfected Quadratic Equations are solved bj adding 
a certain term to both sides of the equation so as to make the 
left-band side a perfect square. 

Having arranged tbe equation so tbat tbe first term on the 
left-hand side is the square of the unknown symbol^ and the 
8e(k)nd term the one containing the first power of the unknown 
quantity (the known symbols being on the right of the equa- 
tion), we add to both sides of the equation the square of half the 
coefficient of the second term. The left-hand side of the equa- 
tion then becomes a perfect squa/re. If we then take the square 
root of both sides of the equation, we shall obtain tv)o simple 
equations, from which the values of the unknown symbol may 
be determined. 

236. The process in the solution of Adfected Quadratic 
Equations will be learnt by the examples which we shall give 
in this chapter, but before we proceed to them, it is desirable 
that the student should be satisfied as to the way in which an 
expression of the form 

a^+ax 

is made a perfect square. 

Our rule, as given in the preceding Article, is this : add the 
square of half the coefficient of the second term, that is, the 

square of 5, that is, -j-. We have to shew then that 



0^+005 + 



a2 



4 
is a perfect square, whatever a may be. 

This we may do by actually performing the operation of 

a* 
ztracting the square root of a^+ax+-x> and obtaining the 

ilta!+^ with no reinaiiidex. 
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237. Let us examine this process by tlie aid of numerical 
coefficients. 

Take one or two examples from the perfect squares given 
in page 48. 

We there have 

a^+18a;+ 81 which is the square of x+ 9, 

a;2+34x+289 ^ a;+17. 

7?- 8a;+ 16 x- 4, 

a:?-36x+324 a- 18. 

In all these cases the third term is ^ iqyyart of half the 
coefficient ofx. 



For 



289=(l7)«=(^y, 
324=(18)«=(^)*. 



238. Now put the question in this shape. What must we 
add to 2^+ ox to make it a perfect square ? 

Suppose 6 to represent the quantity to be added. 

Then x^-^ax + biaa perfect square. 

Now if we perform the operation of extracting the square 
root of X* + ax + 6, our process is 



x^ 



2X+I 



oa;+5 
ax-^—r- 






r^ 



IX 
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Hence in order that a^+ax+& may be a perfect square we 
must have 

or 6=-^, 



or 



-S)' 



That is, h is equivalent to the square of half the coefficient 
ofx. 

239. Before completing the square we must be careful 

(1) That the square of the unknown symbol has no coeffi- 
cient hut unity, 

(2) That the square of the unknown symbol has a positive 
sign. 

These points will be more fully considered in Arts. 245 and 
246. 

240. We shall first take the case in which the coefficient of 
the second term is an even number and its sign positive, 

Ex. x^+ex=40. 

Here we make the left-hand side of the equation a perfect 
Square by the following process. 

Take the coefficient of the second term, that is, 6. 

Take the half of this coefficient, that is, 3. 

Square the result, which gives 9. 

Add 9 to both sides of the equation, and we get 

JB*+6x+9=49. 

-N'ow taking the square root oi \>o^ sv^'ta, "^^ ^<i\i 

x+3=±7. 
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Hence we have two simple equations, 

05 + 3= +7 (1), 

and 35+3= -7 (2X 

From these we find the values of x, thus : 
from (1) a;= 7 - 3, that is, a!=4, 

firam (2) «= - 7 - 3, that.is, 35= - 10- 

Thus the roots of the equation are 4 and * 10. 

EXAMPLES.— IXXXVi. 
1 

I. a^+6a;=72. 2. 7^-\-\%3i^^. 3. a:?+14a;=15. 

4. a^+46a;=96. 5. jb*+128x=393. 6. a:?+8a;-65=0 
7. 02 + isa;- 243=0. 8. aj«+16aj-420=a 

241. We next take the case in which the coefficient of the 
second term is an even number and its sign 'nxgoitme, 

Elx. 35^-805=9. 

The term to be added to both sides is (8-^2)2, that is, (4)^, 
that is, 16. 

Completing the square 

ic2-8aj+l«=2|. 

Taking the square root of both sides 

x-4=±5. 

This gives two simple equations, 

x-4=+5 (1), 

a-4=-6 (2), 

From(l) x=5h-4, ;. x=^-, 

from (2) 3.= - 5 + 4, ;. x= — \. 

Thus the roots of the equation aie ^ ai^^ — ^* 
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Examples.— Ixxxvli. 

I. a:?-6a;=7. 2. a?-4B=5. 3. iB2_20x=21. 

4. ip2_2x=63. 5. a:?-12a;+32=0. 6. o^^ 14a; +45=0. 

7. aj?- 234b +13688=0. 8. (a; -3) (a; -2) =3 (5a; +14). 

9. a;(3aj-17)-a;(2a; + 5) + 120=0. 
10. (aj-5)2+(a;-7)2=aj(a;-8) + 46. 

242. We now take the case in which the coefficient of the 
second term is an oM number. 

Ex- 1- a:?-7aj=8. 

The term to be added to both sides is 

Completing the square 

„ », 49 o . 49 

<c2-7aj+-=8+-j^, 

or, a:a-7a;+-^«-^. 

Taking the square root of both sides 

7 _^9 
^-2=±2- 

This gives two simple equations, 

"-.r+i W' 

«-i=-I (2)- 

From (1) «'=2'*'2' °'' ^""T' ''* *"®' 
4«zz2 ^J?; »^ -|+|, or, x=^, :. x= -\. 
Thm the roots of the equataon are ft m^i -\. 
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Ex.. 2. 2^.^=42. 

The coefiScient of tlie second term is 1. 
The tenn to be added to both sides is 

4 4 

^ 1 169 

or, a:8-aj+j=-^; 

1_.13 
Hence the roots of the equation are 7 and — 6L 



EXAMPLES.— IXXXViii. 

I. a:?+7x=30. 2. a^-llaj^lS. 3. a:?+9aj=4^. 

4 

4. a;2.x3a;=140. 5. aj2+x=T3. 6. JB*-a5=72. 

10 

7. rc2+ 37a; =3690. 8. a?=56+{c 

9. a;(5-a;)+2x(a;-7)-10(aj-6)=0. 
10. (5x - 21) (7x - 33) - (17x + 15) (2x - 3) =448. 

243. Our next case is that in which the coefficient of the 
second term is a fraction of which the numerator is cm even 
ntmber, 

Ex. x2-4b=21. 

The term to be added to both sides is 

(^^y=(Mr=(iy=(A)' 

-44 52» 
or. ar — x+ — ^- v,_ ■ '. 
' 5 2& 2& 
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2 .23 
o o 

21 
Hence the values of a; are 5 and - -=-, 

5 



EXAMPLES.— IXXXiX. 

-2 36 5.4 3 „28a;l^ 

'• ^-3^=T- ^- ^ + 5^= -25- 3. a^-g' + a^O. 

^ „ 26 16 ^ o ^ 4 .^ 

244. We now take the case in which the coefficient of the 
second tenn is a fraction whose rmmerator is cm odd mmber, 

v^ 8 7 136 



The tenn to be added to both sides is 



. ^ 7 49^136 49 
••^■"3^'^36'" 3 "^36' 
J 7 49 1681 
^' *-3^ + 36=-36-' 
"7 ^41 
-^-6=±-6- 

17 
Hence the values of as are 8 and — 5-. 

o 



EXAMPLKS.— XC- 
I- «^-gaJ=8. 2. cB2-iaj=9a 3. 02 + 1^^39^ 

7. .2^-^.34=0. %. «^-^=\ 
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245. The square of the unknown symbol mvai not he pre- 
ceded by a negative sign. 

Hence, if we have to solve the equation 

6a5-cB2=9, 
we change the sign of every term, and we get 

x2_6a;=-9. 

Completing the square 

a;2-6a;+9=9-9, 
or a^-Gx+d^O. 
Hence a; -3=0, 

or x—3. 

Note. We are not to be surprised at finding only one 
value for x. The interpretation to be placed on such a result 
is, that the two roots of the equation are equal in value and 
alike in sign. 

246. The square of the unknown symbol must have np 
coefficient hut unity. 

Hence, if we have to solve the equation 

6x2-3a;=2, 
we must divide all the terms by 5, and we gets 

* 5~5- 

2 
From which we get a5= 1 and x=—-. 

247. In solving Quadratic Equations involving literal co- 
efficients of the unknown symbol, the same rules will apply as 
in the cases of numerical coefficients. 

Thus, to solve the equation 

X a 

Clearing the equation of fractions, ^^ ^eXi 

2a2 -x2_2ax=0-, 
therefore -a2_2ax= -^o?, 

or x2 + 2ax=^*. 
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Completiiig the square 

whence x+a— ± ijZ , a ; 

therefore x= -a+ iJZ,ay ora;= —a- iJZ.a, 

The following are Examples of Literal Quadratic Equations. 



EXAMPLKS.— XCL 

I. a2+2flKB=a*, 2. a?—4ajx^la^i 3. Qi?-\-^mx=—j-. 

4 

5. a;2 + (a-l)a;=a. 8. adx-aax^=hcx-hcL 

CLC 

6. jc2+ ^a-6)a5=a6. 9. cxH — — T=(a + 6)cB2. 

11. aoa5*+ = — : — 5 . 

c (^ c 

12. {^a^-9cdF)7? + {^a^i?+Aah^x + (a(^ + hi?)'^=(). 

248. If both sides of an equation can be divided by the 
unknown symbol, divide by it, and observe that is in that 
case one root of the equation. 

Thus in solving the equation 

a8-2a^=3a;, 

we may divide by jc, and reduce the equation to the form 

«2_2a;=3, 

&om which we get 

a;=3 ora;=-l. 

Then the three roots oi the origmaL equation otfe Q, % «."ad - 1. 

We shall now give some MisceHaueoxiLB TS.iLani^\fe^ qI Qjxs^- 
^tdc Uquationa. 



QUADRATIC EQUATIONS, i8S 



EXAMPLES.— XCii. 
I. a:a-7a;+2=:10. 2. a;«-6a;+3=9. 3. o^-Wx-l^h. 

4. a;«-13a;-6=8. $. a^+7aj-18=a 6. 4a;-i;=-^=22. 

"^ x-3 

7. a«-9a;+20=0. 8. 5«-3^=^^. 

a;-3 2 

9. x«-6«-14=2. 10. -^-|:il=2. 

14. iB2-iB+7|=8. 15. 3a?-— =26. 16. 2iB^«18aj-40. 
2 3 8 •' X 

^ 4-»-3(B 16-a; 7a;-14 « « • «^ »/» 

17. -T?^ — -1:-^= OA ' 18. 3a:«=24a;-36. 

- , ^ 7 2a;-5 _ 3a;-7 

'9* o« Q«.„oR— Q* ^^4 x+6 2«~* 



10 


a;-6 


20 ' 


3a;-6 


6a; 


1 


9a; 


3a; -25 


■3- 


4a;- 10 


7-3a; 


7 


35+6 


X 


^2- 


a;+ll 

X 


9 + 4fl; 
■^ a;i • 



21. ^^^ ;; — =^. 22. (aj-3)*+4a;=44 

^^ ^^^—^=7-^^^. 24. 6a;3+x=2. 25. a;*-2a;=9- 

26. a?- X =210. 27. -^+-=3. 28.^-11=^. 

12 3 4a; 20-4fl; ,„ 

^ x-2 x + 2 6 "^ 6-a; x 

10 14-2a; _22 a; _ 7 

^3' a; »2 -9- 3"^ x+60'"3a;-6' 

. 12 8 32 ^ « . 7-a; ^9 

35« ^ +•:; = s« 30. = + =2=7^. 

^^ 6-x 4-x a+2 •^ 7-x x 10 

37. a;*+(a+6)a; + a6=0. 38. a?-Q)-o?^x-oy>^^. ^ 



XX. ON SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS. 

249. Fob the solutioii of Simnltaiieous Equations of a de- 
gree higlier than the first no fixed rules can be laid down. We 
shall point out the methods of solution which may be adopted 
with advantage in t>aTticular cases. 

250. If the simple power of one of the unknown symbols 
can be expressed in tenns of the other symbol by means of one 
of the given equations, the Method of Substitution, explained 
in Art. 217, may be employed, thus : 

Ex. To solve the equations 

a;+y=50 
icy=600. 

From the first equation 

Substitute this value for x in the second equation, and we 
get (60-y).y=600. 

This gives 60y - y2 « 600. 

From which we find the values of y to be 30 and 20. 

And we may then find the corresponding values of a; to be 
20 and 30. 

251. But it is better that the student should accustom 
himself to work such equations syTn/metrically^ thus : 

To solve the equations 

aJ+1/=50 (1), 

xy=600 ^ 

-Rnom (1) a^ + 2an/ + 1/2=^500. 

^rom (2) 4351/ «^00. 
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Subtracting, a* - 2ajy + y^ = 100, 

/. a;-y=±10. 

Then from this equation and (1) we find 

a;=:30 or 20 and ^=20 or 30. 

EXAMPLKS-— XCiii. 

I. a;+y=40 2. a;+y=13 3. a;+y=:29 

fcy=300. scy=36. scy=100. 

4. oj -y=19 5. a;-y=45 6. a;-y=99 

fcy=66. 05^=250. 05^ = 100. 

252. To solve the equations 

«-y=12 (1), 

a;2+y2=74 (2). 

From (1) a;2-2iBy+y2=i44 (3). 

Subtract this from (2), then 

2iBy=-70, 
.*. 4an/=-140. 

Add this to (3), then 

jB«+2icy+y2=4, 
.-. a;+y=:±2. 

Then from this equation and (1) we get 

a;=7 or 5 and y= —5 or— 7. 

EXAMPLES.— XCiv. 

I. a;-y=4 2. a;-y=5l0 3. x— •^«^\^^ 

4. x+y=8 5. x-h|/ = 12 6. x-V'^'^^^ 
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253. To solve the equations 

a^+y«=35 (1), 

a;+y=5 (2). 

Divide (1) by (2), then we get 

a^-an^+y2=7 : (3), 

From (2) x^-\-^+y^^2b (4), 

Subtracting (3) from (4), 

3ajy=18, 
/. 4an/=24. 

Then &om this equation and (4) we get 

.\x-y=±\; 
and irom this equation and (2) we find 

x=Z or 2 and ^=2 or 3. 

Examples.— xcv. 

I. jr8+y3=9i 2. rc8+y8=341 3. Q?-¥y^=\QOS 

x+y=^7. aj+y=ll. x+y=l2. 

4. ic8-y8=56 5; a^-y^^OS 6. 0:3^^3^279 

jc-y=2. »-y=2. a;~y=3. 

254. To solve the equations 

115 /.N 

i-^re ('>' 

i-+i-^ r2) 

From (1), by squaring it, we get 

1 2^1 __25 .^. 

F^^"*'7'"36 ^^^• 



From this subtract (2), and we have 

on"" a^' 
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Now subtract this &om (3), and we get 

•« y -6' 
and from this equation and (1) we find 

a;~2 or 3 and y=3 or 2. 



Examples.— xcvi. 

l^l_9 1.1-3 l^l_r; 

lA=ii.. 44-4=4 44-4=13. 



a^^f/2 400* ^ 'f 16* X* 1/* 

111 .llol /;llo 
4. =To 5. =2^ 6. =3. 

x8'"i/a'"l44' x^ ^ °4* aj2~ya--^^- 

255. To solve the equations 

a5*+3{cy=7 (1), 

jcy+4y2=l8 (2). 

If we oM the equations we get 

a2 + 4an/ + 4y*=25. 

Taking the square root of each side, and taking only the 
positive root of the right-hand side into account, 

x + 2y=5; 
.*. a;=5-2y. 

Substituting this value for % in (2) we get 

(5-2y)y-f4y2=l8, 
an equation bj which y may be de\;eTixmi<&^ 

Note, In some examples we ismfi^ «u3b\ff(W»t ^^ ^*^^ 
equation from the first in ordei to get a ^ett^^^ «ojaasfc. 
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256. To solve the equations 

a3-y8=26 (1), 

a^+an^ + y2=13 ,..(2). 

Dividing (1) by (2) we get x—y—2 (3), 

squaring, a^-2oDy + y^=4 (4), 

Subtract this from (2), and we have 

3a5y=9; 
/. 4fl5y=12. 

Adding this to (4), we get a?+2ajy+y*=16; 

/. »+y=±4. 

Then from this equation and (3) we find 

05=3 or — 1, and y=l or — 3. 

257. To solve the equations 

a;2+y2=65 (1), 

ajy=28 (2). 

Multiplying (2) by 2, we have 

a« + y2^65) 
20^=66)' 

.-. iB2 + 2iBy + y2^121) 
a?-2a?y + y^=^ 9>' 

.*. a;+y=±ll (A), 

a;-y=± 3 (B). 



The equations A and B furnish four pairs of simple 
equations, 

a; + y=ll, a; + y=ll, x+y=-ll, a;+y=-ll, 
x-y=3, x-y=-3, x-y=Z, x-y=^-Z. 

from which we find the values of x to be 7, 4, — 7 and — 4, 
and the corresponding values of y to be 4, 7, - 4 and - 7. 

£38. The artifice, by which tlie aoVa^oii oi \?Ckfe ^Q^ia.tlon8 
given in this article is effected, is appVica)o\e \ft casfc^ \el^\^Osi 
'Ae equationa are Tiomogeneoua and of ^ wwae ordAx. 
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To solve the equations 

Suppose y=wM5. 

Then ^ + tm? =16, from the first equation, 
and wa? - irM = 2, from the second equation. 

Dividing one of these equations by the other, 

a^ + ma^ _15 

a:»(l + m) _15 
*^^ x^(m-m^) 2' 

1 + m 15 

or 9— "o"* 

m— m* 2 

From this equation we can determine the values of m. 

One of these values is -x, and putting this for m in the 

2 

equation x^ + ma? = 15, we get as* + ^ sc* = 16. 

From which we find «= ±3, 
and then we can find y from one of the original equations. 

259. The examples which we shall now give are intended 
as an exercise on the methods of solution explained in the 
four preceding articles. 

Examples.— xcvii. 

I. iB3_y3=37 2. a;2 + 6ajy=144 3. {B2+a5y=210 

a:^+a!y + y'^=37. 6xy + 36y2=432. y2+JBy=231. 

4. a;2+2/2^68 5. 03 + ^3=152 6. 4a;2 + 9a^=190. 

a;y=16. 7?-ocy-{-y^=\%. 4a;-5y=10. 

7. a;2+a;y+i/2=39 8. a;2 + an/=66 9. 3a;2 + 4icy=20. 

3y2-5xy=25. , xy-y'^='6. 6xy-\-2y^^l2, 

10. a;2_a5y + y2_7 u^ a;2-scy=35 12. 3x2-v4xvi-V^=^^^. 
^-ay-fy2=.I24. 7x1/ -a|« =1*71. «^«-^-W»• 



XXI. ON PROBLEMS RESULTING IN 
QUADRATIC EQUATIONS. 

260. The method of statmg problems resnltmg in Quad- 
ratic Equations does not require any general explanation. 

Some of the Examples which we shall give involve one 
unknown symbol, others involve two, 

Ex. I. What number is that whose square exceeds the 
number by 42 ? 

Let X represent the number. 

Then a^=aj+42, 

or, x^- 35=42; 

therefore ^"■^+4==~4~» 

whence « - 2 = ±-5-. 

And we find the values of a; to be 7 or - 6. 

'Ex. 2. The sum of two numbers is 14 and the sum of 
their squares is 100. Find the numbers. 

Let X and y represent the numbers. 

Then a;+y=14, 

and ai2+y2==ioo. 

Proceeding as in Art. 252, we find 
-Hence the numbers are 8 and 6. 
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EXAMPLKS.— xcviii. 

1. What number is that whose half multiplied by its third 
part gives 864? 

2. What is the number of which the seventh and eighth 

parts being multiplied together and the product divided by 

2 
3 the quotient is 298;^? 

3. I take a certain number from 94. I then add the 
number to 94. 

I multiply the two results together, and the result is 8512. 
What is the number ? 

4. What are the numbers whose product is 750 and the 
quotient of one by the other 3^? 

5. The sum of the squares of two numbers is 13001, and 
the difference of the same squares is 1449, Find the numbers. 

• 

6. The product of two numbers, one of which is as much 
above 21 as the other is below 21, is 377. Pind the numbers. 

7. The half, the third, the fourth and the fifth parts of a 
certain number being multiplied together the product is 6750. 
Find the number. 

8. By what number must 11500 be divided, so that 
the quotient may be the same as the divisor, and the re- 
mainder 51 ? 

9. Find a number to which 20 being added, and from 
which 10 being subtracted, the square of the first result added 
to twice the square of the second result gives 17475. 

10. The sum of two numbers is 26, and the sum of their 
squares is 436. Find the numbers. 

11. The difference between two numbers is 17, and the 
sum of their squares is 325. What are the numbers ? 

12. What two numbers are they 'wTdlO^ y^o^\5J5^\.S& '^^ «ssSsw 
the Bum of whose squares is 514 % 

13' Divide 16 into two parts svi^^i >3s^"a3^ "^^^ ^"^""^ 
added to the sum of their squaxea may \>fe '^ft^- 

[8.A.] ^ 
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14. What number added to its square root gives as a 

result 1332 ] 

3 

15. What number exceeds its square root by 48j? 

16. What number exceeds its square root by 2550 ? 

17. The product of two numbers is 24, and their sum 
multiplied by their diflference is 20. Find the numbers. 

18. What two numbers are those whose sum multiplied 
by the greater is 204, and whose difference multiplied by the 
less is 35 ? 

19. What two numbers are those whose difference is 5 
and their sum multiplied by the greater 228 ? 

20. Find three consecutive numbers whose product is 
equal to 3 times the middle number. 

21. The difference between the squares of two consecutive 
numbers is 15. Find the numbers. 

22. The sum of the squares of two consecutive numbers is 
• 481. Find the numbers. 

23. The sum of the squares of three consecutive numbers 
is 365. Find the numbers. 

Note. If I buy x apples for y pence, 

- will represent the cost of an apple in pence. 

If I buy X sheep for % pounds, 

- will represent the cost of a sheep in pounds. 

Ex. A boy bought a number of oranges for 16c?. Had he 
bought 4 more for the same money, he would have paid 
one-third of a penny less for each orange. How many did 
he buy % 

Let X represent the number of oranges. 

If? 
Then — will represent the cost of an orange in pence. 

„ 16 16 1 

Hence -_=^^+ 

X a;+4 3 
or 16(3x + 12)=48a; + a2 + 4a5, 
or x!^-v4x=l^'i, 
-fiwm which, we find the valuea oi x \.o\>^ I'i at -\^. 
TherefoTQ h& bought 12 oranges. 
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24. I buy a number of Kandkercbiefs for £Z. Had I 
bought 3 more for the same money, tbey would have cost one 
shilling eacb less. How many did I buy ? 

25. A dealer bought a number of calves for X80. Had he 
bought 4 more for the same money, each calf would have cost 
£\ less. How many did he buy ? 

26. A man bought some pieces of cloth 'for ^£33. 15<., 
which he sold again for £% 8s. the piece, and gained as much 
as one piece cost l^m. What did he give for each piece ? 

27. A merchant bought some pieces of silk for £\%0, 
Had he bought 3 pieces more, he would have paid £3 less for 
each piece. How many did he buy ? 



28. For a journey of 108 miles 6 hours less would have 
sufficed had one gone 3 miles an hour fisister. How many 
miles an hour did one go % 

29. A grazier bought as many sheep as cost him £60. 
Out of these he kept 15, and selling the remainder for £b^, 
gained 2 shillings a head by them. How many sheep did 
he buy ? 

30. A cistern can be filled by two pipes running together 
in 2 hours, 55 minutes. The larger pipe by itself will fill it 
sooner than the smaller by 2 hours. What time will each 
pipe take separately to fill it 1 

31. The length of a rectangular field exceeds its breadth* 
by one yard, and the area contains ten thousand and one 
hundred square yards. Find the length of the sides. 

32. A certain number consists of two digits. The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268. Find the number. 

33. A ladder, whose foot rests in a given position, just 
reaches a window on one side of a street, and when tunie.<l 
about its foot, just reaches a window on^i^fe c/Ocvet ^y^^« '\S.*s^^ 
two positions of the ladder "be at ii^t wi^ea ^^^ ^-sv.^ ^"^"^ 

and the heights of the windows be ^6 aa^ "^ i^^\» t^'s^^^'^^' 
fnd the width of the street and thfe leu^^x ^i XX^^X^^^^^"*^- 
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34. Cloth, being wetted, Bbrinks up ^ in its length and 

o 

16 



Y« in its width. If the surface of a piece of cloth is di- 



g 

minished by 5^ square yards, and the length of the 4 sides 

by 4^ yards, what was the length and width of the cloth ? 

35. A certain number, less than 50, consists of two digits 
whose difference is 4. If the digits be inverted, the difference 
between the squares of the number thus formed and of the 
original number is ^960. Find the number. 

36. A plantation in rows consists of 10000 trees. If there 
had been 20 less rows, there would have been 25 more trees in 
a row. How many rows are there ? 

37. A colonel wished to form a solid square of his men. 
The first time he had 39 men over : the second time he in- 
creased the side of the square by one man, and then he found 
that he wanted 50 men to complete it. How many men were 
there in the regiment ? 



XXII. INDETERMINATE EQUATIONS. 

261. Whj n the number of unknown symbols exceeds that 
of the independent equations, the number of simultaneous 
values of the symbols will be indefinite. We propose to ex- 
plain in this Chapter how a certain number of these values 
may be found in the case of Simultaneous Equations involving 
two unknown quantities. 

Ex. To find the integral values of x and y which will 
satisfy the equation 

3a;+7y=10. 
Here 3a;=10-7y; 

1-v 

^ow ifx and y are integexs,^-^ mMat «;^ao^i^ «£iYDSfc%^T, 
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1— v 
Let — --^=m, then 1 -y=3m; 

.*. y=l — 3m, 

and a5=3-2y+m=3-2 + 6m+m=l + 7m; 

or the general solution of the equation in whole numbers is 

05= 1 + 7m and y = 1 — 3m, 

where m may be 0, 1, 2 or any integer, positive or 

negative. 

If m=0, 05= l,y= 1; 

if m=:l, 05= 8, y=-2; 

if m=2, 05=15, y= -5; 

and so on, £rom which it appears that the ojjIj podtwe inte- 
gral values of x and y which satisfy the equation are 1 and 1. 

262. It is next to be observed that it is desirable to divide 
both sides of the equation by the smaller of the two coefficients 
of the unknown symbols. 

Ex. To find integral solutions of the equation 

7a; + 5y=31. 

Here 5y=31-7a;; 

Let — r — =m, an integer. 

Then 1 — 2a5 = 5m, whence 2a5 = 1 - 5m ; - 

. 1-m g. 
.. x= —^ 2m. 

T J. 1 — m . ■ 

Let — ^— =71, an integer. 

Then 1 - m=27i, whence m= 1 - 2n. 

Hence a5=n-2m=n-2-f 4w=5n-2; 

y=6-a5+m=6 - 571+2 + l-2n=9-7». 

Now if n=0, a;=-2, y= 9; 

if 71=1, x= ^,11= ^\ 

if 71=2, «= B, -ysi-b*, 
and 80 on. 
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263. In how many ways can a person pay a bill of £13 
with croYms and guineas? 

Let X BsiiSS. y denote the number of crowns and guineas. 

Then 5a; + Sly =260; 

/. 6a;=260-21y; 



a;=52-4y-|. 



Let ^=m, an integer. 



Then y=6m, 

and aj=52-4y-m=52-21m. 

If m=0, a;=52, y= 0; 

m=l, 05=31, y= 5 
m=2, a;=10, y=10 
and higher values of m will give negative values of x 

Thus the number of ways is three. 

264. To find a number which when divided by 7 and 5 
will give remainders 2 and 3 respectively. 

Let X be the number. 

Then — ^ = an integer, suppose m ; 

and — ^=an integer, suppose n. 

Then x=7m+2 and a5=5n + 3; 

.-. 7m + 2=57i+3; 

2m- 1 



.'. 6n = 7m - 1, whence n = m + 



5 



Let — ^ — =1?, an integer. 

Then 2m = 5p + 1, whence m = 2p + -^ . 

Let 2-^— = J?, an integer. 
Then ^=^2q^-\ 

a;a7m+2a35q-l%. 
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Hence if 2=0, x= — 12 

if g=l,a;= 23 

if 2=2, «= 58 
and so on. 



EXAMPLKS.— XCiX. 

Find poBitive integral solutions of 

I. 5a; + Vy=29. 2. 7a5+19y=92. 

3. 13a; + 19y=1170. 4. 3jB+5y=26. 

5. 14a;-5t/=V. 6. llx + 15y=1031. 

7. lla; + Vy=308. 8. 4a;-19y=23. 

9. 20x-9t/=683. 10. 3x + Vy=383. 

II. 27a; + 42/ = 54. 12. Va; + 92^=653. 

13. Find two fractions with denominators 7 and 9 andv 
their sum ^;r. 

DO 

14. Find two proper fractions with denominators 11 and 

82 



13 and their difference 



143* 



1 5. In how many ways can a debt of £\, 9«. be paid in 
florins and half-crowns % 

16. In how many ways can j£20 be paid in half-guineas 
and half-crowns % 

17. What number divided by 5 gives a remainder 2 and 
by 9 a remainder 3 ? 

18. In how many different ways may £11. 15«, be paid in 
gidneas and crowns ? 

19. In how many different ways may £4. 11«, 6<i« \^ ^^smS^ 
with half-guineas and half-cxowna \ 

20. Shew that 323a -527^=1000 ca.xm.o\. "^ ^a2Gv&^^^ 
integral values of x and y. 
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21. A fjEurmer buys oxen, sheep, and hens. The whole 
number bought was 100, and the whole price £100. If the 
oxen cost ;£5, the sheep £1, and the hens 1«. each, how many 
of each had he ? Of how many solutions does this Problem 
admit? 

22. A owes 5 4«. lOd; if A has only sixpences in his 
pocket and B only fourpenny pieces, how can they best settle 
the matter ? 

23. A person has £1% 48. in half-crowns, florins, and shil- 
lings ; the number of half-croYms and florins together is four 
times the number of shillings, and the number of coins is the 
greatest possible. Find the number of coins of each kind. 

24. In how many ways can the sum of £h be paid in 
exactly 50 coins, consisting of half-crowns, florins, and fouiv 
penny pieces ? 

25. A owes B a shilling. A has only sovereigns, and B has 
only dollars worth 4a. 3(2. each. How can A most easily pay B'i 

26. Divide 25 into two parts such that one of them is 
divisible by 2 and the other by 3. 

27. In how many ways can I pay a debt of £% 9«. with 
crowns and florins ? 

28. Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11. 

29. The sum of two numbers is 100. The first divided by 
5 gives 2 as a remainder, and if we divide the second by 7 |ihe 
remainder is 4. Find the numbers. 

30. Find a number less than 400 which is a multiple of 7, 
and which when divided by 2, 3, 4, 5, 6, gives as a remainder 
in each case 1. 
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265. The number placed over a s3nnbol to express the 
power of the symbol is called the Index. 

Up to this point our indices have in all cases been Positiye 
Whole Numbers. 

We have now to treat of Fractional and Negative indices ; 
and to put this part of the subject in a clearer light, we shaU 
commence from the elementary principles laid down in Arts. 
45, 46. 

266. FirsD, we must carefully observe the following results : 

For a^ xa^==a. a, a. a. a=^a^^ 

and (aFf=^a^,a^=ia.a,a,a.a,a=a^, 

I 

These are examples of the Two Rules which govern all 
combinations of Indices* The general proof of these Rules we 
shall now proceed to give. 

267. Def. When m is a positive integer, 

a"* means a, a, a with a written m times as a factor. 

268. There are two rules for the combination of indices. 

Rule I. a'^xa''=a''^. 
Rule II. (a")"=a"". 

269. Tojprove Rule I. 

a"*=a. a.a to m\»«XoT»> 

a*=a.. a.a to niafiXo»« 
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Therefore 

a^y.(j^={p,,a,a torn factors) x (a. a. a tow factors) 

=a.a.a to (m+rt) factors, 

=a"'^, by the Definition. 

To prow EuLB IL 
(a»)»=a* ,ar ,ar to n factors, 

={a,a.a to m £Ekctor8)(a.a.it... to m factors) ... 

repeated n times, 

=a,a,a to mn factors, 

=a"*, by the Definition. 

270. We have dedaced immediately from the Definition 
that when m and n are positive integers a* x a*=ar^. When 
m and n are not positive integers, the Definition has no mean- 
ing. We therefore extend the Definition by saying that a" and 
a*, whatever m and n may be, shall be such that a* x a*=a"'^, 
and we shall now proceed to shew what meanings we assign to 
a**, in consequence of this definition, in the following cases. 

I. 

271. Case I. To find ike meaning of a', p and q being 

positive integers, 

a^xO'^a'' ', 

a'xa'xa'=a^ ^xa^^a** « »; 
and by continuing this process, 

a^xa^ X to 2 factors = a« « » 

But by the nature of the symbol Jtf 

l^aFx ^oFx to g factors =a^; 

J? g - ,— — 

/. a'xa'x to g factoTB= yaf x ya? x ...\/5i q^WxKssss^^ 

t ._ 
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272. Case II. To find the meaning of a"', 8 being a post' 
tive ntmber, whole or fractionaL 



We must first find the 


meaning of a®. 


We have 


a*xaO=a*+o 




=«•; 




.*. aO=l. 


Now 


a'xa'''=a*~* 




=aO 




=1; 




a* 



273. Thus the interpretation of a* has been deduced from 
Rule I. It remains to be proved that this interpretation 
agrees with Rule II. This we shall do by shewing that Rule 
II. follows from Rule I., whatever m and n may be. 

274. To shew that (a*)"=a*"/(w all values ofm and n. 

(1) Let n be a positive integer : then, whatever m may be, 

(a*)"=a* .a"* ,a^ to n factors 

(2) Let n be a positive fraction, and equal to -, p and q 
being positive integers ; then, whatever be the value of m, 

(a*)' X (a*)' X to g factors =(a'")« » 

={ary 

=»•», by (1). 
But a' xa* X to 2 factors =a« ' 

tbath, (pry^ijsr. 
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(3) Let 71= — «, « being a positive number, whole or frac- 
tional : then, whatever m may be, 

=-5;, by (1) and (2) of this Article ; 
ft 

that is, (a*)"= ^ 



ft^^ 

=a"*. 

275. We shall now give some examples of the mode in 
which the Theorems established in the preceding articles are 
applied to particular cases. We shall commence with exam- 
ples of the combination of the indices of two single terms. 

276. Since af* x of = iC*^, 

(1) a^xaf- «=af**-«=af. 

(2) 3^X05 = 35°+^ 

(4) ft*"*, 6""' X ft""*. 6"^. c 

= 1.1. c 
=c. 

277. Since (af)»=af«, 

(1) (a*)3=a;«>«3=a;i«. 

(2) (a:*)*=a;*''i=x«. 

(3) (ft*)*=ft*''i=aa". 

57a Since aJ»= 4/j^ 
(1) «*=V^. 
(2) x^^ifi^. 
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Note. When Examples are given of actual numbers raised 
to fractional powers, they may often be put in a form more fit 
for easy solution, thus : 

(1) 144^=(144*)3=:(V144)8=128=1728. 

(2) 125^ = (125^)2 = ( 4^125)2 = 52 = 25. 

279. Since (af)»=ar', 

(1) j(ar)"['=(ar")'=x""'. 

(2) ) (a-*)— (' = (a—) " = a""'. 

(3) K«"*)"t'=(a5-")'=«-"-'. 

280. Since «-"=—, 

we may replace an expression raised to a negative power by 
the reciprocal (Art. 199) of the expression raised to the same 
positive power : thus 

(1) a-i=i (2) a-»=-L. (3) a-^=\. 

EXAMPLKS.— C, 

(1) Express with fractional indices : 

(2) Express with negative indices so as to remove all powers 
from the denominators : 

1 ^ Z A _^4.^ A 

' X x^ nc^ x^' ^' 4yV *jys^ y^^r 

a^ 3a; ^ xy 1 ^ g 

(3) ExpreBB with negative indicea bo «j&\jo T«iaaN'^ ^^ V^"^"^ 
&vm the nuiueiators : 
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1 a; jb8 (B* 4a2&2 ^^ y^ 



(4) Express with root-symbols and positive indices : 

1 2 fl5~2 a;"* a"* 

281. Since 05" -^ 05" =--=af*, a"" =«""», 
(1) a;8-^a;3=a8-8=Jg6, 
* (2) a;3-^a;8=:iBS-8=a;-6=^, 

(3) a5"-r-af*~"=af^"^'=af*~*'+"=a;*. 

(4) a»-^a*^=aMH^)==a^-^-<=:a-*=— . 

a' 

(5) a^ -^ X* = 05^"* = 05* 

(6) a;^-^»^=a;^"^=a^"^=x"^=a;"i="~J. 



JB' 



282. Ex. Midtiply c^-a^+ar-l hy a'+ 1. 

a'+l 






a*--l 

EXAMPLKS.— Ci. 

Multiply 
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4. a'» + 6" + (f by a'"-6"+c'. 

5. a'" + 6*-2(f by 2a*-6 + c». 

6. a;"»»— » _ ^ "by aj» + ^"•-", 

8. a'^-6''' + c'byaP-'+J^-'*+ci-'. 

9. Form the square of o^ + a;'' + 1. 
10. Form the square of a?' — af + 1. 

283. Ex. Divide x^-\hj7f~\. 



of- 


'1)X^- 


-l(a:*+ai^+af + l 




0^- 


'0^ 










x^- 


-1 








a;«*. 


-iC*' 








a:*'- 


-1 








0?'- 


-of 

of-l 
of-l 



EXAMPLKS.— Cii. 

Divide 

1. ic*"— i^by af-y"*. 3, aJ*" - 1/**" by af - y^. 

2. a;*»+2/*'bya;» + y. 4. a«* + 6^®» by a=^ + 6^. 

5. a:"- 243 by a^- 3. 

6. a*" + 4a*"a;** + 16a;**bya«*+2a"af + 4a^. 

7. 9a;' + 3a;^+ 143^" + 2 by 1 + 5a5P+ai^. 

8. 146*~c'" - 136**c*" - 56** + 46**c*» by 6*" + 6~c** - 262"*c*. 

9. Find the square root of 

10. Find the square root oi 

a^+lr^+ (^ + 2a'*b* -v^a'^cf ■v'ilf^'- 
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Fractional Indices, 

284. Ex. MuUiplya^-ah^ + h^bya^-hhk 

a^-ah^ + h^ 

a -a^h^ + a^h^ 

-^ah^-ah^+b 
a +b 

Examples.— ciii. 

Multiply 

1. x^ — 2x^+ 1 by a* - 1. 

2. y* + y2+y* + iby^-l. 
3* a* - x^ by a^ + a^x^ + x*, 

4. a^+ft^+c^-aifti-a^c^-jMbyai + ft^+ci. 

5. 5x* + 2x2y4 4.3aiyi + 7yf by 2a*-3y*. 

6. m^ + m%^ + rn^n^ + m*n* + n^ by m^ - n* 

7. m* - Sd^m^ + 4(i^ by m^ + Si^m^ + 4 A 

8. 8a^ + 4ah^ + 5ah^ + 96^ by 2a^ - 36*. 

Form the square of each of the following expressions : 
p. x^+a^, 10. a* -a* II. x*+y°. 
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285. Ex. BwvdA a-6 6y i]a- f/b. 

Putting a* for i/a, and &* for Jf/h, we proceed thus : 

a - a*6* 



ahi-b 

ahi-b 

EXAMPLES.— Civ. 
Divide 

1. x-yhjx^-yX 7. a;~81y by aj*-3y*. 

2. a-ftbya^+t^. 8. 81a - 166 by 3a* - 26*. 

3. x-yhyx^-y^. 9. a-a by a;*+a* 

4. a+6bya*+6». 10. w-243 by m*-3. 

5. x+yhyx^-hy^. 11. a + 17a;* + 70 by a* +7. 

6. f»-« by m*-n*. 12. «* +«* - 12 by «»- 3. 

13. 6*-36*+36-6*by6*-l. 

14. a+y+a-3a;»y*»*bya;*+y*+»* 

15. aj-5a;8-46x*-40bya;*+4* 

16. t»+m2n*+nby f»*-m*n*+w*. 

17. 2>-4p*+6p*-^+lby2)2-2p*+l. 

/^^ iP-f y by a?*— a5«y* +xty* — x^'y* +'y* . 



2V> THE THEORY OF INDICES. 

Negati/oe Indices, 
286. Ex. MuUivphf ar»+arV-i+ar^2+y-' by ar^^if^. 

or* + x'-hf^ + ar V^ + orhf-^ 



EXAMPLKS.— CV. 
Multiply 

3. a:8+a.4.g5ri^.jc-3|jy.a5_api^ 4^ a^-l+oj-^by ic^^X + x-^, 
5. a-^ + h-^hja-^-h'^. 6. flpi -- J-i + c"! by a-i + 6-* + c->. 

8. a26-2 + 2+(i-26«bya26-2-2-a-262. 

9. 4af8+3ar2+2x-i + lbyar2-a;-i + l. 

10. |a;-2+3a;-i-|by2ar2-a;-i-i 

287. Ex. J)mi«a2+l+.aJ-*6ya;-l.+a;-i. 
x-l-hx-'^)si^+l+xr^(x + l+x'^ 
a^-sc+l 



-r^ 



aj+oj"*- 
sB-l+ari 

l-ari+a;-a 
l-a;"i+a;"' 



Note. The order of the powers of a is 

a', a*, a^, a®, a""^, a"^, a-3. 

a ^1765 which may be written t\ms 
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r 

EXAMPLES.— CVi. 

Divide 
I. a^-a;~2by a5+a;~^ 2. a*-6"*by a— 6"^. 

3. m^-\-'nr^\)j m+trK 4. c^ - (Z~* "by c - d~^ 

5. a^-^+a + a-Vbyaar^ + as-Y 

6. a-* + a-26-2^5-4bya-a-a-i6-i+6-«. 

7. {B^-5-arV-3a52^^ + 3ar^by asy-i-ar^ 

by.Y--«"'+3. 

9. a36--8+a-363bya6-i+a-i6. * . i 

10. a-3+6-3+c-3-3a-i6-Vibya-i + 6-H<r-^ 

288. To shew that (06)"= a*. 6". 

(a6)» = a5 , a6 . aft. . .to w factors 

==(a.a.a...to n factors) x (6. &.&... to n factors) 
=a".6*. . 

We shall now give a series of Eslamplei^ to introduce the 
various . forms of combination of indicej9 explained in this 
Chapter. 

Examples. — cvU. 

1 . Divide x^ - 4a«( + 4o^y + 4y^ by o^ + 2a;% * + 2y. 

2. Simplify ) (0« . {^^ f^. 5. Simplify («»« . a«^)^S 






a 
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5. Miatiply|ar2+4ari-|by3ar2-2ari-|. 

6. Simplify °^'^'^ 7. Divide o^ - 1^ by af +2r. 

8. Multiply (ai + ftV ^7 »*-&*. 

9. Divide a-hhj i/a- f/b, 10. Prove that (»*)*= (a*)*. 

1. If «**= (a*)", find T» in teims of n, 

« 

2. Simplify {«•+•+•. aj*^*^.a!*^+*. 05*+'*^. 

3. SiMplify(^)%(^)'-*. 14. Dmde4«-by^. 

5. Simplify [l(a-)-|']-[i(a-)-|-'l. 

6. Multiply o- + 6» - 2e" by 2a" - 36. 

7. Multiply o'''~"6*^ by o''~"5»~"c. 

8. Shew that --±^4^=^^,. 

»+* a*+6* 

9. Multiply «'+«* + 1 bya*— a5» + l 

and their product by set - «' + 1. 

20. Multiply a* - 6a*~^ a; + ca*^a^ by a* + 6a*~^ « - ca^-V. 

21. Divide a*<^«-y*<^« by af<«-w+^« 

22. Simplify {(a-)^-}-^!. 

23. Multiply a^+a;*^ +af'y*'+y* by af-y'. 

24* Write down the values of 625^ and 12~^. 
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289. All numbers which we cannot exactly determine^ 
because they are not multiples of a Pzimary or Subordinate 
Unit, are called Surds. 

290. We shall confine our attention to those Surds which 
originate in the Extraction of roots where the results cannot 
be exhibited as whole or fractional numbers. 

For example, if we perform the operation of extra<;ting the 
square root of 2, we obtain 1*4142..., and though we may 
carry on the process to any required extent, we shall never be 
able to stop at any particular point and to say that we have 
found the exact number which is equivalent to the Square 
Root of 2. 

291. We can approximate to the real value of a surd by 
finding two numbers between which it lies, differing from each 
other by a fraction as small as we please. 



Thus, since V2 = 1-4142 

V2 lies between j^ and :r^, which differ by j^ ; 

also between ^tttt and tt^, which differ by ^t^ ; 
100 100* "^ 100* 

also between ^ and ^, which differ by ^. 

And, generally, if we find the eqjiax^ twA. ^A ^ \si "tv. ^sJ^s^r*^ 
of decimals, we shall find two nuin\>eTft\»\w^«t^^^sks2a. >p.i>^^sis^ 



differing from' each other by the iiaction t^* 
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292. Next, we can always find a ficaction differing from the 
real value of a surd by less than any assigned quantity. 

For example, suppose it required to find a fraction differ- 
ing from ^2 by less than ^5. 

Now 2(12)2, that is 288, lies between (16)2 and (17)*, 
;. 2 lies between (j^f and f ^o ) 5 

.•. V2 lies between j^ and j^ » 

/. aJ2 differs from r^ by less than ^, 

293. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three assertions 
respecting them. 

(1) Surds may be compared so far as asserting that one is 
greater or less than another. Thus fjZ is clearly greater than 

V2, and ^9 is greater than 4^8. 

(2) Surds may be multiples of other surds : thus 2 ,J2 is 
th.e double of n/% 

(3) Surds, when multiplied together, may produce as a 
result a whole or fractional number : thus 

V2x^/'2=2, 
*k */3 •/3 3 

294. The symbols ^a, i/a, i/a, J^a, in cases where the 
second, third,, fourth, and n^ roots respectively of a cannot be 
exhibited as whole or fractional numbers, will represent surds 
of the second, third, fourth, and n* order. 

These symbols we may, in acciotdasifi^ m^JJcL >iJ[i^ y^^'^^^'^ 
Kaic? down in Chapter XXIIL, TepVac^M <^,<^\<^>«^- 
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295. Surds of the same order are those for which the root- 
aymbol or surd-index is the same. 



Thus ^a, 3 V(36), 4 /J{mn), r* are surds of the same order. 

Like surds are those in which the same root-symbol or surd- 
index appears over the same quantity. 

Thus 2 ^a, 3 ^a, 4a^ are like surds. 

296. A whole or fractional number may be expressed in 
the form of a surd, by raising the number to the power denoted 
by l^e order of the surd, and placing the result under the 
symbol of evolution that corresponds to the suzd-index. 

Thus a= /Ja\ 






297. Surds of different orders may be transformed into surds 
of the same order by reducing the surd-indices to fractions 
with the same denominator. 

Thus we may transform f/x and i/y into surds of the same 
order, for 

and i/y='i^=y^=,^i/f^ 

and thus both surds are transformed into surds of the twelfth 
order. 

EXAMPLKS.— cviii. 

Transform into Surds of the same order : 
I. VaJ aiid i/y- 2. if 4 and 4/2. 3. ^(18) and 4/(50). 
4. y2 and 4/2. 5. ^a and 4^6. 6. 4/(a+6) and V(a-6). 

298. If a whole or fractional number be multiplied into a 
surd, the product will be represented by placing the multipli^ 
and the multiplicand side by side with no sign, or with a*dot 
(.) between them. 

Thus the product of 3 and ^^ la Te^g(ieefcT^'^\y3 "^ A*^-* 

of 4 and 6 ^/2 .**.>si *^^ •i'^' 

,.• o^ a and ,s/o ..--•• ^^ "*• '^''' 
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299. Like surds may be combined by the oidinary pro- 
cesses of addition and subtraction, that is, by adding the 
coefficients of the surd and placing the result as a coefficient 
of the surd. 

Thus V<*+ V<*=2 V<»> 

6V&-3>v/fr=2V&, 

300. We now proceed to prove a Theorem of great im- 
portance, which may be thus stated. 

Tkt root of any eocpression is the aa/me as the product of the 
roots qf ihe sepa/rate factors of the eaypression, that is 

^J{ah)^ /Ja, ^h, 

We have in fact to shew from the Theory of Indices that 

111 

(a6)"=a".6". 

1 * 

Now {(a6)"("=(a6)"=a5, 

11 11 5 5. 

and ja". 6" }"=(»")". (6*)"=a". 6»=a .6; 

1 11 

.*. j(a6)" }"={»". 6" j"; 

111 

/. (a6)"=a".6". 

301. We can sometimes reduce an expression in the form 
of a surd to an equivalent expression with a whole or frac- 
tional number as one factor. 

TbuB V(72)=^ V(36 X 2)« ,J(^^) . J2=6 ^/2, 

^(128) = 4^(64 X 2) = ii{^ . 51^- A. y ^v 
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Examples.— cix. 

Beduce to equivalent expressions with a whole or fractional 
number as one factor : 

I. V(24). 2. V(50). 3. VC'^'). 

4. V(125a*(i3). 5. V(32i/2r^. 6. V(lOOOa). 

7. V(720O. 8. 7.V(396x) 9. ^sj(^). 

y. II. ^^(a^ + 2a2a;+aa;2). 



10. 



12. ^J{a?-^a?y'^xy^. 13. V(50a2 - lOOaft + SOJ^). 

14. V(63c*y-42cV + Vl/S). 15. 4^(54a«62). 

16. 4^(16ac*y7). 17. >i^(108m%io). 

18. 4^(1372ai«6i«). 19. 4^(a^+3ic?y + 3xV + a^) 

20. >y(a*-3a86 + 3a26S-a63). 

302. An expression contaimng two factors, one a surd, the 
other a whole or fractional number, as 3^2, cbUx^ may be 
transformed into a complete surd. 

Thus 3 V2 = (33)i. V2 = V9 . V2 = V(18), 

a i/x^{a?)^. t/x^ ifa\ 4^aj= ^(ahi). 

EXAMPLKS.— CX- 

Eeduce to complete Surds : 
I. 4V3. 2. Zs/7. 3. 6^9. 

4. 24^6. 5. 3W? 6. 3V«. 

7. 4aV(3x). 8. ^ax^(^). 

9. (m+n).^(^). 10, ^a^\>^V;^-:^^ 

U+y/ Va;2-2xy + 'i/V 
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303. Surds may be compa/red by transforming them into 
surds of tbe same order. Thus if it be required to determine 
whether J2 be greater or less than ^^3, we proceed thus ; 

4^3=3*=3*= 4^32= 4^9. 
And since H^ is greater than >y8, 
4^3 is greater than ^[2, 

Examples.— cxi. 

Arrange in order of magnitude the following Suids : 

1. V3 and 4^4. 6. 2 tjQl and 3 V33. 

2. VIO and 4^15. 7. 2 4^22, 3 4^7 and 4 V2. 

3. 2V3and3V2. 8. 3 ^19, 5 4^18 and 3 4^82. 

4. >J|a^^J(j|)- 9. 24^14, 54^2 and 34^3.. 

5. 3 V7 and 4^3. 10. | V2, | V3 and ^ V4. 

304. The following are examples in the application of the 
rules of Addition, Subtraction, Multiplication, and Division to 
Surds of the same order. 

1. Find the sum of V18, ^128, and V32. 

V(18) + V(128) + V(32) = V(9 X 2) + V(64 x 2) + V(16 x 2) 

= 3V2 + 8V2 + 4V2 
= 15V2. 

2. From 3 V(75) take 4 V(12). 

3V(75)-4V(12) = 3V(25x3)-4V(4x3) 

=^.5.^/^-4.a. V3 

=15 J^ -ft 4^ 
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Multiply V8 by V(12). 

V8x V(12)-V(8xl2) 
= V(96) 
» V(16 X 6) 



4. Divide ^/32 by V18. 



V(32) V(16x2) _4V2^4 
^(18)"" V(»x2) 3^2 3' 



^19 



EXAMPLES.— CXii. 

Simplify 

1. V(27)+2V(48) + 3V(108). 

2. 3 V(IOOO) + 4 V(50) + 12 V(288). 

4. 4^(128) + 4^(686) + >y(16). 

5. 7 4^(54) +3 4^(16) +^(432). 

6. VW-V(54). 

7. V(243) - V(48). 

8. 12V(72)-3V(128). 

9. 5 4^(16) -2 4^(54). 
10. 7>y(81)-3 4^(1029). 



1. V6 X V8. 

2. V(14) X V(20). 

3. V(50) X V(200). 

4. y(3a26) X 4^(9a62). 

5. 4^(12a6) X >J^(8a263). 

6. V(12)-^V3. 

7. ^(18) -5-^(50). 

8. i/(a%)-T- if(ab^). 



:9. 4^(a36)-^ 4^(a&^. 
20. V(a^+ic^)-^ V(» + 2x2i/+a^2). 

305. We now proceed to treat of tbe Multiplication of 
Compound Surds, an operation which will be frequently re- 
quired in a later part of the subject. 

The Student must bear in mind the two following Eules : 
Rule !• ^fax V&= V(a6), 
Rule I L Vax Va=a, 
wblcb will he true fox all vaLuiea oi a waSL^. 
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EXAMPLES.— cxiii. 

Multiply 

1. /Jxhj^y. 9. fjxhy-^x, 

2. »J{x-y) hj^y, 10. ^{x-l) by - >J{x-l). 

3. Aj(x-¥y)hj/J{x+y). 11. Z^x\>j -AJx. 

5. e^xhyZ/Jx. 13. V(« - 7) by - VaJ. 

6. 7V(a;+l)by8V(«+l). 14. -2V(a; + 7)by-3Va;. 

7. 10V«by9V(aJ-l). I5- - 4 VC^^ - 1) by - 2 VC^^ - 1). 

8. V(3aj) by V(4a;). 16. 2 V(a*-2a+3) by -3 V(a^-2(i+3). 

306. The following Examples will illustrate the way of 
proceeding in forming tbe products of Qompound Surds. 

Ex. 1. TomultiplyVa;+3byVaJ + 2. 

V» + 3 
Va;+2 

x+Zj^x 
+ 2V«+6 

. 2. Tomultiply 4A/a; + 3Vl/by 4Vsc-3Vy« 

4^x + 3^y 
As[x-Zjy 

16a;M2V(«y) 
-12V(an/)-9y 

16aj-9y 



* Ex. 3. To form the square of V(«-7) - kjx. 

sf{x-7)-^x 



2«-7-aN/(??-1x^ ^ 
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Examples.— cxlv. 

Multiply 
I. V^ + 7byA/fl;+2. 2. sl^-h'bjJr.-^Z. 

3. V(a+9) + 3byV(a + 9)~3. 

4. ^(a-4)-7byV(«-4) + 7. 

5. 3V«-7byVaJ+4. 

6. 2V(a;-5)+4by3V(a;-5)-6. 

7. V(6 +05) + V« by V(6 +05) - Va?. 

8. V(3»+l)+ V(2a;-l)byV3x- V(2«-l)- 

9. V»+ ^(a-x) by a/x- /J{a-x). 

10. V(3+a5)+ V«byV(3 + a;). 

11. aJx-^ ^y+ tjzhj^x- ,Jy+ mJss. 

12. V<»+ V(»-*)+ V^ hj/Ja- Aj(a-'X)+ tjx, 

Fonn the squares of the following expressions : 

13. 21+V(a^-9). 17. 2Va-3. 

14. V(aJ + 3)+ V(«+8)- 18. *J{x-^y)- ^/{x-y). 

15. VaJ+ V(aJ-4). 19. Vx.A/(aJ+l)- V(«-l). 

1 6. V(^ - 6) + V«. 20. fJix+^-i- ^x, jj{x - 1). 

307. We may now extend the Theorem explained in 
Art. 101. We there shewed how to resolve expressions of 
the form 

into factors, restricting our observations to the case of perfect 
sgua/res. 

The Theorem extends to the difference between <my two 
quantities. 

Thus 

a^-y=(x+ Jil) (jft- J-^jV 
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308. Hence we can always find a multiplier which will 
free from surds an expression of any of the/(mr forms 

I. a+ Ajh or 2. sla+ tjhj 
3. a—tjh or 4. /Ja— jijh. 

For since the first and third of these expressions give 
as a product a^ — h, which is free from surds, and since the 
second and fovrth give as a product a - 6, which is free from 
surds, it follows that the required multiplier may be in all 
cases found. 

Ex. 1. To find the multiplier which will free from surds 
each of the following expressions : 

I. 6+V3. 2. V6+V5. 3. 2-V5. 4. \^~V2. 

The multipliers will be 
I. 5-V3. 2. jJ6- jJ6. 3. 2+ V6. 4- \^+ >/2. 

The products will be 
I. 25-3. 2. 6-5. 3. 4-6. 4. 7-2. 

That is, 22, 1, - 1, and 5. 

Ex. 2. To reduce the fraction t_ # to an equivalent 

fraction with a denominator free from surds. 

Multiply both terms of the fraction by 6+ ,Jc, and it be- 
comes 

62-c ' 
which is in the required form. 

EXAMPLES.— CXV. 

Express in factors : 

I. c—d, 2. c^-c?. 3, c-d*. ; 

4. l-p. 5. l-3x*. 6. 5m2-l. 

7. 4a^-2x. 8. 9-81W 9* \\u^-\'5». 
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Eeduce the following fractions to equivalent fractions with 
denominators free from surds. 

'^- 2-V2* '7* 2^V3' 2+V2- 

TO VfLtV^ ,, V(m « + 1)-V ( m2-1 ) 

^°* 1-VaJ* ^* a-V(a'-l)* 

V(a + a:)- /jla-x)' a- slla^-x^)' 

309. The squares of all numbers, negative as well as posi- 
tive, are ^positive. 

Since there is no assignable number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form V( "* <>^ represents an impossible 
quantity. 

310. All impossible square roots may be reduced to one 
common form, thus 

V(-a^=Vi«*x(~l)}=V«^V(~l)=«.V(-l) 

Where, since a and V* are possible numbers, the whole 
impossibility of the expressions! is reduced to thd appearance of 
V( - 1) as a factor. 

311. Dep. By V( - 1) we understand an expression which 
when multiplied by itself produces -^1. 

Therefore * 

w(-i)i'=-i, 

and BO on. 
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EXAMPLKS. — CXVi, 

Multiply 

1. 4+ V(-3)by4-V(-3). 

2. V3-2V(-2)by V3 + 2 V(-2). 

3. 4V(-2)-2V2bylv(-2)-3V2. 

4. V(-2)+V(-3)+V(-4)byV(-2)-V(-3)-V(-4). 

5. 3V(-a)+V(-&)by4V(-a)-2V(-6). 

6. a+ V(-a)by a- V(-a)« 

7. aV(-a) + &V(-*)byaV(-a)-6V(-&)' 

8. a+j8V(-l)byo-j8V(-l). 

9. 1- V(l-e^byl+V(l-«^). 

10. fl^(-« + «-''^<-«by^<-*>~r-*^«-« 

312. We shall now give a few Miscellaneous Examples to 
illustiate the principles explained in this Chapter. 



EXAMPLKS.— CXVii. 

1. Simplify ^^3-^-^^^, 

2. ProTethatH+ V(-I)t*+{1- V(-1)}*=0. 

4. Prove that jl+V(-l)l*-|l-V(-l)l'=V(-16). 

5. Divide sc* + a* by x* + fJ^OLX + aK 

6. Divide m* + n* by m* — V2f»ti + n*. 

7. Simplify V(«'+2a;*y+a5y«)+ V(«'-2a^+«y^. 
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9. Find the square of Oi/Ar^ - s[{cd)» 

10. Find the square of av^ — -^ 

11. Simplify 

V(«2+a^- V(«^-a2)+ ^(jg2+a2)+ ^{a^-a^y 

12. Simplify jVll+2}^ 

14. Form the square of W (| + 3) - W (| - 3). 

15. Form the square of ,J(x + a) - aJ(x - a). 

16. Multiply l^ia^^V^^d*) by y(a-6*-»(r-*). 

17. Eaise to the 5* power - 1 - a V( - !)• 

1 8. Simplify ^(81) - 4^( _ 512) + if {192). 

19. Simplify ^-^y( ^^ ). 

20. Simplify -A7J]v^(3pV-63p2xa+44l2>2!B- 1029^ 
Simplify 2(» - 1)^( - ^-j-^-jL-^-^). 

22. Simplify 2(n - 1) V(63) + g V(H2) - ^^^^^ 

23. What is the difference between 



21. 



[8.A.] 
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313. We have now to treat of the method of finding the 
Square Boot of a Binomial Suid^ that is, of an expression of 
one of the following forms : 

Wi + ttjtiy Tin — njvij 

where m stands for a whole or fractional number, and ^Jn for 
a surd of the second, order. 

314. We have first to prove two Theorems. 

Theorem I. If Mjas=m-^ /Jn, m mvst be zero. 

Squaring both sides, 

a=m^ + 2m V*^ + w ; 

, a—m^-n 

•■• ^"^ — sur- ' 

that is, fjn, a surd, is equal to a whole or fractional number, 
which is impossible. 

Hence the assumed equality can never hold unless m=0, in 
which case /Ja= aJu. 

Theorem II. Ifh+ Va=m+ ^n, then mmst h^m^ and 

For, if not, let 6 = m + x. 

Then m+x+ /Ja=m+ v'w, 

or x+ v<*= V^; 

which, by Theorem I., is impossible unless a;=0, in which case 
6=m and V<*= V^* 

315. To find the Squwre Boot ofa-\- ijh. 

Assume V(<*+ V^)= ^35+ ,Jy, 

Then a-\- /Jh=x + 2^(xy)+y; 

.-. x+i|=a (1), 

2 ^{xy)= ^ •^\ 

■fivm which we liave to find x and 'g. 
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Now from (1) ^ + 2aw^ + y^ = a^ 

and from (2) 4sct/ = h ; 

Also, a;+y=a. 

Prom these equations we find 

Similarly we may show that 

316. The practical use of this method will be more clearly 
seen from the following example. 

Find the Square Root of 18 + 2^(77). 

Assume is/ j 18 + 2 V(77) j = V« + Vy- 

Then 18 + 2 V(77)=« + 2 V(a5y) + 2^; 





/. a;+y=18 \ 
■ 2V(a^)=2V(77)r 


Hence 


a;24.2an/ + y2=324) 
4an/=308r 




.-. iB2-2ajy+y2=:i6. 




/. a;-2/=±4; 


also, 


x+i/=18. 


Hence 


a?=ll or 7, and -y^^ ox W. 



Th&t is, the square root rec^nired is n/O-^"^ ^ *^^ 
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EXAMPLES.— CXVlll. 
Find the square roots of the following Binomial Surds : 

I. 10 + 2^(21). 2. 16 + 2^(55). 3. 9-2^(14). 

4. 94-42V5. 5. 13-2^(30). 6. 38-12^(10). 

7. 14-4V6. 8. 103-12^(11). 9- 75-12^(21). 

10. 87-12^(42). II. 3|-V(10). 12. 57-12^(15). • 

317. It is often easy to determine the square roots of 
expressions such as those given in the preceding set of 
Examples &t^ msptcXion. 

Take for instance the expression 18 + 2 /J{77)> 

What we want is to find two numbers whose sum is 18 and 
whose product is 77 : tnese are evidently 11 and 7. 

Then 18+2 V(77)= 11 + 7 + 2^(11 x 7) 

= }V(11)+V7(^. 
That is V(ll)+ V7 is the square root of 18+2^(77). 

To effect this resolution by inspection it is necessary that the 
coeffidevU of the vwrd should he 2y and this we can always ensure. 

For example, if the proposed expression be 4+ V(15)> we 
proceed thus : 

4+ ^(15)=?±?V(15) 5 + 3 + 2 V(5x 3) 

_/ V5+V3 y. 

~\ V2 /' 

/. — — -j^— is the square root of 4+ V(15). 

Again, to find the Square Boot of 28 - 10 ^3. 
28-10 V3 = 28-2V(75) 

/. 5- V3 istlie Bqaatexoolxec^^ 



XXV. ON EQUATIONS INVOLVING SURDS. 

318. Any equation may be cleared of a sirigle Bord, by 
transposing all the other terms to the contrary side of the 
equation^ and then raising each side to the power correspond- 
ing to the order of the surd. 

The process wiU be explained by the following Examples. 

Ex. 1. V«=4. 

Eaising both sides to the second power, 

a;=16. 

Ex. 2. i/x=Z. 

Raising both sides to the third power, 

Ex. 3. V(a^ + 7)-a;=l. 

Transposing the second term, 

^(a:a + 7)=l+x. 

Baising both sides to the second power, 

/. a;=3. 

EXAMPLKS.— CXiX. 

I. ijx=*7. 2. fJx—9, 3. x^—6. 

4. >y«=2. 5. a* =3. e>, ax«^. 
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13. 4^(2« + 3) + 4=7. 17. V(4a;^ + 5a;-2)=2a + l. 

14. 6+cV«=«* 18. V(9a^-12aj-61) + 3=3a;. 

15. V(^*-9)+3^=9- 19* 'J{Qi?-aai-¥'b)-a=x, 

16. V(3!*-ll)=*-l- 20. V(25x2-3ma;+n)-5a;==m. 

319. When two surds are involved in an equation, one at 
least may be made to disappear by disposing the terms in 
such a way^ that one of the surds stands by itself on one side 
of the equation, and then raising each side to the power cor- 
responding to the order of the surd. If a surd be still left, it 
can be made to stand by itself, and removed by raising each 
side to a certain power. 

Ex. 1. V(x-16)+ V«=8. 

Transposing the second term, we get 

V(«-16)=8- ^x. 

Then, squaring both sides (Art. 306), 

a;-16=64-16V«+aj; 
therefore 16V«=64+16, 

or 16V«=80, 

or fjx=6; 

:. a;=26. 

Ex. 2. V(a;-6)+ V(a;+7)=6. 

Transposing the second term, 

V(a;-5)=6- V(aJ+'7). 

Squaring both sides, oj - 6— 36 - 12 mJ(x+*7)+x+7 ; 
therefore 12V(«+7)=36+a; + 7-x+5, 

or 12V(«+7)=48, 

or ^/(x+*7')=4. 

Squaring both sides, x -V- *I =\^ \ 

therefore x^^. 
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Examples. 

1. V(16+a;)+ V«=8. 6. 1+ V(3a+1)= V(4aJ+4). 

2. V(a;-16)=8- Va;. 7. 1- V(l-3a;)=2V(l-a;). 

3. V(aJ + 15) 4- V«= 15. 8. a - V(« - a) = V*. 

4. V(aJ-21)= V«-l' 9. ijx^- ij{^-w)^-^, 

5. V(a;-1)=3- V(aJ+4). 10. V(aJ-l)+ V(«-4)-3=0. 

320. When surds appear in the denominators of fractions 
in equations, the equations may be cleared of fractional terms 
by the process described in Art. 186, care being taken to 
follow the Laws of Combination of Surd Factors given in 
Art 305. 

Examples.— cxxi. 

36 28 

2. V«+V(«-21)=^. 4- V(ai-lS)+Vg= »^"\|3y 

5. V«+ V(«-4)=^^7^j. 

V(aa;) + 6 ^ &-a Va;-H6 _ Va;+32 

7- x+6 &-VW ^* V«+4 "Va + 12* 

321. The following are examples of Surd Equations result- 
ing in quadratics. 

Ex, L 2mJx-\---j~^* 

Clearmg the equation of fracUons, 5to-V^«^ J** 
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Squaring both sides, we get 4a;^ + 8a; + 4 = 25a; ; 

whence we find a;=4 or \. 

4 

Ex, 2. V(«+»)=2V»-3. 

Squaring both sides, a;+9=4a-12 V^J+O; 
therefore 12V^=3a;, 

or 4 ^Jx^x, 

Squaring both sides, 16x=:a;^. 

Divide by a;, and we get 16= a. 

Hence the values of x which satisfy the equation are 16 
and (Art. 248). 

21 
Ex. 3. V(2a;+ 1) +2 Va;.« ^^^^^y 

Clearing the equation of fractions, 

2a;+l + 2V(2a;2+a;)=21; 
therefore 2 V(2a;^+a;)=20-2a;, 

or V(2aJ*+a;) = 10-a;. 

Squaring both sides, 2a^+ 05= 100 - 20a5 +a;2, 
whence a;=4or -25. 

322. We shall now give a set of examples of Surd Equa- 
tions some of which are reducible to Simple and others to 
Quadratic Equations. 



Examples.— cxxii. 

1. 4a;-12V«=16. 4. V(6x-ll)= V(249-2a;8). 

2. 45-14V«=-a. 5. V(6-a)=2- V(2a;-1). 
3' 3^(7+2x^^5 ^{4x-% 6. x-^ J(,4-SxHl2=0. 

7. V(2a;+7) + ^/(3x-lB^« J(?xA-\Y 
8. 2 1^^(204 -6«)«20- 4(,^x-^«^. 
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33 

9. V«-4=-j^^^^. 14. V(«+4)+V(2«-l)==6. 

10. Va5+ll=-^^. 15. V(13a;-1)- V(2a;-1)=6. 

11. V(a; + 5).V(a;+12)=12. 16. V(7a;+1)- V(3a;+1)=2. 

12. V(aJ + 3)+ V(a+8)=5Va5. 17- V(4+a;)+ V«=3. 

13. V(25+a;)+ V(26-a;)=:8. 18. Va;+ V(a+9975)«5^ 

20. V(a^-l) + 6=-^^j. 

21. Vj(a;-a)2+2a6 + 62}=:a;-a + 6. 

22. Vj(a;+a)2+2a6+62(=6-a-aj, 

23. V(«+4)- V«=a/(«+|). 

a-l 5 

24- ^^_^ =g-*-4« 26. V(«+4)+ V(«+6)=9. 

25. V(4+a;)-^/3=VaJ. 27. Va?+ V(g-4):= .,^ .. . 

28. 0^=21+ V(a^-9). 

29. V(50+a;)- V(50-a;)=2. 

30. V(2a:+4)-^(|+6)=l. 

31. V(3+a;)+ Va;= ^ 



V(3+a;)- 



_ 1 , 1 1_ 



^•^- Sr:^^-2. 34. >f«^ J\»- j^.-^^\- -^ 



XXVI. ON THE ROOTS OF EQUATIONS. 

323. "We havf already proved that a Simple Equiation can 
have only one root (Art. 193) : we have now to prove that a 
Quadratic Equation can have only two roots. 

r 

324. We must first call attention to the following feict : 

If mn=0, either m=0, or w=0. 

Thus there is an ambiguity: but if we know that m cannot 
be equal to 0, then we know for certain that n=0, and if we 
know that n cannot be equal to 0, then we know for certain 
that m=0. 

Further, if im7i=0, then eitker Z=0, or m=0, or 71=0, and 
80 on for any number of factors. 

Ex. 1- Solve the equation (x- 3) (»+ 4)= 0. 
Here we must have 

x-3=0, ora;+4=0, 
that is, a;=3, or 05= —4. 

Ex.2. (x-3a)(5«-26)=0. 

« 

Here we must have 

a;-3as0, or 5x-5[b=0, 
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Examples.— cxxiii. 

I. (x-2)(«-5)=0. 2. (a-3)(a;+7)=0. 3. (x+9)(a;+2)=0, 

4. (a;-5a)(x-66)=0. 6. (19a; -227) (14a; + 83) =0. 

5. (2a;+7)(3a;-5)=0. 7. (5a; -4m) (6a; -1 In) =0. 

8. (a;2+5fltaj^.6flt2)(a4j_7aa. + i2a2)=0. 

9. (a;2-4)(a;2_2aa;+a2)=:0. 

10. a;(a;2-5a;)=0. 

11. ((ica;-2a + 6)(6ca;+3a-6)=0. 

12. (ca;-(i)(ca;-6)=0. 

325. The general form of a quadratic equation is 

Hence a(a;2+-a;+-)=:0. 

A' a a/ 

Now a cannot =0, 

.-. aJ»+^+-=0. 
a a 

Writing p for - and q for -, we may take the following 

as the type of a quadratic equation of which the coefficient of 
the first term is unity, 

x^-hpx + q^'O, 

326. To show that a quadratic equation has only two roots; 

Let x^ -\-px + g = be the equation. 

Suppose it to have three different roots, a, h, c. 

Then a^-hap-\-q=0 (1), 

62+2^ + ^=0 (2), 

c2 + cp + 2=0 ,..,(^V 

Subtracting (2) from (1), 

a2-b2+(ct-b^p«Q> 
^^^ (a-l>)(a-Vb-¥p^'-^. 
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Now a - & does not equal 0, siiice a and & are not alike, 

/. a + 6+|7=0 (4). 

Again, subtracting (3) from (1), 

a*— (5*+ (a — c) |7=0, 
or, (a-c)(a+c+^)=0. 

Now a— c does not eqnal 0, since a, and c are not alike, 

.-. a+c+|7=0 (6). 

Then subtracting (5) from (4), we get 

5 - c=:0, and therefore 6=c. 

Hence there are not more than iAoo distinct roots. 

327. We now proceed to show the relations existing be- 
tween the Boots of a quadratic equation and the Coefficients 
of the terms of the equation. 

328. x2+2w;+g=0 

is the general form of a quadratic equation, in which the co- 
efficient of the first term is unity. 

Hence a?+|wj=-gr 

Now if a and )8 be the roots of the equation, 

^=-|->n((?-') (^)- 

Adding (1) and (2), we get 

a + i3«-p 



.^ 
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Multiplying (1) and (2), we get 

"''-?-fV(?-«)-iV(?-.)-(?-«). 

or ayS=^-^+2, 

or a^=g (4). 

From (3) we learn that ^ vwm of the roots is egucU to the 
coefficient of the second term triih its sign changed. 

From (4) we learn that the product of the roots is equal to 
the last term* 

329. The equation a^+jxe+g=0 has its roots real and 
different, real and equal, or impossible and different, according 
as |)^ is > = or < 4^. 



For the roots are 



-iW(?-'> 






First, let jp^ be greater than 4q, then VCP* - 43^) is a possible 
quantity, and the roots are different in value and both real. 

Next, let p^^'^q, then each of the roots is equal to the real 
quantity -^. 

Lastly, let p^ be less than 4q, then Mj(p^—4qyiB an impos- 
sible quantity and the roots are different and both impossible. 



EXAMPLES.— CXXiV. 

I. If the equations 

(Kc3 + ^+c=o, and a'»*+&'a; + c'=0, 

have respectively two roots, one oi'wVa.OoL \& ^<^ ^Kftsa:^ss*a^'^ 
the other, prove that 
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2. K a, )3 be the roots of the equation aa^ + 6aj + c = 0, prove 
that 

3. If a, )3 be the roots of the equation (kb* + &b + c = 0, prove 
that 

4. Prove that, if the roots of the equation aa^ + 605 + c = be 
. equal, aa^ + ftas + c is a perfect square with respect to x, 

5. If a, )3 represent the two roots of the equation 

a:2_(i + a)x+-(l + a+a«)=:0, 
show that a^+p^—a. 



330. If a and P be the roots of the equation a;^ +px + g = 0, 
then x^'\-px-hq=^{x-a){x-P). 

For since jp= -(a + j8) and 2=a)8, 

=(a-a)(x-j8). 

Hence we may form a quadratic equation of which the roots 
are given. 

£x. 1. Form the equation whose roots are 4 and 5. 

Here a;-a=x— 4and a!-j8=»-5; 

/. the equation is (as - 4) (a; — 5) =0 ; 
or, a;2_9a. + 20=0. 

Ex. 2. Form the equation whose roots are ^ and - 3. 
Here a,-a=«-i and a,-^=x+3; 

. •. the equation is f x - ^ J (x 4- 3) = ; 
^^^ (2a;-l)(x+3)=0\ 
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Examples.— cxxv. 

Form the equations whose roots are 
I. 5 and 6. 2. 4 and -5. 3* -2 and -7. 

12 5 

4. 2 ^^3* 5- 7and-^. 6. V3 and - V3. 

11 a B 

7. m-\-n and m— «. 8. - and ■^. 9. --^ and -. 

a p pa 



331. Any expression containing x is said to be a Function 
of X, An expression containing any symbol x is said to be a 
positive integral function of x when all the powers of x con- 
tained in it have positive inte^al indices. 

3 1 

For example, bx^ + 2iic^ + ^ + ^^ + Z is a positive integral 

function of a, but 6a^ + 3a;» + l and 6x^-2x-^+Zx^-\-l are 

not, because the first contains «^, of which the index is not 
integral, and the second contains x~% of which the index is not 
positive. 

332. The expression ba?-h 4x^+2 is said to be the expres- 
sion corresponding to the equation bsi^ +4x^ + 2=0, and the 
latter is the equation corresponding to the former. 

333. If a be a root of an equation, then a; - a is a factor 
of the corresponding expression, provided the equation and 
expression contain only positive integral powers of x. This 
principle is useful in resolving such an expression into factors. 
We have already proved it to be true in XhA c»sfc q1 ^ ojoaScss^^ 
equation. Tie^eneral proof of it is lioVi «v3i\aX^A ^^"^ ^^'^ s^«>5^ 

at which the ieamer is now Biip]^B^ \jc»'\ife «rcvN^^<»"^'^^^ 
will illuBtiate it hy some Examples. 
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EIx. 1. Resolve 2a^ - 5a; + 3 into feictors. 

If we solve the equation 2x^-5x + 3=:0, we shall find that 

its roots are 1 and ^. 

Now divide 2a5*-5a;+3 by a;-l ; the quotient is 2a; -3 
that is 2 fa; -^j; 

.'. the given expression = 2 (a; - 1) (a; - ^j. 

Ex. 2. Besolve 23;* + a;* — 11a; - 10 into factors. 

£y trial we find that this expression vanishes if we put 
a;= - 1 ; that is, — 1 is a root of the equation 

2a;8+jB3_iiaj^lO=o. 

Divide the expression by a; + 1 : the quotient is 2a;* - a; - 10 ; 
/. the expression = (2ai* - a; - 10) (x + 1) 

-2(a?-|-6)(x + l). 
We must now resolve a;*-^— 5 into factors, by solving the 



corresponding equation a;* - - - 5 = 0. 

PL 

The roots of this equation are - 2 and ^ ; 



/. 2a;8+a;8-lla;-10=:2(a;+2)(«-^)(a;+l) 

= (»+2)(2a;-6)(a;+l). 



Examples.— cxxvi. 

Besolve into simple factors the following expressions : 
I. a?-lla;2+36a._36, 2, a;8-7a;«+14a;-8. 

3. a;8-5a;2_46a._4o. 4. 4a;8+6a;2 + a;-l. 
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334. If we can find one root of sucli an equation as 

2x8+0^2- 11a;- 10=0, 
we can find all the roots. 

One root of the equation is — 1 ; 

/.(a;+l)(2x2-a;«io)=0; 
/. a;+l=0, or2fl52-a5-l0=:0; 

/. a;= -1, or -2, or ^. 

Similarly, if we can find one root of an equation involving 
the 4*'' power of a;, we can derive from it an equation involving 
the 3** and lower powers of a;, from which we may find the other 
roots. And if again we* can fijid one root of this, the other 
two roots can be found from a quadratic equation. 

335. Any equation into which an unknown symbol or ex- 
pression enters in two terms only, having its index in one of 
the terms d(yui)U of its index in the other, may be solved as a 
quadratic equation. 

Ex. Solve the equation ofi—Qs?^!, 

Eegarding oi? as the quantity to be obtained by the solution 
of the equation, we get 

08-6x3+9=16. 

therefore «*-3=±4; 

therefore 0^=7, or 7?= —1. 

Hence x= ijl or a;= 4^-1, 

and one value of y - 1 is — 1. 

336. In some cases by adding a certain quantity to both 
sides of an equation we can bring it into a form capable of 
solution, thus, to solve the equation 

a;2 + 5a;+4=6V(a^+6a;+28), 

add 24 to each side. 

Then «2 4.5a;+28=5 V(«H5a;+28)+24,• 

or, a2 + 5a. + 28-5V(a^ + 5a;+28^=^. 

This 15 220W in the form, of a q\ia^aAi^<^ ec^jMaSasscL^ ^^ ^^ 
known quantity being V(«^ + Bx-V^%V «sA <iavxx:^^N^»% "^ 
square we have 

rB,A. 7 ^ 
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I 

OR 191 

a^+5a;+28-5V(a5*+5a;+28) + ~=^; 

.-. V(a:* + 5a;+28)-|=±^; 

whence V(«*+5x+28) = 8 or -3; 

/. a«+5x + 28=64or9; 

from whicli we may find four values of a;, viz. 4,-9, and 
5+ V(-51) 
2- 2 • 

EXAMPLKS. — CXXVii. 

Find roots of the following equations : 

I. ic*- 120:8= 13. 2. a«+14iB»+24«0. 

3. jb8 + 22{c* + 21=0. 4. {B*"+3ar=4. 

^ 6^ 26 , 9*5 

5. «*"-3«^=12- ^- ^"2* ~2- 

7. ar2+3ari=|. 8. ar*»-ar'=2a 

9. a«-2a;+6(a;?-2x+5)i=ll. 

10. a2-a; + 6V(2x2-5a; + 6)=?^±^. 

11. «2-2V(3a2.2ax+4) + 4=y(a;+| + l). 

12. 005+2 V(a5'-<W5+ a^=x2 + 2a. 

337. Eveiy equation has as many loots as it has dimen- 
sions, and no more. This we have proved in the case of 
simple and quadratic equations (Arts. 193, 323). The general 
proof is not suited to this work, but we may illustrate it by 
the following Examples. 

Elx. 1. To solve the equation flc^- 1 =0. 
One root is clearly 1. 
Dividing by « — 1, we obtain a? + x-V\»^>^'^^^2a!3EL^Qw8xis«*a 
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Hence the three roots are 1, -^ and -^ . 

Ex. 2. To solve the equation a* - 1 =0. 
Two of the roots are evidently + 1 and - 1. 

Hence, dividing by (x- l)(a;+ 1), that is by a^- 1, we obtain 
352 + 1=0, of which the roots are ,J— 1 and - iJ—\. 

Hence the /owr roots are 1, - 1, V~ 1> ^^^ — mJ—1* 

The equation a*— 6a;^=7 will in like manner have six 
roots, for it may be reduced, as in Art. 335, to two cubic 
equations, a^- 7=0 and 0;^+ 1=0, 

each of which has three roots, which may be found as in 
Ex. 1. 



XXVII. QN RATIO- 

338. If a and B stand for two unequal quantities of the 
same kind, we may consider their inequality in two ways. We 
may ask 

(1) By what quantity one is greater than the other ? 

The answer to this is made by stating the difference be- 
tween the two quantities. Now since quantities are represented 
in Algebra by their measures X^rt. 33), if a and h be the 
measures of A and B, the difference between A and B is 
represented algebraically by a - 6. 

(2) By how many times one is greater than the other ? 

The answer to this question is made by stating the number 
of times the one contains the other. 

Note. The quantities must be of the same hind. We can- 
not compare inches with hours, nor lines with surfaces. 

339. The second method of comparing A and B is called 
finding the Ratio of -4 to ^, and we give the following defi- 
nition. 

Def. Batio ia the relation wlaicb. oiie c^wJciJc^ X^esss^ v«^ 
another of the same kind with respect Vo >^^ ixxsm^i^t. ot ^scssv 
the one containa the other. 
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340. The ratio of ui to £ is expressed thus, A : B, 
A and B are called the Terms of the ratio. 

A is called the Anteoedjbnt and B the Consequent. 

341. Now since qnantities are represented in Algebra by 
their measitres, we most represent the ratio between, two 
quantities by the ratio between their measures. Onr next 
step then must be to show how to estimate the ratio between 
two nwmhen. This ratio is determined by finding how many 
times one contains the other, that is, by obtaining the quotient 
resulting £rom the division of one by the other. K a and 5, 

then, be any two numbers, the fraction r- will express the ratio 

of a to 6. (Art 136.) 

342. Thus if a and 6 be the measures of A and B respec- 
tively, the ratio of ui to ^ is represented algebraically by the 

fraction ?-• 

343. If a or 6 or both are surd numbers, the fraction \ 



may also be a surd, and its approximate value can be found by 
Art 291. Suppose this value to be — , where m and n are 
whole numbers : then we should say that the ratio ^ : ^ is 
approximately represented by — . 

344. EatioB may be compared with each other, by com- 
paring the fractions by which they are denoted. 

Thus the ratios 3 : 4 and 4 : 6 may be compared by com- 
paring the fractions ^ and ^. 

1 K to 

These are equivalent to ^ and -^ respectively ; and since 

^iB greater than ^ tlie la^o 4 -.t^ \a ^cssfi^ VJosa. >Jkiv. 
Tatio 3:4 
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EXAMPLES-— cxxviii- 

1. Place in order of magnitude tlie ratios 2 : 3, 6 : 7, 7 : 9. 

2. Compare the ratios x + 3y : a;+2y and x+2y : a+y. 
3. ' Compare the ratios a- 5y : a;— 4y and a- 3y : a;- 2y. 

4. What number must be added to each of the terms of the 
ratio a : 6, that it may become the ratio c\d/{ 

5. The sum of the squares of the Antecedent and Conse- 
quent of a Batio is 181, and the product of the Antecedent 
and Consequent is 90. What is the ratio? 

345. A ratio of greater inequality is one whose antecedent 
is greater than its consequent. 

A ratio of less inequality is one whose antece^lent is less than 
its consequent. 

This is the same as saying a ratio of greater inequality is 
represented by an Improper Fraction, and a ratio of less in- 
equality by a Proper Fraction. 

346. A Ratio of greater inequality is diminished by addirig 
the same nuniber to both its terms. 

Thus if 1 be added to both terms of the ratio 5 : 2 it beoomes 
6 : 3. which is less than the former ratio, since k, that is, 2, is 

less than ^. 

And, in general, if 2; be added to both terms of the ratio 
a : h, where a is greater than h, we may compare the two 
ratios thus, 

ratio a+x:h-\-xiQ less than ratio a : 5, 

u T — be less than t» 

.« ah + hx ^ , ., ah + aoi 

" to . r be less than , » . , , 

if ah + hxhe less than ab + ax, 

if hx be less than aXy 

if b be less than. a. 

Now b 18 less than a ; 

/. a-hx : & + xisless tlaan.a-.'b. 
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347. "We may observe that Art. 346 is merely a repetition 
of tliat which we proposed as an Example at the end of the 
chapter on Miscellaneous Fractions. There is not indeed any 
necessity for us to weaiy the reader with examples on Eatio : 
for since we express a ratio by a fraction, nearly all that we 
might have had to say about Ratios has been anticipated in 
our remarks on Fractions. 

348. The student may, however, work the following Theo- 
rems as Examples. 

(1) If a : 6 be a ratio of greater inequality, and x a positive 
quantity, the ratio a - a; ; 6 - a; is greater than the ratio a : 6. 

(2) If a : 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a+a; : 6 +x is greater than the ratio a : 6. 

(3) If a : 5 be a ratio of less inequality, and x a positive 
quantity, the ratio a— a; : 6— a; is less than the ratio a : 6. 

349. In some cases we may from a single equation involv- 
ing two unknown symbols determine the ratio between the 
two symbols. In other words we may be able to determine the 
relative values of the two symbols, though we cannot determine 
their absolute values. 

Thus from the equation 4a;=3y, 

x 3 
we get -=T- 

^ y ^ 

Again, from the equation 3a^=22/^, 
we get — « = ^ : and therefore - = -^. 

EXAMPLES.— CXXiX. 

Find the ratio of a; to i^ from the following equations : 
I. 9x=6y. 2. ax— by, 3. ax-hy=cx + dy, 

4. ix^-\-2xy=6yK 5. x^-12xy=l^K 6. x^-\-7nxy=nhf^. 

7. Find two numbers in the ratio of 3:4, of which the 
sum IB to the sum of their squares : : 7 : 60. 

8, Two numbers are in tlie xa\io oi ^ -.1, rai^^hen 12 is 
added to each the resulting numbeta ai^ VTL^i)tlfc1ca^ASiQlVl^\a», 
-Kdc? the numbers. 
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9» The sum of two nmnbers is 100, and the numbers are 
in the latio of 7 : 13. Find them. 

10. The difference of the squares of two numbers is 48, 
and the sum of the numbers is to the difference of the num- 
bers in the ratio 12 : 1. Find the numbers. 

11. If 5 gold coins and 4 silver ones are worth as much as 
3 gold coins and 12 silver oues, find the ratio of the value of a 
gold coin to that of a silver one. 

12. If 8 gold coins and 9 silver ones are worth as much as 
6 gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold one. 



350. Ratios are compounded by multiplying together the 
fractions by which they are denoted. 

Thus the ratio compounded of a : 5 and c \d\Bac ihd. 



EXAMPLKS.— CXXX. 

Write the ratios compounded of the ratios 

1. 2 : 3 and 4 : 5. 

2. 3 : 7, 14 : 9 and 4 : 3. 

4. a2-62^26c-c2:a2_j2_2&c-caanda + 6+c:a+&-c 

5. m'+n' : m^-n^ and m—n : m+n. 

6. a;2 + 5a; + 6 :i/^-7y + 12, andy^-Sy ; {^2^.33.^ 



351.^ The ratio a^il^i^ called the Duplicate Ratio of a : 6. 
Thus 100 ; 64 is the duplicate ratio of 10 : 8, 
and 36052 : 25i/2 is the duplicate ratio of 6a; : 5y. 

The ratio a^ : h^ is called the TBlPlAC^ii^'^fe^^'^ <2>^ <*• ^^- 
Thus 64 : 27 ib the triplicate ratio oi 4 •. ^, 
and 343x3 ; 1331^3 is tke txipAicaU t^XVo oinx -.^V^- 
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' 352. The definition of Eatio given in Euclid is the same as 
in Algebra, and so also is the expression for the ratio that one 
quantity bears to another, that is, ^ : JS. But Euclid cannot 
employ fractions, and hence he cannot represent the value of a 
ratio as we do in Algebra. 



XXVIII ON PROTPORTION- 

353. Proportion consists in the equality of two ratios. 

The algebraic test of Proportion is ^iat the tv>o fractums 
representing the ratios must he equal. 

Thus the ratio a : h will be equal to the ratio c : (£, 

and the four nvmJbers a, &, c, (2 are in such a case said to be in 
Xffoportion. 

354. If the ratios a : h and c : d form a proportion, we 
express the fact thus : 

a : h=c : d,' 

This is the clearest manner of expressing the equality of the 
ratios a : h and c : d, but there is another way of expressing 
the same fact, thus 

aih \: c: dy 
which is read thus, 

aisto&ascistoc?. 

The two terms a and d are called the Extremes. 
h and c the Means. 

355. Whm fowr numbers are in proportion, 

product of extremes =produ<it of means. 

Let a, h, Cf dh^m proportion. 

Then ^=^. 

b a 
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Multiplying both sides of the equation by W, we get 

Conversely, if cwi=6c we can show that axh^cxd. 

For since a(f=6c, 
dividing both sides by 6(2, we get 

'WW 
that is, ^ ~5' Le. a : 6=s(j : rf. 

356. Ifai=6c, 

n h 

Dividing by cd, we get -— j> ie^ a : c=6 : d ; 

(Z c 
Dividing by ah, we get ^=-, i.e. d : 6=c : a ; 

Dividing by ac, we get -=-, i.e. d: c=b :a. 

357. From this it follows that if any 4 numbers be so 
related that the product of two is equal to the product of the 
other two, we can express the 4 numbers in the form of a pro- 
portion. 

The factors of one of the products must form the extremes. 

The factors of the other product must form the means. 

358. Three quantities are said to be in Continued Pro- 
portion when the ratio of the first to the second is equal to 
the ratio of the second to the third. 

Thus a, 6, c are in continued proportion if 

a : b=b : c. 

The qamtity h is called a MliAls ^B.o^OT.Tass!^^^^'^^^^' 
aandc. 
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F(ywr quantities are said to be in Continued Proportion 
when the ratios of the first to the second, of the second to 
the third, and of the third to the fourth are all equaL 

Thus a, hy c, d are in continued proportion when 

a : 6=6 : c=c : d, 

359. "We showed in Art 205 the process by which when 
two or more fractions are known to be equal, other relations 
between the numbers involved in them may be determined. 
That process is of course applicable to Examples in Ratio and 
Proportion, as we shall now show by particular instances. 

Elx. 1. If a : 6sc : d, prove that 

^2+52 . a2-52==c2 + i2 . c^^cP, 

Since a : 6=c : d, 7-=^. 



6 (T 



Let |r=X. Then ^=X; 



6~ ^^^d 

:. a=X6, and c=\d. 

^ a2+6g Xg6g + 6g _ 62(Xg + l) _X2 + l 

^^"^ a2_J2-x262-62""62(X2-l)""X2-r 

c2 + (g»_ X2(P + (g »_ (;2(\2 + l) _ X2 + l 
c2-(P""X2(i2_(i2-^2(X2_l)-x2-r 






Hence 
that is, aa+62:a2-62=c2+(i2:c2.^^ 



Elx> 2. Ifa :h :: c: d, prove that 

a:c::4^(a*+6*):4/(c*+<«*). 

Zet^==\ Theng=X; 

.*. a=^\h^ and c^'Kd, 
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Now -=rj='j> 

Hence a^il{^^±b^. 

nence c" 4^(c*+(Z*)' 

that is, a:c::i/{a^ + h^)ii/(c^ + d% 

ElX. 3, If a : 6=c : d=e :/, prove that each of these ratios 
is equal to the ratio a + c+e : 6 + d+/. 

Let -=-=sX, "j^X, ^=X. 

6 ' d ' f 

Then a=X6, c=^\d, e=\f. 

T,T a + c + « X6+X(Z + X/ \(h + d+f) . 

Now i — 5 — >= —7 — j— -"^ = -^5 — y-rir ^ ^ 
6+(Z+/ 6+d+/ b-^d-^f 

-rr a + c + e ace 

Hence j_^_=_=_=^, 

that is, a + c + e : &+(i+/=a: 6=c: (i=e :/. 

Ex. 4. If a, 5, c are in continued proportion, show that 

n h 

Let Y=^ Then-=X. 
c 

Hence a=X6 and 6 = Xc. 

^^62+^2- 2,2 + ^2 --X2c2 + c2"-c2(X2+l)"c2~?~? 

Ex. 5. If I6a+h: 15c + (i=:12a+6 : 12c+<i, prove that 

a : 6=c ; d. 
Since 15a + b : 15c -V d=lSia -Vh •. ^-'^c -V ^^ 

and since product of extremes ='pToducX. o1tc^««»s»> 
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(15a + &) (12c + (i) = (15c + (Q (12a + 6), 
or, iaOac+ 12&C+ Xhad-^-hd.^ 180ac+ 12a(2+ 15&C+H 
or, 12&C + 15a(2a 12a(2 + 15&c, 

or, 3a<2=3&c, 

or, 0(2= 5c. 

Whence, by Art. 355, a : 6=sc : d. 

Additional Examples will be found in page 137, to which 
we may add the following. 

'EXAMPLKS. — CXXXi. 

1. If a : 6=c : <f, 8howthata + 6 : a=c4-i :c. 

2. Ifa:&=c:dBhowthata2-62.52^c2_^2.^, 

3. I£<.:6.=a.:6,.howthat^±^=g. 

4. If a : 6 :: c : (2, show that 

3a2+a6+262 : 3a2-26« :: 3c2+c(2+2(22 : 3c2-2i2. 

5. If a : 6=c : (2, show that 

a«+3a6 + 52 : c2+3c(2+(P=2a6 + 362 : 2c(2+3d2. 

6. If a : 6=c : d=e:/thena: h=^mc—'M : md-nf. 

7. If —a, —6, any parts of a, 6, be taken from a and & 

respectiyely, show that a, &, and the remainders form a propor- 
tion. 

8. If a : 6=c : i=5e : /, show that 

9, If Oil hi ssOg :ht=€^: bj, show t\ia\. 



ON PROPOR TION. 253 



10. If Oi : hi—a^ : 6,=aj : ^s, show that 

11. 11 -9- — TTTa^ir^ — J-— 55, snow that either ^=-= or T=-. 

12. If a2+62 : a2-6a=c8+(i2 : c^-c^a, show that 

a. I &=sc : (Z. 

13. If a : 6=c : rf, show that 

(g+c) (a2 + cg) _ (5+(Q (6«+(P) 
(a-c) (a2-c-*)""(6-<0 (ft^-eiz)- 

14. If a^ : &i=:a3 : 5,, show that 

Oi : 61 = V(ai2 + a,2) : V(6i^ + W- 

On </w G^awie^ricaZ Treatmmt of Proportion, 

360. The definition of Proportion (viz. the equality of 
ratios) is the same in Euclid as in Algebra. (Eucl. Book v. 
Def. 6 and 8.) 

But the ways of testing whether two ratios are equal are 
quite different in Euclid and in Algebra. 

The algebraic test is, as we have said, that the two fractions 
representing the ratios must be equaL 

Euclid's test is given in Book v. Def. 5, where it stands 
thus : 

"The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any 
equimultiples whatsoever of the first and third being taken 
and any equimultiples whatsoever of the second and fourth : 

" If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth : 
or, 

"If the multiple of the first \)e eqaal X.ci^^X.cjS.^^^^^'^^ 
the multiple oi the third is also eqvxaX \ft ^JJ^"^ o^'^Ss^^'^^"^^^ 



or, 
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''If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth.*' 

We shall now show, first, how to deduce Euclid's test of the 
equality of ratios from the algebraic test, and secondly, how to 
deduce the algebraic test &om that employed by Euclid. 

361. I. To show that if quantities be proportional accord- 
ing to the algebraical test they will also be proportional 
according to the geometrical test. 

If a, 6, c, (2 be proportional according to the algebraical 
test. 

Multiply each side by — , and we get 

nut 7Mj 
rib nd? 

Now, from the nature of fractions, 
if ma be less than n5, mc will also be less than nd, and 
if ma be equal to nb, mc will also be equal to nd, and 
if ma be greater than nh, m^i will also be greater than nd. 

Since then of the four quantities a, b, c, d equimultiples have 
been taken of the first and third, and equimultiples of the 
second and fourth, and it appears that when the multiple of 
the first is greater than, equal to, or less than the multiple of 
the second, the multiple of the third is also greater than, 
equal to, or less than the multiple of the fourth, it follows that 
ciybf Cfd are proportionals according to the geometrical test. 

362. II. To deduce the algebraic test of proportionality 
from that given by Eudid. 

Let a, bf c, d be proportional according to EucHd. 

Then if ^ is not ec^\ \.o -^ 

3^ ^^ eciualto\. .^\ 
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Take m and n such that 

ma is greater than rd), 

but less than 7i(6+a;) (2). 

Then, by Euclid's definition, 

mc is greater than ni (3). 

But since, by (1), —77 — ^ = — j, 

and, by (2), ma is less than n(&+x), 

it follows that mc is less than nd (4). 

The results (3) and (4) therefore contradict each other. 

Hence (1) cannot be true. 

Therefore -r « equal to t. 

We shall conclude this chapter with a mixed collection of 
Examples on Ratio and Proportion. 



EXAMPLKS. 

1. li a-h:h-c::h:Cy show that & is a mean proportional 
between a and c. 

2. If a : h :: c : d, show that 



a+b ' c + d^ 

and a: hi: i/(m>a^ + nc*) : i/{nib^ + nd*). 

3. If a : 5 :: c : (2, prove that 

ma—nbmc-nd 
ma+ nh" mc-\- nd' 

4. If 5a+36: 7a + 36::66+3c: 76+3c, 
5 is a mean proportional between a and c. 

5. If 4 quantities be proportional, and tha ^cc^^» Xsfc *^s^ 
greatest, the fourth is the least. 

^ 18 greater than n. 
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ff 

6. Solve the equation 

a;-l :ic-2=2a;+l:ic+2. 

7. If — ^=— ^, show that the ratios a : h and c : (2 are 
also equaL 

8. In a mile lace between a bicycle and a tricycle, their 
rates were proportional to 5 and 4. The tricycle had half-a- 
minute start, but was beaten by 176 yards. Find the rates of 
each. 

9. Tlaihwcd and a is the greatest of the four quanti- 
ties, show that a^ + d^ is greater than 6^ + cK 

10. Show that if .^ . j =Ts-T-j> then a : 6 :: c : a. 

11. If a; : ^ :: 3 : 2 and a; : 25 :: 24 : i(, find x and y, 

12. If a, &, c be in continued proportion, then 

(1) a\a'\''b:ia-'b:a-c; 

(2) (a2+62)(^ + c2)=(a5+5c)a. 

13. If a : 6 ;: c : (Z, show that— r— =— t-; 

and hence solve the equation 

ah — hc — dx a—'b^c 
hc-\-dx "" 6+c 

14. If a, 6, c are in continued proportion, show that 

a+m6 : a-m6 :: 6+mc : 6-«ic. 

15. If a : & :: 5 : 4, find the value of the ratio 

1 3 

16. The sides of a triangle are as 2^ : 3^ : 4, and the peri- 

meter IB 205 jards: find the ».dea. 

J/. The sides of a triangle axe aa ^ \ 4 \ ^, «jA ^^ ^t\.- 
neter is 480 yards : find tlie aides. 
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18. Assuming a + 6 ij^ + g -p-g : a - 6, prove that the sum 
of the greatest and least terms of any proportion is greater than 
the sum of the other two. 

19. A waterman rows 30 miles and hack in 12 hours, and 
he finds that he can row 5 miles with the stream in the same 
time as 3 against it. Find the rate of the stream. 

20. There are three equal vessels A, B, ; the first con- 
tains water, the second brandy, the third brandy and water. 
If the contents of B and G be put together, it is found that the 
mixture is nine times as strong as if the contents of A and G 
had been put together. Find the ratio of the brandy to the 
water in the vessel G, 

21. A factor buys a certain quantity of wheat which he 
sells again so as to gain 5 per cent, on his outlay, and thus 
clears £16. Had he sold it at a gain of bs, a quarter he would 
have cleared as many pounds as each quarter cost shillings. 
How many quarters did he buy, and what did each quarter 
cost him ? 

22. A man buys' a horse and sells it for £144, gaining as 
much per cent, as the horse cost him. What was the price of 
the horse ? '^ 

23. I buy goods and sell them again for £96, gaining as 
much per cent, as the goods cost. What is the cost price ? 

24. A man bought some sheep and sold them again for £24, 
gaining as much per cent, as the sheep cost him. What did he 
give for them ? 

25. A certain crew, who row 40 strokes per minute, start 
at a distance equivalent to four of their own strokes behind 
another crew, who row 45 strokes to the minute. In 8 minutes 
the former succeed in bumping the latter. Find the ratio • 
between the lengths of the strokes of the two boats. 

26. The time which an express train takes to travel a 
journey of 180 miles is to that taken by an OYdxaajrj *«wsss. -^ja: 

9 : 14. The ordinary train loses as mxvc^ Xinxi'ei Ix^tcl ^"^'^^'i^'*' 
as It would take to travel 30 imle% ^^i^io^oJt «X«^^va%- ^^ 
expresB train only loses half aa inwch. \iuafe «» ^^ Q?OaK«^ '^ 

f8.A.] ^ 
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manner, and it also travels 15 miles an hour quicker. Sup- 
posing the rates of travelling uniform, what are they in miles 
per hour ? 

27. An article is sold at a loss of as much per cent, as it 
is worth in pounds. Show that it cannot be sold for more 
than £25. 



XXIX. ON VARIATION. 

363. If a sum of money is put out at interest at 5 per cent, 
the principal is 20 times as great as the annual interest, what- 
ever the sum may be. 

Hence if a; be the principal, and y the interest, 

a;=20y. 

Now if we change as we must change y in the same propor- 
tion, for so long as the rate of interest remains the same, x 
will always be 20 times as great as y, and hence if a; be 
doubled or trebled, y will also be doubled or trebled. 

This is an instance of what is called Direct Variation, 
of which we may give the following definition. 

Def. One quantity y is said to vary directly as another 
quantity a, when y depends on a in such a manner that any 
increase or decrease made in the value of x produces a propor- 
tional increase or decrease in the value of y. 

364. If x=my, where m is a constant quantity, that is, a 

quantity which is not altered by any change in the values of x 

andy, 

y will vary directly as x. 

For any increase made in the value of x must produce a 
proportional increase in the valofc oi aj. 'YViM&Si x\i^ doubled, 
ymnat also be doubled, to pieaervft t^^ eo^^^iVj q.1 x «sA iw^^ 
oince m cannot be changed. 
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365. Suppose a man can reap an acre of com in a day. 
Then 10 men can reap 60 acres in 6 days, 

and 20 men can reap 60 acres in 3 days. 

So that to do the same amount of work if we dmibU the 
number of men we must Aatoe the number of days. ^ 

This is an instance of what is called Invebsb Variation, 
of which we may give the following definition. 

Def. One quantity y is said to vwnj moersely as another 
quantity x, when y depends on a; in such a manner that any 
incredse or decrease made in the value of x produces a propor- 
tional decrease or increase in the value of y, 

366. If as = — , where m is constant, 

y 

ywiU vary inversely as 0. 

For any increase made in the value of x must produce a pro- 
portional DECBBASE in the value of y. Thus if a; be doubled, 

y must be halved, to preserve the equality of x and — , 
For 2a;= =— . 

y y 
2 

367. If 1 man can reap 1 acre in 1 day, 
5 men can reap 20 acres in 4 days, 

and . 10 men can reap 80 acres in 8 days. 

That is, the number of acred reaped will depend on the 
product of the number of men into the number of days. 

This is an example oi joint variation, of which we may give 
.the following definition. 

Def. One quantity x is said to vary jointly as two others 
y and n, when any change made in x produces a proportional 
change in the product of y and z, 

368. One quantity x is said to varj ^2a^c?i\i ^»» "^ '^^'^^ 
inversely as z when x varies as -. 



26o ON variation; 



369. Theorem, if x varies as*y when z is constant, and 
as z when y is constant, then when y and % are both variable, 

X varies as yz. 

Let x=m,yz. 

Then we have to show that m is constant. 

Now when z is constant, 

a; varies as y ; 
:. mz is constant. 

Now z cannot involve y, since :;; is constant when y changes, 
and therefore m cannot involve y. 

Similarly it may be shown that m cannot involve z ; 

.'. m is constant, 

and X varies as yz. 

370. The symbol esc is used to express variation ; thus xocy 
stands for the words x varies as y, 

371. Variation is only an abbreviated form of expressing 
proportion. 

Thus when we say that x varies as y, we mean that x bears 
to y the same ratio that any given value of x bears to the 
corresponding value of y, or 

a; : y =a given value of x : the corresponding value of y. 

And similarly for the other kinds of variation, as will be 
seen from our examples. 

Ex. 1. lixocy and yocz,to show that xocz. 

Let x=my, and y^nz. 

Then substituting this value of y in the first equation. 

flndf ^iierefore, since mu is coii«\»xiV), ' 

XOCZ. 
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£lx. 2. If xoc 1^ and xocz^ then will xoc VM* 
Let x^my, and x=nz* 

Then x^=mnyz; 

Now Mj(mn) is constant ; 

/. sccjc V(y»). 

Ex. 3. If y vary as x, and when 05= 1, y = 2, what will be 
the value of y when x= 2 ? 

Here y : x= a given value of y : corresponding value of x ; 

,\ y :a;=2 : 1: 
.-. 2/=2x. 
Hence, when a = 2, y = 4. 

Ex. 4. If A vary inversely as J?, and when -4 = 2, 5= 12, 
what will B become when -4=9? 

Here A : -=,= a given value of A : ^. = s-^ ; 

D ° corresponding value of J5 

" WBT 



Hence^when -4=9, 



U~B' 



V ^ © 24 8 ^2 

whence ■^""9"'^3"'^3- 

Ex. 5. If -4 vary jointly as J? and (7, and when -4 =6, J? =6, 
and (7=15, find the value of A when 5=10 and (7=3. 

Here 

A : BG=i & given value of A : correapoTi^iii^'^^J^'^ qIL^Cjn 

.-. ^ :Ba=6:6x\b% 

.-. 90JL=6E0. 
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Hence, when jB= 10 and (7= 3, 

90^=6x10x3; 

••^"90" 

Ex. 6. If s; vary as x directly and y inversely, and if when 
2;=2, a;=3 and 1^=4, what is the value of z when 2;= 15 and 

XT a . 1 r corresponding value of x 

Here » : -=a given value of % : *- — vr-^ — = «- ; 

y " corresponding value of y 

y 4' 

4 y 

Hence, when a; =15 and ^=8, 

3a_30 
4 "8' 

_120 ^ 



Examples.— cxxxlii. 

1. If -4 oc — and Bcc j^ then will -4 oc (7. 

2. If -4 oc J? then wiU pcsc-p. 

3. If A ocB and (7ocjD then will AGocBD, 

4. If ojocy, and when 35=7, y= 5, find the value of x when 

5. If ajoci and when. a« lO, a|=^,^viA^^^^^^ qI-^^V^ 
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6. If xocya, and when a;= 1, y =2, 85=3, find the value of y 
when x=4 and 2=2. 

7. If ojoc^, and when 05=6, y=4, and 2=3, find the value 
of a; when y=5 and 2=7. 

8. If 3a5 + 5yoc6a;+3y, and when a!=2, y=5, find the value 
of -. 

y 

9. If -4oc5 and WccG^, express how A varies in respect 
of a 

10. If z vary conjointly as x and y, and 2=4 when a!=l 
and y=2, what will be the value of x when 2=30 and y =3 ? 

11. If -4oc5, and when ^ is 8^ £ is 12 ; express A in 
terms of B, 

m 

1 2. If the square of x vary as the cube of y, and a; = 3 when 
y=4^ find the equation between x and y. 

13. If the square of x vary inversely as the cube of y, and 
x=2 when y=3, find the equation between x and y. 

14. If the cube of x vajj as the square of y and a; =3 when 
y=2, find the equation between x and y. 

1 1 

15. If xccz and yoc-, show that »«-. 

16. Show that in triangles of equal area the altitudes vaiy 
inversely as the bases. 

17. Show that in parallelograms ol equal area the altitudes 
vary inversely as the bases. 

18. If y =p + g' + r, where p is invariable, q varies as sc, and 
r varies as a;*, find the relation between y and a;, supposing 
that when a;=l, y=6; when a;=2, y=ll ; and when x~^^ 
y=18. 

ip. The voJume of a pyramid T?an.ea '^om^l ^ "^"^ ^"^ 
its base and its altitude. A. pyraxm^,>i^^'&^^«^ ^*^ ^^^"^ 
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feet square and tlie height of which is 10 feet, is found to con- 
tain 10 cubic yards. What must be the height of a pTiamid 
upon a base 3 feet square in order that it may contain 2 cubic 
yards? 

2o. The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length, and 
breadth of the panes jointly. Show that if their number varies 
as the square of their breadth inversely, and their length varies 
as their breadth inversely, the whole area of glass varies as the 
square of the length of the panes. 



XXX. ON ARITHMETICAL PROGRESSION. 

372. An Arithmetical Progression is a series of 

numbers which increase or decrease hy a constant difference. 

Thus, the following series are Arithmetical Pbogressions : 

2, 4, 6, 8, 10 ; 
9, 7, 5, 3, 1. 

The Constant Difference being 2 in the first series and - 2 
in the second. 

373. In Algebra we express an Arithmetical Progression 
thus : taking a to represent the first term and d to represent 
the constant difference, we shall have as a series of numbers in 
Arithmetical Progression 

a, a-\-d, a + 2d, a + 3d, 
and so on. 

We observe that the terms of the series differ only in the 
coefficient of d, and that each coefficient of d is always less by 1 
than the number of the term in which that particular coefficient 
stands. Thus 

the coefficient of d in t^ift ^T^X^smSA*^^ 

mt^ie4t\v ^> 

in \:h^ b\\v '^^ 
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Consequently the coefficient of d in the n^ term will be 
n-1. 

Therefore the w* term of the series will be a + (n - 1> rf. 

374. If the series be 

a, a+d, a-\-2df 

and z the last term, the term next before z will clearly be 2 - d, 
and the term next before it will be s; - 2d, and so on. 

Hence, the series written backwards will be 

z, z-d, z-^d, a-¥2d, a+(£, a. 

375. To find the sum of a series of nvmhers in Arithmetical 
Progression, 

Let a denote the first term. 

... d the constant difference. 

... z the last term. 

... n the number of terms. 

... s the sum of the n terms. 

Then«=a + (a+(i) + (a+2(Q+ +(a-2(Q + (»-d)+». 

Also «=» + (»-(£)+ (i8-2(i)+ +(a+2d) + (a + d) + a, 

the series in the second cfise being the same as in the first, but 
written in the reverse order. 

Therefore, by adding the two series together, we get 

2«=(cn-») + (a + 2) + (a+») + +(a + 2;) + (a+8{)+(a+«); 

and since on the right-hand dde of this equation we have a 
series of n numbers each equal to a+s, we get 

2«=n(a + »); 

n, . 
.*. «=o(a+«). 

This result may be put in another form, because in the 
place of z we may put a + (n - 1) (i, by Article 373. 



Hence «=2{a + a+(u-V^d\, 

that IB, , ==|j2a-v(n-l^d\. 
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376. We have now obtained the following results : 

25=a + (n-l)<« (A), 

«=|(«+«) (B), 

s=5J2a+(n-l)d| (C). 

From one or more of these equations we have in Examples 
to determine the values of a, d, n, s or z. We shall now pro- 
ceed to give instances of such Examples. 

Elx. 1. Find the last term of the series 

7, 10, 13, to 20 terms. 

Taking the equation 2=a+ (n— 1) (2, 
for a put 7 and for n put 20, and we get 

2=7 + (20-l)(i, 
or, «=7 + 19d. 

Now d is always found by taking the first term from the second, 
and in this case, 

(i=10-7 = 3; 

.-. 2?=7 + 19x3=7 + 57=64. 

Elx. 2. Find the last term of the series 

12,8,4, to 11 terms. 

In the equation 2=a+(n— l)(i, 

put' a=12andn=ll. 

Then z^l2 + lOd. 

Now (i=8-12=-4 

Hence 2=12-40= -28. 

Examples. — cxxxiv. 

Find the last term of each, oi t^ie lo\\.Qi7ni^«&Yl^ : 

J. 2,5,8 tol7teTms, 

2. 4,8,12 to 50 terms. 
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3- 7, -^, Y to 16 terms. 

4. o> ■"!> "o .<.... to 23 terms. 

c. - -. — to 12 terms. 

6. -12, -8, -4 to 14 terms. 

7. -3,6,13 vto 16 terms. 

n-1 n— 2 n — 3 , . 

8. , , ton terms. 

^ (x+y)', ic^+y', (x-y)' to n terms. 

a- 6 4a -36 7a- 66 . . _ 

10. — i, J-, — TT- to » terms. 

a+6 a+6 ' a+6 

377. £x. 1. Find the sum of the series 

3, 5, 7 to 12 terms. 

In the equation «=-j2a+ (n -I) d\ 

put 3 for a and 12 for n, and we get 

«=:^j6+lld(. 

Now (i=5 - 3 = 2, and so 

«=^j6 + 22|=6x28=16a 

Ex. 2. Find the sum of the series 

10, 7, 4 to 10 terms. • 

,=|j2a + (n-l)d|; 
pii^ 10 for a and 10 forn, thea 
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Now rf=7 - 10= - 3, and therefore 



«=yj20-27}=6x(-7)=-35. 



Examples. — cxxxv. 

Find the sum of the following series : 

1. 1, 2, 3 to 100 terms. 

2. % 4, 6 to 50 terms. 

3. 3, 7, 11 to 20 terms. 

4. Tt «» T to 15 terms. 

4' 2 4 

5. -9,-7,-6 to 12 terms. 

6. |, J, I to 17 terms. ' 

7. 1, 2, 3 to n terms. 

8. 1, 4, 7 to n terms. 

9. 1, 8, 15 to n terms. 

n-1 n-2 w-3 , 

10. , , CO n terms. 

n n n 

378. Ex. What is the Constant Dipperence when the 
first term is 24 and the tenth term 18-12? 

Taking the equation (A), 

and regarding the tenth as the last term, we get 

-12=24+(1^-V^d, 
^^ -36=9d, 

nrbence we obtain (i= -4. 
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Examples. — cxxxvi. 

What is the Constant Difference in the following cases 1 
I. When the first term is 100 and the twentieth is — 14. 
2 X fifty-first is - ». 

1 1 

3 — ^ forty-ninth is 5q. 

4. — 2 twenty-fifth is —21^. 

5 -10 sixthis -20. 

6 150 ninety-first is 0. 

379. Ex. What is the First Tebm when 

the 40th term is 28 and the 4ard term is 32 % 

Taking equation (A), 

2; = a + (7l-l)rf, 

and regarding the last term to be the 40th, we get 

28=a + 39(i (1). 

Again, regarding the last term to be the 43rd, we get 

32 = a + 42(Z (2). 

From equations (1) and (2) we may find the value of a to 
be -24. 

EXAMPLES.— CXXXVi|. 

I. What is the first term when 
(i) The 59th term is 70 and the 66th term is 84; 

(2) The 20th term is 93 - 356 and the 21st is 98 - 376 ; 

(3) The second term is ^ and Vk^ b^>iJa.\a V^% 

(4) The second term is 4 and t\ie ^nVJcL \a -"^^'^ 
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9 

2. The sum of the 3rd and 8th terms of a series is 31, and 
the sum of the 6th and 10th terms is 43. Find the sum of 
10 terms. 

3. The sum of the 1st and 3rd terms of a series is 0, and 
the sum of the 2nd and 7th terms is 40. Find the sum of 
7 terms. 

4. If 24 and 33 be the fourth and fifth terms of a series, 
what is the lOOih term 1 

5. Of how many terms does an Arithmetical Progression 
consist, whose difference is 3, first term 5, and last term 302 ? 

6. Supposing that a body falls through a space of l&p^ feet 

in the first second of its fall, and in each succeeding second 

32^ feet more than in the next preceding one, how far will a 
o 

body fall in 20 seconds ? 

7. What debt can be discharged in a year by weekly pay- 
ments in arithmetical progression ; the first payment being 1 
shilling and the last £6. 3$. ? 

8. Find the 41st term and the sum of 41 terms in each of 
the following series : 

(1) -5,4,13 

(2) 4a2, 0, -4a2 

(3) l + x, 5 + 3a;, 9 + 5a; 

(4) "4 "^'^ 

^5^ 4' 20 

9. To how many terms do the following series extend^ and 
what 13 the sum of all the terms ? 

(i) 1002 10, 5i." 

(2) -6,2 ,1%0, 
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(3) gic, -Sa; , -72-ac. 

(4) |> i -24. 

(5) m-1 137(1 -m), 139(1 -m). 

(6) x + 254, a;+2, a;-2. 

380. To insert 3 arithmetic means between 2 a7u2 10. 
The number of tenns will be 5. 

Taking the equation » = a + (» - 1) d, 

we have 10=2 + (5 - 1) d. 

Whence 8^4d; .'. d=2. 

Hence the series will be 

^ 2, 4, 6, 8, 10. 

Examples.— cxxxviii. 

1. Insert 4 arithmetic means between 3 and 18. 

2. Insert, 5 arithmetic means between 2 and — 2. 

2 

3. Insert 3 arithmetic means between 3 and zr. 
-^ 3 

4. Insert 4 arithmetic means between ^ and ^. 

381. To tri^er^ 3 arithmetic means "between a anc^ b. 

The number of terms in the series will be 5, since there 
are to be 3 terms in addition to the first term a and the last 
term 6. , 

Taking the equation » = a + (w — 1) rf, 

we have to fnd d, having given 

a, »=b and u=5. 
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Hence 6=a+(5-l)rf, 

or, 4(Z=6-a, /. d= » 

Hence the series will be 



6— a 6— a 3(6— a) , 



<*>«+-4->^+-Y 



,, . . 3a+6 a+6 a+36 , 

that IS, a,— 4—, -2-> "~4~'^- 



EXAMPLKS. — CXXXiX- 

1. Insert 3 arithmetic means between m and n, 

2. Insert 4 arithmetic means between m + 1 and m - 1. 

3. Insert 4 arithmetic means between n^ and n*+ 1. 

4. Insert 3 arithmetic means between a^+i/^ and a;^— y*. 

382. We shall now give the general form of the proposition 
" To insert m arithmetic means between a and b." 

The number of terms in the series will be m + 2. 

Then taking the equation «=a + (n — l)rf, 
we have in this case 6=a + (m +2 - 1) rf, 
or, 6=a+(m + l)d 

Hence rf= -_, 

m + r 

and the fonn of the series will be 

h-a 2b''2a^ , 26-2a , h-a . 

' m+V m+l' ' m+l' m + V ' 

am + h om-a + Sb bm-b-V^a V«vva ^ 

^'mTl' m + 1 ' '• '«>'-v^ ' •««''^^' ' 
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383. A Geometrical Progression is a series of numbers 
which increase or decrease by a constant factor. 

Thus the following series are Geometrical Pbogbessions, 

2, 4, 8, 16, 32, 64; 

12 3 ? A A. 

^ ' ' 4' 16' 64' 

11 11 

^9 "ay 



2' 16* 128' 1024' 
The Constant Factors being 2 in the first series, - in the 
second, and -^ in the third. 

o 

Note. That which we shall call the Constant Factor is 
nsuaUy called the Common Ratio. 

384 In Algebra we express a Geometrical Progression 
thus : taking a to represent the first term and / to represent 
the Constant Factor, we shall have as a series of numbers in 
Geometrical Progression 

a, af, apy a/^, and so on. 

We observe that the terms of the series differ only in the 
inAex of/, and that each index of /is always less by 1 than the 
number of the term in which that particular index stands. 

Thus the index of/ in the 3rd term is 2, 

in the 4th 3, 

in the 5th ./. 4. 

Consequently the index of / in Ihe n\\\. \fcTGi ^w^^^ fv.~^» 

TberefoTs the nth term of the seriea iiniV\>Ck aj*^^- 
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Hence if s( be the last term, 

385. If tlie series contain n teims, a being the fiist term 
and /the Constant Factor, 

the last term will be a/*~S 

the last term but otm will be a/*^, 

the last term but two will be a/*"*. 

Now af*-^ x/=a/^* xp^af'^^^^^afy 

386. We may now proceed to find the turn of a series of 
numbers in Oeometrical Progression, 

Let a denote the first term, 

/ the constant factor, 

n the number of terms, 

s the sum of the n terms. 

Then «-a+a/+a/*+...+a/^+o/*-»+a/^». 

Now multiply both sides of this equation by/, then 

y»=a/+a/* + a/» + ...+a/--*+a/^* + tt/*. 

' Hence, subtracting the first equation from the second, 

fs-s^af^^a. 

.•.«(/-!)=« (/•-!); 

••* /-I • 

Note. The proposition just proved presents a difficulty to 
a beginner, which we shall eiidea'vo\]C£ \x^ explain. When, we 
multiply the series of n terms 

a^-a/+a/«+ A-aJ-*-vaJ-*-Voir^ 
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by/, we shall obtain another series 

a/+a/»+a/» + +a/^+a/^+o/*, 

which also contains n terms. 

Though we cannot fill up the gap in each series completely, 
we see that the terms in the two series must be the same, 
except the^rs^ term in the former series, and the last term in 
the latter. Hence, when we subtract, all the terms will dis- 
appear except these two. 

387. From the formal^ : 

«=«r-* (A), 

*= f__l — w, 

prove the following : 



()8) a=^, (8) /-*-=; 



388. Ex. Find the last term of the series 

3, 6, 12 to 9 terms. 

The Constant Factor is ^, that is, 2. 

In the formula 

putting 3 for a, 2 for/, and 9 for n, we get 

2=3x28=3x256=768. 

Examples.— cxl. 

Find the last term of the following series 
I. 1, 2, 4 to 1 tenaa, 

2. 4, 12, 36 tolOXKttaa- 

3. 5, 20, 80 to 9 \«xnD£^ 



276 ON GEOMETRICAL PROGRESSION. 



4. 8, 4, 2 to 15 teims. 

5. 2, 6, 18 to 9 terms. 

6. ^, Y5> T to 11 terms. 

2 1 1 ^ ,,^ 

7. -3, 3, -g to 7 terms. 



389. Ex. Find the sum of the series 

3 
2 



3 
6^ 3, o to 8 terms. 



Generally, z = l^ 

and here a = 6, /= 5, n= 8, 

2 2 

256 256 765 

-1 1 "64* 

2 2 



EXAMPLES.— CXli. 
Find the sum of the following series : 

1. 2, 4, 8 to 15 terms. 

2. 1, 3, 9 to 6 terms. 

3. a, CKC^, ox* to 13 term8.v 



a a 



^ ^^ z^ _ \o9\«tcaa. 



5. a2-a?,a-x,'J^ \.on Vfc-ra.^ 
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6. 2; 6, 18 to n terms. 

7. 7, 14, 28 ton terms. 

8. 5, -10, 20 to 8 terms. 

9- -3» 3> -g to 7 terms. 

390. To find tlie snm of an Infinite Series in Qeometrical 
Progression, when the Constant Factor is a proper fraction. 

If /be a proper fraction and n very large, 

/• is a very small number. 

Hence if the number of terms be infinite ^f* is so small that 
we may neglect it in the expression 

and we get 

-a 

_ a 

391. Ex. I- rindthesumofthe8eries^ + l + | + to 

infinity. 

4 3 
Here /=l-^-=-; 

4 

a_ 3 16_ 1 

•*'*"1-/"T73~3""^3* 

4 

3 2 8 
Ex. 2. Sum to infinity the series H-o + oiy" 

Here /-_?^?--l. 

3 ^ 

a 2 ^^2:1 



/. 8- 



^-rT^-^^—\^ 
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EXAMPLKS.— CXlii. 

Find the sum of the following infinite, series : 

I- 1> H» A> 9. 43, 2*, ... 



2' 4' 



2. 1, 4, Yg, lo. 2(cS, --250;, 

oil 1. 
3- 3, ^, 3=, II. a, e>, 



3' 27' 



2 11 J^ ^ 

^ 3' 3' 6' ^^' 10' 10*' 

. 3 1 

5- 4, 4, 13- «, -y, • 



, 1 _1 _86^ 86 

2' 3' ^^ 100' 10000' 

7. 8, I, 15. -54444, 



3' 



8. 4, -5, 16. -83636, 



392. To insert 3 geometric means between 10 and 160, 

Taking the equation z=af^\ 
we put 10 for a, 160 for z, and 5 for n, and we obtain 

160=10./*-^; 
/. 16=/*. 

Now 16=2 X 2 X 2 x 2=2*; 

;. 2*=/*. 

Hence f= 2, and the sexiea 'wi\\.'V>ft 

10, 20, 40, BO, \^0. 
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Examples.— cxlili. 

1. Insert 3 geometric means between 3 and 243. 

2. Insert 4 geometric means between 1 and 1024. 

3. Insert 3 geometric means between 1. and 16. 

4. Insert 4 geometric means between ^ and -^j-. 

393. To insert m geometric means between a and b. 

The number of terms in tbe series will be m+ 2. 

In tbe formula z = af^\ 

patting h for z, and m+ 2 for n, we get 

h^af*^\ 
or, h=^af^^; 

Hence the series will be, 

1 1 i 1 

a, ax-33> ax--j-> , o-l — jj 0-5 — r-> &, 

that is, 
a, (a-.6)^S (a— *.62)S+i^ ^ (a^.S— *)^S (a. 6-)-^, 6. 

394 We shall now give some mixed Examples on Arith- 
metical and Geometrical Progression. 

Examples.— cxliv. 

I. Sum the following series : 

(i) 8 + 15 + 22+ ...;.. to 15itenxi^ 
(2) 116+108 + 100+ to\0\«CTaa- 
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(3) 3+i+^+ to infinity. 

(4) 2-4+^- toinfinity. 

(5) 2"3""6""" tolStenna. 

(6) |-|+|- toeteima. 

(7) 5-1-5- co29teims. 

(8) 5+n.i|+ toSterms. 

(9) g+Q+a?"*" to infinity. 

, . 3 14 51 . ,rvx 

('°> 5-l0~l5- to 10 terms. 

(11) a/|- V6 + 2V(15)- 4x)8teims. 

(12) -^ + « — 7-+ to 5 terms. 

5 2 4 

2. If tlie continued product of 5 terms in Geometrical 
Progression be 32, sEow that the middle term is 2. 

3. If a, &, c are in arithmetic progression, and a, h\ c are 
in geometrical progression, show that p=2^- 

4* Show that the arithmetical mean between a and b is 
greater than the geometrical mean. 

5. The sum of the first three terms of an arithmetic series 
is 12^ and the sixth term is 12 also. Find the sum of the first 
6 teims, 

6. What ia necessary tlaat a, b, c tqk^ \i^ Vo. ^^ooifcNxv^ ^^si- 
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7. If 2n, % and 5- are in geometric progression, what is «] 

8. If 2n, 1/ and ^ are in arithmetic progression, what is y? 

9. The sum of a geometric progression whose first term is 
1, constant factor 3, and number of terms 4, is equal to the sum 
of an arithmetic progression, whose first term is 4 and constant 
difference 4 : how many terms are there in the arithmetic pro- 
gression? 

10. The first (7+n) natural numbers when added together 
make 153. Find n. 

11. Prove that the sum of any number of terms of the 
series 1, 3, 5, is the square of the number of terms. 

12. If the sum of a series of 5 terms in arithmetic progres- 
sion be 95, show that the middle term is 19. 

13. There is an arithmetical progression whose first term is 

1 4 

3^, the constant difference is 1^, and the sum of the terms is 

22. Eequired the number of terms. 

14. The 3 digits of a certain number are in arithmetical 
progression ; if the number be divided by the sum of the digits 
in the imits* and tens' place, the quotient is 107. If 396 be 
subtracted from the number, its digits will be inverted. 
Eequired the number. 

15. If the (j^ + g)* term of a geometric progression be m, 
and the (j? — g')* term be n, show that the 1^ term is /Jinm). 

16. The difference between two numbers is 48, and the 
arithmetic mean exceeds the geometric by 18. Find the 
numbers. 

17. Place three arithmetic means between 1 and 11. 

18. The first term of an increasing arithmetic series is '034^ 
the constant difference -0004, and tlife svjlxsi 'i/l^^, "ToiS^'^^ 
number of terms. 

19. Place nine arithmetic meana "beXrw^^a. \ «cl^ ~^' 
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20. Prove that every term of the series 1, 2, 4, is 

greater by unity than the sum of all that precede it 

21. Show that if a series of mp terms forming a geometrical 
progression whose constant factor is r be divided into sets of ^ 
consecutive terms, the sums of the sets will form a geometrical 
progression whose constant &ctor is t'. 

22. Find five numbers in arithmetical progression^ such 
that their sum is 55, and the sum of their squares 765. 

23. In a geometrical progression of 5 terms the difference 
of the extremes is to the difference of the 2nd and 4th terms 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of the 1st and 2nd. Find the series. 

. 24. Show that the amounts of a sum of money put out at 
Compound Interest form a series in geometrical progression. 

25 . A certain number consists of three digits in geometrical 
progression. The sum of the digits is 13, and if 792 be added 
to the number, the digits will be inverted. Find the numb». 

26. The population of a county increases in 4 years from 
10000 to 14641 ; what is the rate of increase ? 



XXXII. ON HARMONICAL PROGRESSION. 

395. A Harmonical Progression is a series of numbers 
of which the reciprocals form an Arithmetical Progression. 

Thus the series of numbers a,h,c,dy is a Habmonioal 

1111. 

Progression, if the series -, ^, -, ^, is an Arithmetical 

Progression. 

If a, &, be in Harmonical Progression, 6 is called the 
Harmonical Mean between a and. c. 

NoTB. There is no way oi to-dm^ ». ^eivetsJ^ «!L^-t«sass^ W 
the sum of a Haraxonical S»erve», \>xA mmi ^^^X'siaa. ^^r& 
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reference to such a series maybe solved by mvertiiig tbe tenns 
and treating the reciprocals as an Arithmetical Series. 

396. Jjfa, b, c&« wflarm(micaZProgTM«um, fo«?wno ^A^^ 

a,\cv, a— 6 : 6 — c 

Since -, ti - are in Arithmetical Progression, 

1_1^1_^1 
c 6 6 a' 

^^ • be ~ ab ' 



or T-=T — 9 

he o—r' 



ah a-h 

a a—h 

or -=1 — • 

e h-c 



397. To insert m harmonic means between a and b. 

First to insert m arithmetic means between - and \, 

a b 

Proceeding as in Art. 357, we have 

_=_+(m + l)rf, 
b a ^ ^ ' 

or a=h + (m + l).ahd ""^ 

""a6(m+iy 

Hence the arithmetic series will be 

1 1 a-h I 2(a-h) 1 m(a-b ) 1 

a' a a&(m + l)' a a6(m+iy a a6(m+l)' 6' 

1 hm-^a hm + 2a-h am + h 1 

' a' a&(m + iy a&(m+l)' ah{m + iy b' 

Therefore the Harmonic Series is 

^ ab(m+l) ah{m-^V ) ^^^jttV^ ^ -y^, 

' dm + a ' 6m + 2a-V am-v"V> 
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■■■■ ■ 1^1 — ^—^^l.^— ■ ■ W^m, -■■Mill ■! ■■ ■■ - ■ ■■■■---■^ ■■ ^1^— ^■^^■^^■^■^^p^^— ^^ 

398. Given a and 6 the first two terms of a series in Har* 
monical Progression, to find the n^ term. 

-, T are the first two terms of an Arithmetical Series of 

which the common difference is -r — , 

a 

The n^ term of this Arithmetical Series is 

_1 (n— l)(a~6) _6+wa-a— n6 + 6 
a ah ah 

_ (na-a)-(n6-26) _ (n-l)a-(ii~2)6 

.*. the n^ term of the Harmonical Series is 

ah 
(n-l)a-(w-2)6' 

399. Let a and c he any two numbers, 

h the Harmonical Mean between thenu 

m. 1111 

Then y — =--r> 

a c o' 

2 a+c 

or -5-= ; 

ac 

2ac 



.-. 6= 



a + c 



400. The following results should be remembered. 
Arithmetical Mean between a and c=— g— . 
Geometrical Mean between a an^ c— Joe. 
Harmonical Mean "betweexi a ana c^"^;;:^- 
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Hence if we denote the Means by the letters A, Oy H 
respectively, • 

. _ a + c 2ac 

=ac 

that is, G^ is a mean proportional between A and ff. 

401. To show that ^, 6r, J? are in descending order of 
magnitude. 

Since {s/a— ,Jc)^ mnst be a positive quantity. 
( V<* ~ ^/^y is greater than 0, 
or a— 2 ^ac + c greater than 0, 

or a + c greater than 2 ^ac, 

or -g— greater than ,Jac ; 

that is, il is greater than G. 

Also, since a + c is greater than 2 tJaCf 

,Jac (a + c) is greater than 2ac ; 

2ac 

/. ^ac is greater than — - ; 

i.e, G is greater than H. 



EXAMPLKS. — CXlV. 
I. Insert two harmonic means between 6 and 24. 

2 four 2 and 3. 

3 three ^«xA^ 

4. four Ti^^sv^ASS 
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5. Insert five hannonic means between - 1 and 2~~^. 

6. five..'. ^and— 5. 

7 six Sand 5^. 

8 n 2xand3^. 

9. The sum of three terms of a harmonical series is yo» ^^ 
the first term is ^ : find the seiies, and continue it both ways. 

10. The arithmetical mean between two nnmbeis exceeds 
the geometrical by 13, and the geometrical exceeds the har- 
monical by 12. What are the numbers % 

11. There are four numbers a, 5, c, (2, the first three in 
arithmetical, the last three in harmonical progression; show 
that a : &=c : d 

12. If X is the harmonic mean between m and », show that 

1.1 11 

13. The sum of three terms of a harmonic series is 11, and 
the sum of their squares is 49 ; find the numbers. 

14. If 05, y, 2 be the j?*, g^, and r**' terms of a H.P., show 
that (r-2)^+(p-r)a» + (5r-|?)xy=0. 

15. If the H.M. between each pair of the numbers, a, 6, c 
be in A.P., then ft^, a^, <?• will be in h.p. : and if the h.m. be in 
H.P., 6, a, c will be in h.p. 

16. Show that -: — r +- — =4, >7, or >10, accoidinff as 
c is the A., a. or h. mean between a and 6. 
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402. The diffeient arrangements in respect of order of sac- 
cession which can be made of a given number of things are 

called Permutations. 

Thus if from a box of letters I select two, P and Q, 1 can 
make two permutations of them^ placing P first on the leffc and 
then on the right of Q, thus : 

P, CandCP. 

If I now take ^ree letters^ P, Q and B, 1 can make Hx per- 
mutations of them, thus : 

P,Q,R;P, R, Q, two in which P stands first. 

Q,P,B; 0, By P, Q 

B,P,Q; B, QyP, B 

403. In the Examples just given M the things in each case 
are taken together ; but we may be required to find how many 
permutations can be made out of a number of things, when a 
certain number only of them are taken at a time. 

Thus the permutations that can be formed out of the letters 
P, Q, and B taken two at a time are six in number, thus : 

P,Q; P,B; Q, P ; Q,B; B,P; B, Q. 

404. To find the nvmher of permutations of n different iHwngt 
taken i dta time. 

Let ayh, c, d ,,. stand for n different things. 

First to find the number of permutations of the n things 
taken two at a time. 

If a be placed before each of the other thinij^^^c^d. ...^ 
which the number is n- 1, we ahaXV "ko^fc u— \ ^erBfioJMaSass«»a» 
in which a stands fiiBt, thus 

ah, ac, ad, 
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If 6 be placed before each of the other things, a, c, d ... we 
shall have 91— 1 permutations in which h stands first, thus : 

&a, &c, hd^ 

Similarly there will be » - 1 permutations in which c stands 
first: and so of the rest. In this way we get every possible 
permutation of the n things taken two at a time. 

Hence there will be w . (» - 1) permutations of n things taken 
i/iDO at a time. 

Next to find the number of permutations of the n things 
taken ihre^ at a time. 

Leaving a out, we can form (»- 1) . (w-2) permutations of 
the remaining (91 -1) things t£^en two at a time, and if we 
place a before each of these permutations we shall have 
(n-1). (91 -2) permutations of the n things taken Qyne at a 
time in which a stands first. 

Similarly there will be (»- 1) ,(n-2) permutations of the 
n things taken thre^ at a time in which h stands first : and so 
for the rest. 

Hence the whole number of permutations of the n things 
taken three at a time will be w. (n-1). (n-2), the Actors of 
the formula decreasing each by 1, and thefigwre in the last factor 
hemg 1 less than the nvmber taken at a time. 

We now assume that the formula holds good for the number 
of permutations of n things taken r— 1 at a time, and we shall 
proceed to show that it will hold good for the number of per- 
mutations of n things taken r at a time. 

The number of permutations of the n things taken r — 1 at 
a time will be 

n.(n~l).(ii-2) h-}(r-l)r-l(], 

that is n.(w-l). (71-2) (w-r+2). 

Leaving a out we can form (w-1) . (w-2) (n- 1 -r+2) 

permutations of the (w- 1) remaining things taken r— 1 at a 
time. 

Putting a before each oi tlLeaa, 'we shall have 

pennutations of the n tlainga taken t «X. ^ >assi'i, \a. ^\s\.^ ^ 
^^ands first. 
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So again we shall have (w-l).(n— 2) (n-r + 1) per- 
mutations of the 71 things taken r at a time in which h stands 
first ; and so on. 

Hence the whole number of permutations of the n things 
taken r at a time will be 

w.(n-l).(n-2) (w-r+1). 

If then the formula holds good when the n things are taken 
r - 1 at a time, it will hold good when they are taken r at a 
time. 

But we have shown it to hold when they are taken 3 at a 
time; hence it will hold when they are taken 4 at a time, and 
so on : therefore it is true for all integral values of r* 

405. If the n things be taken all together, r^n^ and the 
formula gives 

w.(n-l).(w-2) (n-n+1); 

that is, n.(w-l).(w-2) 1 

as the number of permutations that can be formed of n dif- 
ferent things taken M together. 

For brevity the formula 

w.(w-l).(w-2) 1, 

which is the same as 1.2.3 n, 

is written | n. This symbol is called /octom^ 91. 

Similarly \r\& put for 1 . 2 . 3 r ; 

|r-l for 1 . 2. 3 (r-1). 

Oh%, |n=n.| n-l =n.(n--l). |n-2 =&c. 

406. tofimd the nurnber of permutations o/n things taken all 
together when certain of the things are alike. 

Let the n things be represented by the letters a,hy c^d 

and suppose that a recurs p times, 

h g times, 

c rtimeS) 

and BO on, 

* Another proof of this Theorem mav "V^ wea Va Ka^. ^^* 
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Let P represent the whole number of permutations. 

Then if all the p letters a were changed into 'p other letters, 
different from each other and from all the rest of the n letters, 
the places of these jp letters in aivy one permutation could now 
he interchanged, each interchange giving rise to a new permu- 
tation, and thus from each single permutation we could form 
1.2 ,p permutations in all, and the whole number of per- 
mutations would be (1 . 2 ... 2?) P, that is [^ . P. 

Similarly if in addition the q letters h were changed into q 
letters different from each other and from all the rest of the n 
letters, the whole number of permutations would be 

\±.[p.P; 
and if the r letters c were also similarly changed, the whole 
number of permutations would be 

\r_. \q_. \p^. P ; 
and so on, if more were alike. 

But when the j?, q, and r, &c., letters have thus been changed, 
we shall have n letters all different, and the number of pennu- 
tations that can be formed of them is | n (Art 405), 

Hence P ,\p .\q .\r =|w; 






\p.\q>\r 



Examples.— cxlvi. 

1. How many permutations can be formed out of 12 things 
taken 2 at a time ? 

2. How many permutations can be formed out of 16 things 
taken 3 at a time ? 

3. How many permutations can be formed out of 20 things 
taken 4 at a time ? 

4. How many changes can be rung with 5 bells out of 8 ? 

5. How many penautation% c«vi \i% -madft of the letters in 
the word Exoum/inaiicm taken, all to^<e\\iet'\ 
6, In ho w many ways can B men '^^ ^\^^^ «i.^^\r5 ^^^A 
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7. In how many ways can 10 men be placed side by side ? 

8. Three flags are required to make a signal. How many 
signals can be given by 20 flags of 5 different colours, there 
being 4 of each colour) 

9. How many different permutations can be formed out of 
the letters in Alg^a taken all together ? 

10. The number of things : number of permutations of the 
things taken 3 at a time = 1 : 20, How many things are there ? 

11. The number of permutations of m things taken 3 at a 
time : the number of permutationa of m + 2 things taken 3 at 
a time = 1:5. Find m. 

12. In the permutations of a, \ c, d, e, /, g taken all 
together, find how many begin with cd. 

13. Find the number of permutations of the letters of the 
product a*6^c* written at full length. 

14. Find the number of permutations that can be formed 
out of the letters in each of the following words : Conceit^ 
TcUofoera, Cakuttaf Proposition^ MissiMippi, 



XXXIY. COMBINATIONS. 

407. The Combinations of a number of things are the 
different collections that can be formed out of them by taking 
a certain number at a time, without regard to the order in 
which the things stand in each collection. 

Thus the combinations of a, &, c, d taken two at a time are 
ah, ac, dd, he, hd, cd. 

Here from each combination we could make two permuta- 
tions : thus dbfba; a>c, ca; and so on : for ah, ha are the same 
combination, and so are ac, ca. 

Similarly the combinations of a, h, c, d taken three &t o. txs&s^ 
are abc, ahd, acd, hcd. 
Here from each combination, we co\3[\<9l TaseiJsL^ «wi. ^'"sscossi^ 
tiona; thus abc, ach, bac, hca^ cab, cba ; oa*^ «» ^"^^ 
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And, generally, in accordance with Art. 405, any combina. 
tion of 71 things may be made into 1 . 2 . 3 ... n permutations. 

408. To find the nwmher of combinations of n different thingi 
taken i at a Vivne. 

Let C, denote the number of combinations required. 

Since each combination contains r things it can be made 
into I r permutations (Art. 405) ; 

/. the whole number of permutations = | r . Cv 

4 

But also (from Art. 404) the whole number of permutationis 
of n things taken r at a time 

=w(w — 1) (n-r + 1); 

.-. \r_,Gr=n{n-l) (w-r+1); 

. ^ n(yi~l) (n-r-fl) 

.* t'^ss j • 



r 



409. To show that the nvmber of combinations of n things 
talcen v at a time is the same as the number taken n — r at a 
time. 



^ n, (n-1) (n — r+1) ^ 

X.^.v T 

and c n.(n-l) \n-(n-r) + l\ 
"^ 1.2.3 (w-r) 

_ n.(n-l) (r + l) 

~ 1 .2 .3 (ri—r) 

Hence 

Or ^ n.(n-l) (n-r+l) 1.2.3 (n-r) 

C^" 1.2.3 r ^w.(w-l) (r+l) 

_ n, (n-l) (n-r-f 1). (n — r) 3.2.1 

~ 1.2.3 r. (r + l) (n-l).n 

-!^ 

«1. 

That 18, C,=C,^ 
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410. Making r=l, 2, 3 r- 1, r, r+1 in order, 



^ /^ ^ Tl— 1 ^ 71 TO— 1 71 — 2 



C — '"" (^""■^) (n-r+2) 

'^"" 1.2 (r-1) 

1.2 {r-l).r 

p _ n. (n-1) (7i-r + l). (n—r) 

"*•'■" 1.2 r.(r + l) 



(7« = 1. 

Hence the general expression for the factor connecting C>, 
one of the set of numbers Ci, C^ O^^ (7,, with C^i, 

71"— 7*^ 1 

that which stands next before it, is , that is, 

n-r-fl ^ 
r 

With regard to this factor , we observe 

r 

(1) It is always positive, because 71+ 1 is greater than r. 

(2) Its value continually decreases, for 

7i-r+l 71+1 



r r 

which decreases as r increases. 



-1, 



71 — 7* + 1 

(3) Though continually decreases, yet for several 

successive values of r it is greater than unity, and therefore 
each of the corresponding terms is greater than the 'Qre.cQ.d\Sk%. 

(4) When r ia such that ^!:zl±}^ \a \e^ ^«s^ ^»fife^ '^^ "^^ 

r 

responding term ia less than the ptecedm^* 
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(5) If n and r be such that -^ = 1, (7, and C^i are a 

pair of eqnal tenns, each greater than any preceding or sahe^- 
quent term. 

Hence up to a certain term (or pair of terms) the terms in- 
crease, and after that decrease : this term (or pair of terms) is 
the greatest of the series, and it is the object of the next Article 
to determine what value of r gives this greatest term (or pair 
of terms). 

411. To find the vahie of t for which the number of combiner 
tions ofn things taken r together is the greatest. 



., _ n.(n-l) (n-r + 2) 

"-'"" 1.2 (r-l) 



(r-1) 

>^_ n.(n--l) (n-r + 2) (n-r+1) 

1.2 (r-1) ' r 

n _n,{n-'l) (n-r+1) n-r 

^^' 1.2 r f^' 

Hence, if C, denote the number of combinations required^ 

C 

77-^ and TT^ must neither of them be less than 1. 

But j^=!Lrr±l, 

o^i n—r / 

Hence is not less than 1 and is not less than 1, 

r n-r ' 

or, n— r + 1 is not less than r and r + 1 not less than n-r, 

or, n + 1 is not less than 2r and 2r not less than n — 1; 

.*. 2r is not greater than wH- 1 and not less than w— 1. 

Hence 2r can have only three values, n — 1, w, n + 1. 

Now 2r must be an ev^n uumNiet, «iA\k<Kt^fore 

CJ^ Ifn be odd, n-1 aTidu-v\\iC\ii%\>cJ^ ^N«a. ^sme^sjkb^^ 
-^r may he equal ton — lor •n-\r^*» 
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n-1 n + 1 

^=__orr=-2-. 



(2) If n be even, w - 1 and w+ 1 being both odd numbers, 
2r can only be equal to 91 ; 

n 

Ex. 1. Of eight things how many must be taken together 
that the number of combinations may be the greatest pos- 
sible ? 

Here n=8, an even number, therefore the number to be 

Q ^ ^ \/ Ct ^ R 

taken is 4, which will give = — = — 5 — -y. or 70 combinations. 

X X 22 X <j X 4 



ElX. 2. If the number of things be 9, then the number 
-1 9 + 



to be taken is —5— or —5—, that is 4 or 5, which will give 



respectively 

9x8x7x6 
1x2x3x4 

9x8x7x6x5 



, or 126 combinations, and 
, or 126 combinations. 



1x2x3x4x5 



EXAMPLKS.— CXlvii- 

1. Out of 100 soldiers how many different parties of 4 can 
be chosen ? 

2. How many combinations can be made of 6 things taken 
5 at a time ? 

3. Of the comoinations of the first 10 letters of the alphabet 
taken 5 together, in how many will a occur ? 

4. How many words can be formed, consisting of 3 con- 
sonants and one vowel, in a language containing 19 consonants 
and 5 vowels ? 

5. The number of combin.atioTi<& oi u V>KaL'^ Xaisjesv ^ -^ •« 
time : the number taken 2 at a tiin& =^1.^ \'^« ^Ss^^tv.. 

6. The nu6iber of combinaUoiiB oi "a \JoQS^^> x^jsvs. 
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3 

a time, is 3^ times the number of combinatioiis taken 3 at a 
o 

time. Find n. 

7. Out of 17 consonants and 5 vowels, how many words 
can be formed, each containing 2 vowels and 3 consonants ? 

8. Out of 12 consonants and 5 vowels how many words can 
be formed, each containing 6 consonants and 3 vowels % 

9. The number of permutations of n things, 3 at a time, is 
6 times the number of combinations, 4 at a time. Find n. 

10. How many different sums may be formed with a guinea, 
a half-guinea, a crown, a half-crown, a shilling, and a sixpence 1 

11. At a game of cards, 3 being dealt to each person, any 
one can have 425 times as many hands as there are cards in 
the pack. How many cards are there ? 

12. There are 12 soldiers and 16 sailors. How many dif- 
ferent parties of 6 can be made, each party consisting of 3 
soldiers and 3 sailoi^ ? 

13. On how many nights can a different patrol of 6 men be 
draughted from a corps of 36 ? On how many of these would 
any one man be taken ? 



XXXY. THE BINOMIAL THEOREM. 
POSITIVE INTEGRAL INDEX. 

412. The Binomial Theorem, first explained by 
Newton, is a method of raising a binomial expression to any 
power without going through the process of actual multipli- 
cation. 
413. To investigate tJvc Bmomml TKewem jor a -p^^^^w 
Integral Index. 



THE BINOMIAL THEOREM, 297 

By actual multiplication we can show tliat 

(x + Oi) (« + flj) (x + Os) = o^ + (oi + Oj + Os) a^ 

+ (oittj + OiOs + OjOj) as + Oia^ 

(x + ai) (x + Oj) (x+Os) (x+a^) = a^ + (oi + aj + 03 + a4) x' 

+ (oidj + OjOj + Oia^ + a^Os + 0,04 + OsoJ x^ 

+ (Oid^Os + Ojaja^ + d^i^^ + (i>%o^i X + a^^d^^. 

In these results we observe the following laws : 

I. Each product is composed of a descending series of 
powers of x. The index of x in the first term is the same as 
the number of factors, and the indices of x decrease by unity 
in each succeeding term. 

II. The number of terms is greater by 1 than the number 
of feuitors. 

III. The coefficient of the^«i term is tmity. 

of the secoTid the sum of Oi, a^, 03 ... 

• of the third the sum of the products of 
Oi, a^, O3 ... Uihen two at a time, 

of the/oi*r<^ the sum of the products of 
Oi, a^y (I3 ... taken three at a time. 

and the last term is the product of all the quantities 

dxy a^f a^ • 

Suppose now this law to hold forn— 1 factors, so that 

(x + ai) (x + Oj) (x+Og) (x + a^i) 

=x-i + 5i.x^2^£fj.x^ + iSi.x^ + + 8^1, 

where iS>i=ai + aj + Oj + ... + a^i, 

that is, the sum of a^, a,, 03 ... a^^, 

Bg =a^aa + a^a^ + a^a^ + . . . + Oya^T^-v a^a,^^-V . . • 

iih&t is, the sum of the pTodmcXA oi o^ a*><v% . -'^^ 
taken two at a time, 
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iS^= 010303+ 010204+ ..^+Oiaja,^i + OiOja,^_x+... 

that is, the sum of the pioducts of o^, af«<V-i9 
taken three at a tune, 



that is, the product of Oi, o^ 03 ... a«_i. 
Now multiplj both sides by x+o«» 

Then 

(a;+Oi)(a; + o,) ... (a+o^i) (x+oj 

=af+iSiaf-i+i8f,af-2+iSiaf-»+... 

+o,ar-i+o,Sfiaf-2 + ojSf,ar-8+...+ajSi».i 
=af + (5i + o,) a;-i + (Sfj + 0^1) af-a 

+ (Ss + o^Sf,) ar-«+ ... + a,iS'^i. 

Now <S>i + 0, = 0i + 0j + 08+ ... +o^i + o», 

that is, the sum of Oi, a^ 03 ... o«, 

iSij + o,iSi=<S»a + o, (oi + Oj + ... +0^1), 

that is, the sum of the products of a^ a^^,,a^ 
taken two at a time, 

iSi3 + 0»Si, = <S8 + O^ (OiOj + O1O3 +...)> 

that is, the sum of the products of a^ Ox***^ 



taken three at a time. 



a»Sw-i = aias03 . . . 0^1 o,, 

that is, the product of Oi, o,, Oj ... o«. 

If then the law holds gooA. lot u -\ iaat^TO, it will hold good 
fov n factors : and as we hsi^© ^a7ni>i5aA\, V\.\i^^ ^^^^^^\f^ 4 . 
factoT^ it will hold fox 5 ia.ctoTR\ wAVeaRfcio^^ W3«s»\ «^ \ 
GO OH for any nnmbeT. 
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Now let each of the n qnantities o^, o^, Og ... o^ be equal to 
a, and let us write our result thus : 

<a; + ai)(a; + a,)...(x+a,)=x" + -4i.a;*'* + -4a.aJ'*^+ ... +^4,. 

The left-hand side becomes 

(jc + a) (a; + a). ..(«+») to n feictors, that is, (os+a)". 

And on the right-hand side 

-4i=a+a+a+ ...to ti term8=wa, 

-4j=a2 + a2+a*+ ...to as many terms as are equal to the 

number of combinations of 91 things taken Udo at a time, that 

. n.(n-l) 
IS — ^^ -' 



1.2 



. . n.(ii-l) 
• ' 1.2 ^^ 



^g=a8+a8+aS+ ...to as many terms as are equal to the 
number of combinations of n things taken <^ee at a time, that 

n.(n-l).(n-2) , 
^ 17273 ' 

. A ^^. (n-l).(n-2) 3 
••"*> 17273 •'*' 

I**** 

-4,=a. a.a...to n factors =a*. 
Hence we obtain as our final result 

1.2 

1 . ^ . O 

414. Ex. Expand (a; + a)«. 

Here the number of terms will be seven, and we haye 

(a:+a)«=a:«+6aa:6 + ^ aV + ^44 a'®' 

^1.2.3.4''^^\.^.^.^.^ 
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Note. The coefficients of terms equidistant from the end 
and from the beginning are the same. The general proof of 
this will be given in Art. 420. 

Hence in the Example just given when the coefficients of 
f<mr terms had been found those of the other three might have 
been written down at once. 



Examples.— cxlviii. 

Expand the following expressions : 

I. (a+a)*. 2. (6 + c)«. 3. (a + 6)5^. 

4. (a;+y)8. 5. (5 + 4a)*, 6. (a«+6c)«. 

415. Since 

if we put 05= 1, we shall have 

(l + a)» = i+wa+?^^\a2+ ... ^a\ 

416. Every binomial may be reduced to such a form that 
the part to be expanded may have 1 for its first term. 

Thus since a5+a=a5( l+-j, 

(x + a)»=af(l + ^)*; 

and we may then expand ( 1 + -) and multiply each term of 
the result by jc". 

Ex. Expand (2* +3y)*. 
(2a!+33,)»=(2«)''.(l+gy 

-•i9^ Iiu.r3i/.5J /Syy 6.4.3 /3s,y 
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= 32x6 + 240jB*y + 720x3^2 + i080x V + 810xy* + 243t^. 

417. The expansion of (x-a)* will be precisely the same as 
that of (x+ a)", except that the sign of tenns in which the odd 
powers of a enter, that is the second, fourth, sixth, and other 
even terms, will be negative. 

Thus (x-a)-=af-.nax»-^+^^4^^\aV-* 

1 • ^ 

ro.(«-l).(«-2) 

1.2.3 -"^ + 

for (as— a)"=jx+(-o)}" 

=af-nax'-»+^5^4^^aV-«+ &c. 

Ex. Expand (a - c)*. 
/ \K R KA.5.4a5 5. 4. So,. 6. 4. 3. 2- , 

= a6 - 5a*c + lOaV - lOaV + 5ac* - c6. 



Examples.— cxlix. 

Expand the following expressions : 

I. (a-xf. 2. (6-cy. 3. (2x-3yy. 

4. (l-2x)6. 5. (l-x)w 6. (a3-&2)8. 

418. A trinomial, as a+6+c, may be raised to any power 
by the Binomial Theorem, if we regard two terms as one, thus : 

(a + 6+c)"=(a + 6)"+n.(a+6)"-^c 
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Ex. Expand (1+ a +iB2)8. 
(l+4r+a;2)3=(i+a;)3+3(l+a;)2.iB2+^(l+a;).«*+a;« 

= l + 3a;+3a^+iB'+3{B^+ftc5+3jB* + 3a5* 



Examples.— cl. 

Expand the following expressions : 
I. (a+26-c)3. 2. (l-2iB +3x2)3. 3. (aJJ-ajS+aj)*. 

4. (3a;i + 2a* + l)3. 5. (x+l-lV. 6. (ai+fti-cfy. 

419. To ^7u2 the j^ or general term of the expomsion of 
(x+a)*. 

We have to determine ikree things to enable ns to write 
down the r* term of the expansion of (x + a)*. 

1. The index of x in that term. 

2. The index of a in that term. 

3. The coefficient of that term. 

Now the index of x, decreasing by 1 in each term, is in the 
r* term n-r+ 1 ; and the index of a, increasing by 1 in each 
term, is in the r*^ term r- 1. 

For example, in the third term 

the index of x is n— 3 + 1, that is, n-2 ; 
the index of a is 3 - 1, that is, 2. 

In assigning its proper coefficient to the r*** term we have to 
determine the last factor in the denominator and also in the 
numerator of the fraction. 

ti.(n-l^.(u-^^Au-^^ 

1.^.^.4 
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Now the loAi factor of the denominator is less by 1 than the 
number of the term to which it belongs. Thus in the 3** term 
the last factor of the denominator is 2, and in the 7^ term the 
last factor of the denominator is r— 1. 

The loAi factor of the numerator is formed by subtracting 
from n the number of the term to which it belongs and adding 
2 to the result. 

Thus in the 3"^ term the last factor of the numerator is 

n - 3 + 2, that is ri— 1 ;, 

in the 4**" n-4 + 2, that is ri-2 ; 

and so in the r*^ n-r+2. 

Observe also that the fSsuitors of the numerator decrease by 
unity, and the factors of the denominator increase by unity, so 
that the coefficient of the r^ term is 

n,(n-l),{n-2) (n-r + 2) 

1.2.3, (r-1) 

Collecting our results, we write the r* term of the expansion 
of (ac + a)* thus : 

n.(n-l)>-2) (n-r+2) 

1.2.3 (r-1) •* -^ • 

Ohs. The index of a is the same as the last factor in the 
denominator. The sum of the indices of a and xian. 



Find 



Examples.— cli. 

1. The 8* term of (l+o;)". 

2. The 5* term of (a«- 62)12. 

3. The 4* term of (a - hy^. 

4. The 9**" term of (2ab - cd)^K 

5. The middle term of (a - hy^. 

6. The middle term of (ji^ -vb^^^, 

7. The two middle terraa oi ^ ->^i^ ^ 

8. The two middle tenaa oi ^<i. -V ^^ 
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9. Show that the coefficient of the middle tenn of 
(a + x) 182 X ^23 2^ . 

10. Show that the coefficient of the middle term of 

(a + x)*^ is 2*^-> x (g'^+S) (2u+5) (4«-l)(4n+l) 

^ '' 1.2 n 

420. To s^to ihai the coefficient of the t^ term from the 
beginning of the expansion of (x+a)" is identical with the coeffi- 
cient of the r** term from the end. 

Since the number of terms in the expansion is n+ 1, there 
are rn- 1 — r terms before the r* term from the end, and there- 
fore the r*** term from the end is the (n— r + 2)* term from the 
beginning. 

Thus in the expansion of {x+aY, that is, 

x^ + baa^-^-lOah^ + KkM + bahi + a^, 

the 3rd term from the end is the (5 - 3 + 2)*, that is the 4* term 
from the beginning. 

Now if we denote tbe coefficient of the r*** term by Cv, 
and the coefficient of the (ri— r + 2)*** term by C»_,.^ 
we have 

p _ n.(n-l) (n-r-¥2) 

^'^ 1.2 (r-1) ' 

^ _ yi.(n-l)...... )yi-(n~r+2)-H2{ 

"-^"" 1.2 (w-r + 2-1) 

_ n . (n - 1) r 



1.2 (n-r + 1)' 



Hence 



C^ n.(n-l) (n~r + 2) 1.2 (n-r+1) 

C.-r^ 1.2 (r-1) "" n.(n-l) r 

n.(n-l) (yi-r+2).(n~r+l) 2.1 

" 1.2 (r-^Vf (n-i).» 



n 
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421, To find (he greatest term in the esqparmon of (a+ a)*, n 
teing a poeitive integer. 

The f^ term of the ezpansioii (x+ a)" is 

n.(n-l) (n-r + 2) ^ ^, 

1.2 (r-1) •'* •'^^' 

The (r + 1)* term of the expansion (x + a)* is 
^.(^-1) (n-r + 2).(w~r + l) 

jr 7 r-r • C* • •«/ • 

1.2 (r-l).r 

Hence it follows that we obtain the (r + 1)* term by multi- 
plying the r* term by 

n-r+1 a 



r 05 



1 
When this multiplier is first less than 1^ the r^ term is the 

greatest in the expansion. 

Now —^ . - is first less than 1 

r X 

when na-ra + aiB first less than rXy 

or Tui + a first less than ra;+ ra, 

or r (x + a) first greater than a (n + 1), 

.fi^t greater than »-|^) 

If r be equal to — ^ K then — ^ .-=lt and the 

^ a5 + a ' r X ' 

(r+Vf term is equal to the 1^, and each is greater than any 

other term. 

Ex. Find the greatest term in the expansion of {4+ ay, 

when a=g* 

3 
Here «(«+!) 2<^^^> 12 24 

4 + 2 T 

TbeSnt whole number greater fhasi.a^\a^v'^*^^'=**'^ 
^nestest term of the ezpansioii is tiie arflu 

[ILA.] 
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422. Tojvnd ihe mm of aU ihs coefficienU in the expannon 
o/(l+»)*. 



Since (1 + »)•= 1 + no; + ^i-^5^^a« + 



+!^(^-J.)^+„^+^ 

putting a;=l, we get 

-, _ n.(n-l) , .n.(w-l). ,, 

2"=l + ri+ — 12 + + — ^ g ^ +ti-fl; 

or, 2*= the sum of all the coeflScients. 

423. To show (hat the sum of the coefficients of (he odd tenm 
in the expwasion of (1 +a;)" is equal to the sum of the coefficients 
of the even terms. 

Since 

putting «= - 1, we get 

a 1^»-1 ni ^'^^"^) yi.(n-l).( yi-2) 

o-b*'-^^* } 

.(.^M.^^^), J 

=8nm of coefficients of odd terms - sum of co- 
efficients of even terms ; 

.*. sum of coefficients of odd teijns = sum of coefficients of 
even terms. 

Hence, by the preceding Article, 

2" 
sum of coefficienta oi odd tftirms = ^ = 2*'* ; 

sum of coef6Lcieii\a oi even \.exTftA ^ "^^^^ ^ • 



or, 



XXXYI. THE BINOMIAL THEOREM. 
FRACTIONAL AND NEGATIVE^ INDICES. 

424 Ws have shown that when m is a positive integer^ 
(l+a;)"=l+WM5+ — ; o ^ 0^4- 

We have now to show that this equation holds good when 

3 

m is a positive fraction, as ^, a negative integer^ as - 3, or a 

3 

negative fraction, as — 7. 

We shall give the proof devised by Euler. 

• ■ 

425. If m be a positive integer we know that 

/I \« 1 . . W'.(m-1) o . m.(m-l).(m-2) , . 
(l-r«)"=l+ww;+ — ^ ^ V + '- ^ 12 3 " "*" 



Let ns agree to represent a series of the form 

_ m . (m — 1) a 
l+mx+ — 1"2~~ 



by the symbol /(m), whatever (he value of in may he. 

Then we know that when m is a positive integer 

. . (l+a;)-»ir/(m); 

and we have to show that, also, when m is fractional or 
negative 

(l + a;)"i=/(m). 

Since /(m) = l+wia;+ ^'^^r' ^ a;'4- ..••.. 

/W = l+naj+tLjLi!!^a?^ 
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If we multiply together the two series^ we shall obtain an 
expression of the form 

l + aa;+&B'+(»'+(fa^+ 

that is, a series of ascending powers of » in which the coeffi* 

dents a, &^ c are formed bj various combinations of 

m and i^ 

To determine the mode in which a and h are formed, let us 
commence the multiplication of the two series and eontinae it 
as fEur as terms involving x^, thus 

/(n)=sl+wa; + — 12~" * 

/(m)x/(n) = l+ma;+ ^*^^~ g^+ 

+na;+«wMc*+ 

n.(«-l) 

^ 1.2 ^ 

/ 

"I . / . \ . fwi.(m— 1) 
l + (m+n).a;+ j — po""^ 

. ri.(ri-l)) , 
+mn+ — j— o"^ f «*+ 

Comparing this product with the assumed expression 

l + aa;+&c* + caj' + (fo;*+ 

we see that a^'m-\-n^ 

^ , , m.(m-l) . .ri.(n-l) 
and 0= — ^ — ?: — ^+77mH ^ - 
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Similarly we could show hj actual muUipUeaUon that 

(m+n). (m+Ti~l). (m+n-2) 
^" 17273 ' 

, (m+n).(m+yi~l)>(m+n -"2).(m+7t-3) 
"*== l.i.3.4 

Thus we miglit determine the successive coefficiems to any 
«ttent, but we may ascertain the law of (heir formation by the 
following considerations. 

The forms of the coefficients, that is, the way in which m 
and n are involyed in them, do not depend in any way on the 
values of m and n, but will be precisely the same whether m 
and n be positive integers or any numbers whatsoever. 

If then we can determine the law of their formation when 
m and n are positive integers, we shall know the law of their 
formation for all values of m and n. 

Now when m and n are positive vnJtegerSj 

/(m)=(l+a;)-, 

/(n)=(l+x)«; 

/. /(m) x/(w) = (1 + «)• X (1 + «)• 
=(1 +»)"+• 

=:l + (m+n)a!+^^ -Y-a ^ "^ ••• 

^f{m-¥n). 

Hence we conclude that whatever he the values of m and n 

/(m) X f{n)^f{m-\-n). 

Hence f{m+n+p)=f(m) .f{n-{-p) 

and ^ geneiaJly 

/(W+7H-JP+ ..)=/(m>.f (.u^.l^l^"^-* 
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Now let ms7i=|>sB ... =p h and h being positiye integers, 
then 

/( jr+x+r+ •••to A; terma^ 

/w={/(|)!* 

or, (!+«)*= {/©j*! 



/.(l+x^/g) 



^e-i) 



, h Ik' ^^ , . , 

which proves the theorem for a positive fractional index. 

Again, since /(m) ./(n)=/(m + n) for all values of m and n, 
let 71= -m, then 

/(m) ./( - m) =/(m - m) 

-/(O). 

Now the series 1 + wwj + , ^ — ^x^ + ... 

becomes 1 when m=0, that is,/(0)=l ; 
/. /(m)./(-m)=l; 

1 1 

:. (1+a;)— =/(-m) 
which proves the theorem ior a ucgatx-oe \xA«l/\!sNk®5^ ^a 
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426, Ex- Expand (a + xy to four terms. 

1 JL 1 JL_i 2 \2 / JUi 
(a+a;)2=a2+2.a2^ .x+ — j-^ — , a^^ 



, a» .0;'+ 



f-a-0(rO 



1.2.3 
3 



. a^ . ac' ... 



=»a^+— T 8 + 6 

2a2 8a2 16a» 

Or we might proceed thus, as is explained in Art 416. 

(a+x)*=aVl + ^)^ 

\\.A a? 2A2'"V x^ . 2(2'"v(2"'V iB^ 

""^ (^^2-a+ i.2 "^+ 1.2.3 ^•^- 

i f, , a; ^2 /pS 1 



„h . X x^ x^ 
2a2 8a2 16a 



EXAMPLKS.— Clii. 

Expand the following expressions : 
I. (1 + xY to five terms. 7. (1 - 05^)2 to five terms. 



2. (1 + a)^ to four terms. 

3. (a + 05)* to five terms. 

4. (1 + 2a;)2 to five terms. 

5. (^+-^)* to four terms, 
d (a^-fx*)^ to four terms. 



8. (1 - a^® to four terms. 

9. (1 — 3a;)* to four terms. 
10. (ic^ — -^ F to four terms. 
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427. To expand (1 + x)—. 

-n.(-n-l).(-n-2) , 
"^ 1.2.3 ^" 

^ 1.2 1.2.3 

the terms being alternately positiye and negative. 

Ex. Expand (1 +a!)~^ to five terms. 

Cl+x) =1 «i»+i 2"^ 1.2.3^^^1.2. 3.4'*^ 
= l-3a;+6x2-10a:8+i5a4_ ,,. 

428. To eas^xini (1 — x)-^, 
il-x)-*^l--{-^n).x-h ''''^''^''^K a? 

-n(-n-l)(-n-2) ^. 

=^+^+-nr72'^'-^ 1.2.3 ^^-*- 

the terms being all positive. 
Ex. Expand (1 - x)"^ to five terms. 

^1 x; -A + ^«+i.2^^1.2.3'^^1.2.3.4^^ • 
= l + 3a; + 6a;2+10a:84i5a;4+ ... 



EXAMPLKS.— cliii. 
Expand 

I. (1 + a)-2 to five terms. 4. ( 1 - |j to five terms. 

2, (1 - Sx)"^ to five terms. ^. (^a^ -^xY* t^ five terms. 
5. ^1 - - y* to four terma. 6, ^(^-^V\ftVs«Qct\jBS3s«. 
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1 
429. To expcmd (1 + x)-*. . 






nV n /V n / 



1.2.3 



• Xi T •.• 






EXAMPLKS. — Cliv. 
Expand 

1. (1 +a^"2 to five terms. 4. (1 +2a;)~2 to five tenns. 

2. (1 -o^ 2 to five terms. 5. (a'+a^"^ to four terms. 
3 {(x^+z^)"^ to four terms. 6. (a'+sc')"^ to four terms. 

430. Observations on the gendered esiypressionfor the term iwoolving 
of in the eocfpansions (1 +«)" a/nd (1 - x)\ 

The general expression for the term involving of, that is the 
(r + 1)* term, in the expansion of (1 +0;)* is 

n.(7i-l)...(n--r+l) , 
1.2 r 

From this we must deduce the form in all cases. 

Thus the (r+ 1)* term of the expansion of (1 -»)• is found 
hj changing x into ( —a;), ^^^ ther^ore it is 



or, 



n.(n-l)...(n-r+l) , ., 
1.2 r ^""^^ 

^ ^ 1.2 T 
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If n be negative and = -m, the (r + 1)*^ tenn of the ezpan* 
aion of (l+a;)*i8 



1.2* r 



«; 



(-l)^)m.(m + l)...(m4•r~l)( af. 
' 1.2 r 

If % be negative and ■»-»», the (r + 1)* term of the expan- 
sion of (1+x)" is 

(-ir.)m.(m+l)...(m+r-l){ , ., 
1.2 r -^"^^^ 

m.(m+l)...(m + r-l) _^ 
1.2.....;...r ■;^- 



Examples.— clv. 

^Find the i^ terms of the following expansions : 
I. (l+a;y. 2. (l-a;)^2. 3- (a-a)^ 4- (Sac + Sy)*. 

5. (1 +«)-•. 6. (l-3a;)-*. 7. (1-a:)"^. 8. (a+a;)^^. 

9. (1^2a;)"^. lo. (a^-JB^)"^- 

11. Find the (r+1)* term of (1-a;)-^. 

12. Find the (r + 1)* term of (1 - 4x)"^. 

13. Find the (r+ 1)*** term of (1 +»)^ 

14. Show that the coefficient of aT*"* in (1 +«)"+* is the sum 
of the coefficients of of and aT*"^ in (1 +«)". 

15. What is the fourth term of (a - -Y^ % 

1 6. What is the fifth term of (a« - 6*)^ ? 

J/. What is the ninth term of (a« + 2x2)^ \ 
18. What is the tenth term, oi ^a -vhY^ ^ 

jp. What is the Beventh. \«nx3L oi ^a -vhY 'X 



THE BINOMIAL THEOREM, 315 

^ 9 

431. The following are examples of the application of the 
Binomial Theorem to the approximation to roots of numbers. 

(1) To approximate to the square root of 104. 
^104= V(100+4)=lo(l + ^)* 



= loll + l * A^-lLl 4 V 
^"r+2-IOO+ 1.2 •VT0O>' 



la-oa-') 



• (roo) "*■ ••• ) 



1.2,3 

\ 100 10000 1000000 *•*) 
- 10-19804 nearly. 

(2) To approximate to the fifth root of 2. 
4/2 = (1 + 1)* 

6 25^250 2500 
3 9 

25 2500 ^ 

= 1-1236 nearly. 

(3) To approximate to the cube root of 25. 

4^25=4^(27-2)=3(l-Ap. 

Here we take the cube next dbom 25, so as to make the 
second term of the binomial aa small as possible, and then 
proceed as before. 

EXAMPLKS.— Clvi. 
^PP^^i^flte to, the following xoota; 
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432. The symbols employed in our common system of 
Arithmetical Notation are the nine digits and zero. These 
digits when written consecatively acquire local values from 
their positions with respect to the place of units, the value of 
every digit increasing Unrfold as we advance towards the left 
hand, and hence the number ten is called the Radix of the 
Scale. 

If we agree to represent the number ten by the letter ^ a 
number, expressed according to the conventions of Arithmetical 
Notation by 3245, would assume the form 

3t»+2<«+4«+6 

if expressed according to the conventions of Algebra. 

433. Let us now suppose that some other number, as^Siw^ 
is the radix of a scale of notation, then a number expressed in 
this scale arithmetically by 2341 will, if five be represented by 
/, assume the form 

2/'+3/«+4/+l 

if expressed algebraically. 

And, generally, if r be the radix of a scale of notation, a 
number expressed arithmetically in that scale by 6789 will, 
when expressed algebraically, since the value of each digit 
increases r-fold as we advauce towards the left hand, be repre- 
sented by 

6r5+7f^+8r+9. 

434. The nimiber which denotes the radix of any scale will 
be repiesented in that Bca\&\yY \C). 

Thus in the scale wYios© i^aox \b ^-^fe,^^ ^a^wa ^^ ^^k^ 
be represented by 10. 
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In the same scale seven, l>eing eqnal to five + two^ will 
therefore be lepiesented by 12. 

Hence the series of natural numbers as far as twenty-Jim will 
be represented in the scale whose radix is five thus : 

1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22, 23, 24, 30, 31, 

3^ 33, 34, 40, 41, 42, 43, 44, 100. 

435. In the scale whose radix is eleven we shall require 
a new symbol to express the number ten, for in that scale the 
number eleven is represented by 10. If we agree to express 
ten in this scale by the symbol t, the series of natural numbers 
as £90! as twenty-three will be represented in this scale thus : 

1, 2, 3, 4, 5, 6, 7, 8, 9, t, 10, 11, 12, 13, 14, 15, 16, 17, 

18, 19, 1«, 20, 21. 

436. In the scale whose radix is iwehe we shall require 
another new symbol to express the number eleven. If we 
agree to express this number by the symbol e, the natural 
numbers from nine to thirteen will be represented in the scale 
whose radix is twelve thus ; 

9, «, e, 10, 11. 

Again, the natural numbers from twenty to twenty-five will 
be represented thus : 

18, 19, 1«, le, 20, 21. 

437. The scale of notation of which the radix is two, is 
called the Binary Scale. 

The names given to the scales, up to that of which the 
radix is twelve, are Ternary, Quaternary, Quinary, Senary, 
Septenary, Octonary, Nonary, Denary, XJndenary and Duo- 
denary. 

438. To perform the operations of Addition, Subtraction, 
Multiplication, and Division in a scale of notation whose index 
is r, we proceed in the same way as we do for nui&i^^^i^k ^es^-- 
pressed in the common scale, mtlQ.)^\)^ ^aSiecKaRfc Q^n*^iMfi^.t 

must he used where ten would "be waed.\a. >i>afc <s«assstfsa. ^^^ 
which wm be understood bettex \>y t^«i ioUa^fflv5jj,«x»sfic^^ 
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Ex. 1. Find the sum of 43^5 and 5234 in the senary scale. 

4325 
5234 



the sum . <= 14003 

which is obtained by adding the numbers in yertical lines, 
carrying 1 for every six contained in the iseveral results, and 
setting down the excesses above it. 

Thus 4 units and 5 units make nine units, that is, six units 
together with 3 units, so we set down 3 and carry 1 to the 
tiext column. 

Ex. 2. Find the difference between 62345 and 53466 in 

the septenary scale. 

62345 

53466 



the difference «= 5546 

which is obtained by the following process. We cannot take 
six units from live units, we therefore add %&wfa units to the 
five units, making 12 units, and take six units fi*om twelve 
units, and then we add 1 to the lower figure in the second 
column, and so on. ' 

Ex. 3. Multiply 2471 by 358 in the duodenary scale. 

2471 
358 



1 7088 
e t e b 
7193 

833318 



Ex- 4. Divide 367286 by 8 in the nonary scale. 

8 ) 367286 

42033 

The following is the process. We ask how often 8 is contained 
m 30, which in the nonary scale represents tfUrty-ihree xmits ) 
the answer is 4 and 1 over. "W^ ^«a «^Vq>n q^jXksi^ \a con- 
tained in 17, which in the noiiaiy w»\fe Tc^^Na«!i\A ^^aX*»^^aaiHfc.^ 
*o Answer is 2 and no xemaMiaL^. loA wl^x^ik^fc ^'Qt.^L ^^\». 
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Ex. 5. Divide 1184323 by 589 in the duodenary scale. 

539; 1184323 (2483 
«56 



22^3 
IteO 

3032 
39^0 

1523 
1523 



Ex. 6. 

Bcale. 



Extract the square root of 10534521 in &e senary 

10534521 ( 2345 
4 



43 


253 
213 


504 


4045 
3224 


5125 


42121 
42121 



A 



I. 

2. 

3- 

4. 

5- 
6. 

7. 
8. 

9- 
10. 
fcale. 



Examples. — clvii. 

Add 23561, 42513, 645325 in the septenary scale. 
Add 3074852, 4635628, 1247653 iu the nonary scale. 
Subtract 267862 from 358423 in the nonary scale. 
Subtract 124321 from 211010 in the quinary scale. 
Multiply 57264 by 675 in the octonary scale.. 
Multiply 1456 by 6541 in the septenary scale. 
Divide 243012 by 5 in the senary scale. 
Divide 3756025 by 6 in the octonary scale. 
Extract the square root oi a?>400T>44YCL>(Js\ft.^\i25sr^ ^^RsSssi.. 
Extract the square root oi ^^^^^U \x!LN:?a& $i»j^^s»»^"^ 
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439. To trom^orm a given mtegral number from one^eaUto 
another. 

Let N be the given integer expressed in the first scale, 

r the radix of the new scale in which the number is to 
be expressed, 

a, 6, c m,p, q the digits, n + 1 in number, expressiiii; 

the number in the new scale ; 
80 that the number in the new scale ^\dll be expressed thus ; 

ar*-hhf*-^-\-cr^^+ +mr*+2?r+g. 

We have now from the equation 

to determine the values of a, d, c ^jP^q^ 

Divide -AT by r, the remainder is q. Let A be the quotient : 

then 

^=ar*-^ + &r^8 + cf*-'+ ^nvr-hp^ 

Divide A by r, the remainder is p. Let B be the quotient ; 
then 

Hence the 
first digit to the right of the namber expressed in the 

new scale is q, the first remainder ; 

second jp, the second remainder ; 

third m,the third remainder; 

and thus all the digits may be determined. 

Ex. 1« Transform 235791 from the common scale to the 
scale whose radix is 6. 

6 I 235791 



6 


39298 remainder 3 


6 


6549 remainder 4 


6 


1091 remainder 3 


6 


181 remainder 5 


6 


30 remainder 1 


6 


5 remainder 




TemaAn^^AT ^ 



The number required ia tYieteiox^ bOA5?i4a 
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The digits by which a number can be expressed in a scale 

whose radix is r will be 1, 2, 3 ^- 1, because these, with 0, 

are the only remaindeis which can arise from a division in 
which the divisor is r. 

Ex. 2. Express 3598 in the scale whose radix is 12. 



12 


3598 




12 


299 


remainder t 


12 


24 


remainder e 


12 


2 


remainder 







remainder 2 



/. the number required is 20e^. 

440. The method of transforming a given integer from one 
scale to another is of course applicable to cases in which both 
scales are other than the common scale. We must, however, 
be careful to perform the operation of division in accordance 
with the principles explained in Art. 438, Ex. 4. 

EIX- Transform 142532 from the scale whose radix is 6 to 
the scale whose radix is 5. 



5 


142532 




5 


20330 


remainder 2 


5 


2303 


remainder 3 


5 


' 300 


remainder 3 


5 


33 


remainder 3 


5 


4 


remainder 1 







remainder 4 



The required number is therefore 413332. 



Examples.— clviii. 

Express 

I. 1828 in the septenary scale. 
2. 1820 in the senary scale. 
J. 43751 in the duodenary Bcale; 
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4. 3700 in the quinary scale. 

5. 7631 in the binary scale. 

6. 215855 in the duodenary scale. 

7. 790158 in the septenary scale. 

Transform 

8. 34002 from the quinary to the quaternary scale. 

9. 8978 &om the iindenary to the duodenary scale. 

10. 3256 from the septenary to the duodenary scale. 

1 1. 37704 from the nonary to the octonary scale. 

12. 5056 from the septenary to the quaternary scale. 

13. 654321 from the duodenary to the septenary scale. 

14. 2304 from the quinary to the undenary scale. 

441. In any scale the positive integral powers of the num- 
ber which denotes the radix of the scale are expressed by 
10,100,1000 

Thus twenty-five, which is the square of five, is expressed in 
the scale whose radix is five by 100 : one hundred and twenty- 
five will be expressed by 1000, and so on. 

Generally, the n^ power of the number denoting the radix 
in any scale is expressed by 1 followed by n cyphers. 

The highest number that can be expressed by p digits in a 
scale whose radix is r is expressed by r' - 1. 

Thus the highest number that can be expressed by 4 digits 
in the scale whose radix is five is 

10*- 1, or 10000-1, that is 4444. 

The least number that can be expressed by p digits in a 
scale whose radix is r is expressed by t^K 

ThuB the least numbei \iha.\. caTi\i^ ex^T^eaa^ \i^ 4 digits in 
the scale whose radix is fiive ia 

10^^ or 1^, t\ka\. \a AfiK3^- 
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442. In a scale whose radix is r, the sum of the digits of 
an integer divided by (r - 1) will leave the same remainder as 
the integer leaves when divided by r - 1, 

Let N be the number, and suppose 

Then 
iV=a(r"-l) + 6(r*-i-l) + c(r-2-l)+ ... +m(r2-l)+jp(r-l) 

+ ja + 6 + c+ +m+2? + 2|. 

Now all the expressions r"-l, r"~^ — 1 r^-l, r— 1 are 

divisible by r-1; 

. . =-=3 an integer H = — ^ ; 

r-1 *^ r— 1 

which proves the proposition, for since the quotients differ by 
an integer, their fractional parts must be the same, that is, the 
remainders after division are the same. 

Note. From this proposition is derived the test of the 
accuracy of the result of Multiplication in Arithmetic by casi" 
ing out ihe mnes. 

For let A^9m+a, 

and B==9n + b; 

then AB = 9(9mn + an + bm) + ah ; 

that is, AB and ah when divided by 9 will leave the same 
remainder. 

Radical Fractions, 

443. As the local value of each digit in a scale whose radix 
is r increases r-fold as we advance from right to left, so does 
the local value of each decrease in the same proportion as we 
advance from left to right 

If then we affix a line of digits to the right of the imits' 

place, each one of these having froTcv. ^ ^Q»^as>^a. ^ ^€i!cs^ 

one-i^psLrt of the value it would. "haN^ M SX. "^«t^ <s^^ "'^^^^ 

further to the left, we shall liave oti V^ife tv^^ V«a.^ ^"^ " 

unita' place a series of Fractions oi ^^Oa. ^^ ^kssi^o-ossas 
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are successively r^f^ji^, , while the nuineiatois may be 

any numbers between r— 1 and zeio. These are called 
Radical Fbactions. 

In our common system of notation the word Radical is 
replaced by Decimal, because ten is the radix of the scale. 

Now adopting the ordinary system of notation, and marlring 
the place of units by putting a dot * to the right of it^ we have 
the following results : 

In the denary scale 

246-4789 = 2 xl02+4xlO+6+^ + -j^+-j^ + ~f; 

in the quinary scale 

324-4213=3x102 + 2x10 + 4 + 4 + ^+tI?+ ^ 



10 102 "^ 103 ^ 104> 

remembering that in this sccUe 10 stands for Jim and not for ten 

(Art. 434). 

444. To show that in amy scale a radical fraction is a proper 
fraction. 

Suppose the fraction to contain n digits, a,b,c 



Then, since r - 1 is the highest value that each of the digits 
can have, 

- + "2+ ...isnot greater than (^-l)(- + -^+ ...ton terms) 
not greater than (r- 1) } ~ *-^ 



-^1 
r 



not greater than (r - 1) | — - — -- 1 ; 

(f(r-l)j 

not greater than ; 

\ 

not greater tihan. 1 - -^^ 
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Hence the given fraction is less than 1, and is therefore a 
proper fraction. 

445. To transform a fraction expressed in a given scale into 
a radical fiuction in any other scale. 

Let F be the given fraction expressed in the first scale, 

r the radix of the new scale in which the fraction is to 
be expressed, 

a, h, c.the digits expressing the fraction in the new 
scale, so that 

jp_a h c 

^ from which equation the values of a, 6, c.are to be deter- 
mined. 

Multiplying both sides of the equation by r, 

J7V=a+-+~+ ... 
r r* 

6 c 
Now - + -5 + ... is a proper fraction by Art. 444. 

Hence the integral part of Fr wUl =a, the first digit of the 
new fraction, and the fractional part of Fr will 

_6 c 
r r* 

Giving to this fractional part of Fr the symbol J\ we have 

^i=— +-Q+ ... 

Multiplying both sides of the equation by r, 

ir,r=6+i+ ... 
r 

Hence the integral part of F^r =b, tlve secoTftA diwa^X. oS ^^^ "^ 
fi-actim, and thus, by a similar -pxocesa, «X^ ^^ ^^©N^ ^*^ "^ 
new fraction may he found. 
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EIx« 1. Ezpiess = as a radical fraction in the qtiinai 
scale: 





3 

7^ 


5=^.4 




1 
7^ 


6-f=04 




5 

7^ 


6-7-3 + y, 




4 
7^ 


5-^^24. , 




6 

7^ 


5=^=44. 




2 
7" 


5 = -=l4; 


erefore fraction is 


'203241 recurring. 


Ex. 2. , Express 


'84375 in the octonaiy scale : 






•84375 






8 






6-75000 






. 8 




6-00000 



The fraction required is -66. 

Ex- 3. Transform -42765 from the nonary to the senai 
scale. 

•42765 
6 



2-78133 
6 

5-23820 
6 

1-55430 



The fraction reqtdred la -^51^ .. 
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Ex. 4. Transform 0124*^275 from the duodenary to the 
quaternary scale : 



4 


0124 


- remainder 
-remainder 3 

- remainder 2 

- remainder 3 

- remainder 2 

- remainder 2 

- remainder 

- remainder 1 


•«275 


4 


2937- 


4 






4 


83«- 


3*4^58 
4 


4 


20e- 


1*75^8 


4 
4 


62- 
. 16- 


4 
2-5e68 


4 


4- 


4 


4 


1- 


l*ef28 




0- 





Numher required is 10223230-3121 ... 

EXAMPLKS. — CliX. 

1. Express ^ in the senary scale. 

2. Express -^ in the septenary scale. 

3. Express 23*125 in the nonary scale. 

4. Express 1820*3375 in the senary scale. 

5. In what scale is 17486 written 212542 ? 

6. In what scale is 511173 written 1746305 ? 

7. Sho\^ that a number in the Common scale is divisible 
(i) by 3 if the sum of its digits is divisible by 3. 

(2) by 4 if the last two digits be divisible b^ 4. 

(3) hySifthe last three dig^\a \>ft ^'Ti«W^^\y3 '^^ 
(4) hy 5 if the number ends vn.^^ t> ox Ci» 
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(5) by 11 if the difference between the sum of the digits 
in the odd places and the sum of those in the even 
places be divisible by 11. 

8. If ^ be a number in the scale whose radix is r, and n 
be the number resulting when the digits of N are reyersed, 
show that N -nhA divisible by r - 1. 



XXXVIII. ON LOGARITHMS. 

446. Def. The Logarithm of a number to a given base 
is the index of the power to which the base must be raised to 
give the number. 

Thus if m—a', x is called the logarithm of m to the base a. 

For instance, if the base of a system of Logarithms be 2, 
3 is the logarithm of the number 8, 
because 8 = 2^: 
and if the base be 5, then 

3 is the logarithm of the number 125^ 
because 125 = 53. 

447. The logarithm of a number m to the base a is written 
thus, log.m; and so, if m=a*, 

a5=logaWi. 
Hence it follows that m =«''**". 

448. Since l=a®, the logarithm of unity to any base is 

zero. 

Since a=a^, the logarithm of the base of any system 
is unity. 

449, We now proceed to descn^i^ \JaaX.^\5^0a. Sa ^^j^^^d the 
Common System of logaTit\mia. 

The base of the system is 10, 
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By a system of logaritliins to the base IQ, we meaa a succes- 
sion of values of x which satisfy the equation 

m=10" 
for all positive values of m, integral or fractionaL 

Such a system is formed by the series of logarithms of 
the natural numbers from 1 to 100000, which constitute the 
logarithms registered in our ordinary tables, and which are 
therefore called tabular logarithms, " 



450. Now 



and so on. 



1 = 100, 

10=101, 

100=102, 

1000=103, 



Hence the logarithm of 1 is 0, 

of 10 is 1, 

of 100 is 2, 

of 1000 is 3, 
and so on. 

Hence for all numbers between 1 and 10 the logarithm is a 
decimal less than 1, 

between 10 and 100 the logarithm is a decimal between 1 
and 2, 

between 100 and 1000 a decimal between 2 

and 3, and so on. 

451. The logarithms of the natural numbers from 1 to 12 
stand thus in the tables : 



No. 



/ 



1 
2 
3 
4 
5 
6 



Log 



0-0000000 
0-3010300 
0-4771213 
0-6020600 
, 0-6989700 

/ 0-: 



No. 



\ 



7 
8 
9 

10 
\1 
1^ 



Log 



0-8450980 
0-9030900 
0-9542425 
1-000QQ0C\ 



•7781513 
The logantbma are calculated to aevexi ie\afifc^ Q^^ ^^^cfffis^^- 
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452. The integral parts of the logarithms of niimbeD 
higher than 10 are called the ^tiJomusU/nMcs of those loguithm^ 
and the decimal parts of the logarithms are called the fnante 



Thus 



1 is the characteristic^ 
'0791812 the mantissa, 
of the logarithm of 12. 



453. The logarithms for 100 and the mmLbers that sooeeei 
it (and in some tables those that precede 100) have no chaiiO' 
teristic prefixed, because it can be supplied bj the reader, being 
2 for all numbers between 100 and 1000, 3 for all betwea 
1000 and 10000, and so on. Thus in the Tables we ahall 
find 



No. 


Log 


100 


0000000 


101 


0043214 


102 


0086002 


103 


0128372 


104 


0170333 


105 


0211893 



which we read thus : 

the logarithm of 100 is 2, 

of 101 is 20043214. 

of 102 is 2*0086002; and so on. 

454. Logarithms are of great use in making arithmetieal 
computations more easy, for by means of a Table of Logarithms 
the operation 

of Multiplication is changed into that of Addition, 

... Division Subtraction, 

... Involution Multiplication, 

... Evolution Division, 

as wfi shall show in the next io\uc Ax\.\c\^. 

455. The logaHthm o/ a product xa eqxiaX Vo t\vA iromv^i^ 
logarithms of its factors. 
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Let m^a'y 

and n=a^. 

Then i»n=a*+*; 

.'. log,mn=a;+y 

=log,m+log,n. 

Hence it follows that 

log.mwp = log.m + log.n + log^, 

and similarly it may be shown that the Theorem holds good 
for any number of factors. 

Thus the operation of Multiplication is changed into that of 
Addition. 

Suppose, for instance, we want to find the product of 246 
and 357, we add the logarithms of the factors, and the sum is 
the logarithm of the product : thus 

1(^ 246=2-3909351 
log 357=2-5526682 

their sum =4*9436033 

which is the logarithm of 87822, the product required. 

Note. We do not write logio246, for so long as we are 
treating of logarithms to the particular base 10, we may omit 
the suffix. 

456. The logarithm of a quotient is equal to the loga/riihm of 
the dimdend dimimshed by the logarithm of the ddmsor. 

Let m=a% 

and n=a\ 

m 

Then -=0^; 

n 

« m 
:, log.-=a;-y 
n 

=log.m-lo^,u. 

Thus the operation of Division is cbLOQ^'&^^xA.*^ ^^ oJL'^n^ 
tmctdozL 
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If, for example, we are required to divide 371*49 by 52*376, 
we proceed thus, 

log 371*49=2-5699471 
log 52-376 =1-7191323 

their diflference= -8508148 

which is the logarithm of 7*092752, the quotient required. 

457. TIm hgarUhm of any power of a number is equal to ^ 
product of the logaHthm of the number and the index denoting Ik 
power. 

Let m^a'. 

Then m'^a"; 

:, logjn'—rx 

=r.log,m. 

Thus the operation of Involution is changed into Multipli- 
cation. 

Suppose, for instance, we have to find the fourth power of 
13, we may proceed thus, 

log 13=1*1139434 

4 

4*4557736 
which is the logarithm of 28561, the number required. 

458. T^ logarithm of any root of a number is equal to (^ 
quotient arising from the division of the logarithm of the nwnier 
by the number denoting the root. 



Let 


m=a'. 


Then 


1 • 




1 X 
.-. log.m'=- 




=-.log.m. 



Thus the opexatioii oi^^oVM^oxiSa OwsxkJig^VYc^iawision. 
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If, for example, we have to find the fifth root of 16807, we 
proceed thus, 

5 I 4-2254902, the log of 16^07 



•8450980 
which is the logarithm of 7, the root required. 

459. The common system of Logarithms has this advantage 
over all others for numerical calculations, that its base is the 
same as the radix of the common scale of notation. 

Hence it is that the' same mantissa serves for all numbers 
which have the same significant digits and differ only in the 
position of the place of units relatively to those digits. 

For, since log 60 = log 10 + log 6 == 1 + log 6, 
log 600 = log 100 + log6=2 + log6, 
log 6000=log 1000 + log 6=3+log 6, 

it is clear that if we know the logarithm of any number, as 6, 
we also know the logarithms of the numbers resulting from 
multiplying that number by the powers of 10. 

So again, if we know that 

log 1-7692 is -247783, 
we also know that 

log 17-692 is 1-247783, 
log 176-92 is 2-247783, 
log 1769-2 is 3-247783, 
log 17692 is 4-247783, 
log 176920 is 5-247783. 

460. We must now treat of the logarithms of numbers less 
than unity. 

Since 1 = 100, 
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the logaxitbm of a number 

between land '1 lies between Oand-I, 

between 'land '01 -land -2, 

between '01 and '001 -2 and -3, 

and so on. 

Hence the logarithms of all numoers less than nnity aie 
n^ative. 

We do not require a separate table for these logarithms, for 
we can deduce them from the logarithms of numbers greater 
than unity by the following process : 

log -6 =logj^ =log6-loglO =log6-l, 
log-06 =logj^ =log6-logl00 =log6-2, 

log-006=log ^=log 6-log 1000=log 6-3. 

Now the logarithm of 6 is -7781613. 

Hence 
log -6 = - 1 + -7781513, which is written T-7781613, 
log-06 = - 2 + -7781513, which is written 2-7781513, 
log -006= - 3 + -7781513, which is written 3-7781513, 

the characteristics only being negative 'and the mantisssB 
positive. 

461. Thus the same mantisssd serve for the logarithms of 
all numbers, wheUier greater or less than unity ^ which have the 
same significant digits, and differ only in the position of the 
place of units relatively to those digits. 

It 18 best to regard liie Te^Aa aa «. T«©a}«st ^i HJas^ V)^ss:^;]bm& 
of numbers which, have oue si^uaSLcasA ^M®X.\ifciQtfe^^^s6jQm58s. 
point. 
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No. I Log 

For instance, when we read in tlie tables 144 | 1583625, we 
interpret the entiy thus 

log 1-44 is -1583625. 

We then obtain the following rules for the chaiacteiistlc to 
be attached in each case. 

I. If the decimal point be shifted one, two, three... iz 
places to the right^ prefix as a characteristic 1^ 2, 3 ... n. 

II. If the decimal point be shifted one, two, three ...T^ 
places to the left^ prefix as a characteristic 1, 2, 3 ... n. 

Thus log 1-44 is -1583625, 

.-. log 14-4 is 1-1583625, 

log 144 is 2-1583625, 

log 1440 is 3-1583625, 

log -144 is 1-1583625, 

log -0144 is 2-1583625, 
log -00144 is 3-1583625. 

462. In calculations with negative characteristics we follow 
the rules of algebra. Thus, 

(1) If we have to add the logarithms 3-64628 and 2-42367, 
^e first add the mantissse, and the result is 1-06995, and then 

add the characteristics, and this result is 1. 
The final result is 1 + 1 -06995, that is, -06995. 

(2) To subtract 6-6249372 from 3*2456973, we may arrange 
the numbers thus, 

- 3 + -2456973 

- 5 + -6249372 



1 + -6207601 



the 1 carried on from the last subtraction in the decimal -QlflAA^ 
changing - 5 into —4, and then —4 &\][b\xa£.\.^^i3iQTfiL -"i^^J^vsi^ 
1 aa a result 

Hence the resuiting logarithni is V6^01W\* 
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(3) To multiply 3-7482569 by 5. 

3-7482569 
5 



12-7412845 

the 3 carried on from the last multiplication of the decimal 
places being added to — 15, and thus giving — 12 as a result 

(4) To divide 14-2456736 by 4. 

Increase the negative characteristic so that it may be exactly 
divisible by 4, making a proper compensation, thus, 

14-2456736 =16 + 2-2456736. 

14-2456736 16 + 2-2456736 - ___, 
Then -^ = -^ = 4 + -5614184 ; 

and so the result is 4-5614184. 



Examples. — clx. 

1. Add 3-1651553, 4-7505855, 6-6879746, 2-6150026. 

2. Add 4-6843785, 5-6650657, 3-8905196, 3-4675284. 

3. Add 2-5324716, 36650657, 58905196, -3156215. 

4. From 2-483269 take 3-742891. 
, 5. From 2-352678 take 5-428619. 

6. From 5-349162 take 3-624329. 

7. Multiply 2-4596721 by 3. 

8. Multiply 7-429683 by 6. 

9. Multiply 9-2843617 by 7. 

10. Divide 6-3725409 by 3. 

1 1. Divide T4-432962 by 6. 

12. Divide 4-53627188 by 9. 

463. We flhall now ex^lKoi "Wi^ «^ «^^\«ai. ^Ws^av^aimfi 
calculated to a base a may \>e \.xaa!^OTai^^\fiJtfi ^aRKJaKt^^^Rsa. 

of which the base ia b. 
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Let m be a number of which the logarithm in the first 
system is x and in the second j^. 

Then m^a'^ 

and ms^^ 

Hence 6"= of, 



"x log.6' 

•■• »=i^ *• 

Hence if we mtdtiply the logarithm of any number in the 

system of which the base is a by « — ■, , we shall obtain the 

logarithm of the same number in the system of which the base 
is &. 

This constant multiplier « — w is called Thb Modulus of Uie 

system of which the hose is b with reference to the system of 
which the base is a, 

464. ^The common system of logarithms is used in all 
numerical calculations, but there is another system, which we 
must notice^ employed by the discoverer of logarithms, Napier, 
and hence called The Nafiebian Ststbm. 

The base of this system, denoted by the symbol e, is the 
number which is the sum of the series 

of which sum the first eight digits axe ^'ll^^'^Y^* 

465, Oar common logaiithmB aie lotm^aaL Vtotcl "Os^fc ^^^ 
ntbnuf of the Ifapierian System by mxaa.^'^T^^^i* ^'^^^^ \, 

ffLA.] 
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latter by a common multiplier called The Modulus of the 
Common System 

This modulus is, in accordance with the conclusioa of 

Art. 463, , =7;. 

' log, 10 

That is, if 2 and N be the logarithms of the same number in 
the common and Napierian systems respectively. 

Now log, 10 is 2-30258509 ; 

••• 13^ ^ 2-30268509 ;' •^3429448. 
and so the modulus of the common system is '43429448. 

466. To prove that log,5 x logja= 1. 

Let a;=log.6. 

• Then 6=a'; 

1 

Thus log»6 X log^ = a; X - 

= 1. 

467. The following are simple examples of the methoid'of 
applying thfe principles explained in this Chapter. 

Ex. * 1 . Given log 2 = -3010300, log 3 =- •4771213 and 

log 7 = -8450980, find log 42. 

Since 42=2x3x7 

- log 42=log 2 +log 3 +log 7 
. , =» -^10300 -f-477l213 + -845098Q 
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Ex. 2. Given log 2 = -3010300 and log 3 = -4771213, find 
the logaiitlims of 64, 81 and 96. 

log64=log2«=6log2 

log 2 = -3010300 
6 



/. log 64 = 1-8061800 



log81=log3*=4log3 

log 3= -4771213 



.-.log 81 = 1-9084852 

log 96 = log (32 X 3) = log 32 + log 3, 
and log32=log26=5log2; 

.-. log 96 = 5 log 2 + log 3 = 1-5051500 + -4771213 = 1-9622713. 

Ex. 3. Given log 5 = -6989700, find the logarithm of 
^(6-25). 

log(6-25)^=ilog6-25=ilog^=i (log625-log 100) 
=iaog5*-2)=i(4log5-2) 
= i (2-7958800 - 2) = -1136657. 

Examples.— clxi. 

1. Given log 2 = -3010300, find log 128, log 125 and 
log 2500. 

2. Given log 2 = -3010300 and log 7 = -8450980, find the 
logarithms of 50, -005 and 196. 

3. Given log 2 = -3010300, and log 3 =-4771213, find the 
logarithms of 6, 27, 54 and 576. 

4. Given log 2 = -3010300, log 3 = -4771213, log V « '8450980, 
find log 60, log -03, log 1-05, and lo^ •OOOQASi, 
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5. Given log 2 = -3010300, log 18 = 1*2552725 and 

log 21 = 1*3222193, find log -00075 and log 31*5. 

6. Given log 5 = -6989700, find the logarithms of 2, -064, 

and (5)" 

7. Given log 2 = -3010300, find the logarithms of 6, -^25, 

8. What are the logarithms of '01, 1 and 100 to the base 
iO ] What to the base -01 ? 

9. What is the characteristic of log 1593, (X) to base 10, 
(2) to base 12 % 

4* 

10. Given s^=S> and «=3y, find x and y. 

11. Given log4=-6020600, log l-04=-0170333: 

(a) Find the logarithms of 2, 25, 83*2, (•625y~ 

(6) How many digits are there in the integral part of 
(l-04)«>w ] 

1 2. Given log 25 = 1-3979400, log 1 -03 =: -0128372 : 

(a) Find the logarithms of 5, 4, 51-5, (-064)"*. 

(6) How many digits are there in the integral part of 
(l-03)«»? 

1 3. Having given log 3 = -4771213, log 7 = '8450980, 

log 11 = 1-0413927: 

77 3 

find the logarithms of 7623, -^^ and ■=^, 

14. Solve the equations : 

(0 ^OSO""-^- (4) a-6^=c. 

{2) (^)'=6-25. ^S^ of .\.^=e-^. 

(3) af.lf^m. "^ a-\r=^-. 
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468. We liave explained in Arts. 459—461 the adrantages 
3f tlie .Common System of Logarithms^ which may be stated in 
\ more general form thus : 

Let A be any sequence of figures (such as 2*35916), having 
!)n6 digit in the integral part. 

Then any number N having the same sequence of figures 
[such as 235-916 or -00235916) is of the form A x 10", where n 
is an integer, positive or negative. 

Therefore logio^= \ogJ^A x 10") = \o%^^ + w. 

Now A lies between 10® and 10^, and therefore log A lies 
between and 1, and is therefore a proper fraction. 

But logio-AT" and log^^^ differ only by the integer n ; 

•'• logio-^ is *^® fractional part of logi^iV". 

Hevice the logarithms of all numbers hamng the same 
SEQUENCE OF FIGURES have the same mantissa. 

Therefore one register serves for the mantissa of logarithms of aU 
iuch wumbers. This renders the tables more comprehensi/ve. 

Again, considering aU numbers which have the same 
sequence of figures, the number containing tvx> digits in the 
integral part =10.^, and therefore the characteristic of its 
logarithm is 1. 

Similarly the number containing m digits in the integral 
part =10"' . A, and therefore the characteristic of its logarithm 

is 971. 

Also numbers which have no digit in the integral part and 
me cypher after the decimal point are equal to A . 10""^ and 
A . 10""* respectively, and therefore the characteristics of their 
logarithms are - 1 and - 2 respectively. 

Similarly the number having m cyphers following the decimal 
point=-4 . 10-<*+«; 

.'. the cha/racteristic of its logarithm w — (m+ 1). 

JETmce we see that (he c^rocteristics oj th,e logojnJtVvfKvA ^1 '^^ 
'/umbers ccm he determined by inspectiou cwid tlveTeJwft tv««^ "wA* 
Tittered, Thde renders the tahUs less Imllcry* 
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469. The method of using Tables of Logarithiiu 
not fall within the scope of this treatise, but an acco 
it may be found in the Author's work on Eleme 
Trigonometry. 

470. We proceed to give a short explanation of th 
in which Logarithms are applied to the solution of que 
relating to Compound Interest. 

471. Suppose r to represent the interest on £\ for a 
then the interest on P pounds for a year is represent 
Vr^ and the amount of P pounds for a year is repree 
by P+Pr. 

472. To find the amount of a given sum for Q/ny ti 
compound interest. 

Let P be the original principal, 

r the interest on ^1 for a year, 
n the number of years. 

Then if Pi, Pg, P^...P„ be the amounts at the ei 
1, 2, 3 ...ti years, 

Pi=P -\-Pr=P (l + r), 

P2=:Pi + Pir = Pi(l + r)=P(l+r)2, 

P3=P, + P2r=P,(H-r)==P(l+r)3, 



P.=P(l+r)". 

473. Now suppose P„, P and r to be given : then by th 
of Logarithms we can find ri, for 

logP,=log)P(l+r)"( 
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474 If the interest be payable at intervals other than a 
Tear, the formula P,=P (I + r)" is applicable to the solution of 
the question, it being observed that r represents the interest 
on £\ for the period on which the interest is calculated, half- 
yearly, quarterly, or for any other period, and n represents the 
number of such periods. 

For example, to find the interest on P pounds for 4 year^ 
at compound interest, reckoned quarterly, at 5 per cent, per 
annum. 

„ \ . h 1-25 .-_ 

Here r^^ of ^= j5^=-0125, 

w = 4x4=16 ; 
.-. P,=P(1 + -0125)W. 



EXAMPLKS.— Clxii. 

N.B. — ^The Logarithms required may be found from the 
extracts from the Tables given in pages 329, 330. 

1. In how many years will a sum of money double itself 
at 4 per cent, compoimd interest ] 

2. In how many years will a sum of money double itself 
at 3 per cent, compound interest ? 

3. I9L how many years will a sum of money double itself 
at 10 per cent, compound interest % 

4. In how many years will a sum of money treble itself 
at 5 per cent, compound interest ? 

5. If £F at compound interest, rate r, double itself in n 
years, and at rate 2r in m years : show that m : n is greater 
than 1 : 2. 

« 

6. In how many years will £1000 amount to ;£1800 at 
5 pep cent, compound interest 1 

7. In \kGW many years will £P d.O'oVAfc \\a^ ^ ^ ^'St ^^£o^« 
perann. compovmd interest payable "hL8Ai-yea^c^7^ 
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475. The following is another method of preying the prin- 
cipal theorem in Permutations^ to which reference is made in 
the note on page 289. 

To prove that the number of permutations of n thdngs taken r at 
a time is n, (n-1) (n—r+l). 

Let there be n things a, h, c, d 

If n things be taken 1 at a time, the number of permntations 
is of course n. 

Now take any one of them, as a, th^n n-1 are left, and 
any one of these may be put after a to form a permutation, 

2 at a time, in which a stands first : and hence since there aie 
n things which may begin and each of these n may have n-1 
put after it, there are altogether ?i(n— 1) permutations of » 
things taken 2 at a time. 

Take any one of these, as a5, then there are n - 2 left, and 
any one of these may be put after a5, to form a permutation, 

3 at a time, in which db stands first : and hence since there 
are ?i(ti - 1) things which may begin, and each of these n(n - 1) 
may have n - 2 put after it, there are altogether n(n — 1) (n -2) 
permutations of n things taken 3 at a time. 

If we take any one of these as dbcy there are n - 3 left, and 
so the number of permutations of n things taken 4 at a time i> 
n.(n-l)(n-2)(w-3). 

So we see that to find the number of permutations, taken 
r at a time, we must multiply the number of permutations, 
taken r— 1 at a time, by the number formed by subtracting 
r— 1 from n, since this will be the number of endings any one 
of these permutations may have. 

Hence the number of permutations of n things taken 5 at * 
time is 

n{n- 1) {n-2) (n-3) X (ti-4), orn(7i- 1) (n-2) (n-3) (n-4); 

and since each time we multiply by an additional fitctor the 
number of factois is equal to the number of things taken at i 
time, it follows that t)ie nxrcaV^et ol \«ns£Q^a&^scsk ^ « things 
taken r at a time is tlxe -pToducX. olVJaAlafcVsc^ 



ANSWERS. 



1. 5a+76 + 12c. 
4. 8a + 26+2c. 
7. 126 H- 3c. 



i. (Page 10.) 

2. a+36H-2c. 

5. 2a5-7a + 36-2. 



ii. (Page 10.) 

I. 2a, 2. 2a+5a?. 3. 3a- 3a?. 
5. 4a+6+2c. 6. 2a. 7. 4. 

9. lOa-76-a;. 

iii. (Page 10.) 



3. 2aH-26+2c 
6. 0. 



4. 8a5+5y. 
8. IZx-y-Gz, 



I. 


2&. 


2. 


x-^2y. 


3. a+5c + d. 


5. 


ar. 


6. 


26+ 2c. 
iv. 


7. a-36-c. 
(Page 11.) 


I. 


4a-6. 




2. 46. 


3. a + 6-4c. 


5. 


14aj+2. 




6. 2a5 + a. 


7. 6a5 — a. 


9- 


2a -6. 




10. 2a. 


II. c. 



13. 29a -276+ 6c. 

. Additioii. 
I. 7a -26. 

7' . 7a+4b-'4c, 
fd.Aj 



V. (P^e 16.) 
2. -106 + 6c. 

• « 

.5- 2a, 

8. 7a — b+7c. 



4. 2y+22J. 
8. 3y+». 



4. 26. . 
8. a. 
12. a;+3a. 



9. -^^^* 
-J* 
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Subtraction. 










I. 


2a+25 


2. 


a-c. 


3. 


2a~26+2c 


4- 


8a;-l7y+6. 


5. 


7a -166+ 20c. 


6. 


6a-36-8a!. 


7. 


-3a+36-4c. 


8. 


26+ 2c -16. 


9- 


lla;-7y+4aL 


la 


6a-5 + 5c. 


II. 
vi. 


12p-9g+2r. 
(Page 20.) 






I. 


3xy. 2. 


\2xy. 


3. i2«y. 




4. 3a26c».- 


5- 


a\ 6. 


a\ 


7. 12a66». 




8. Z6aW. 


9. 


180a*66c*. 10. 28a'6cio. 11. 3a^ 


1 


12. 20a*6^. 


13. 


76aY2;3. 


14. 


51a6*c22(a. 




15. 48«y¥. 


16. 


12a^&cxy. 


17- 


8ai*66c«. 




18. dmhty. 


19. 


a6a;^% 


20. 
vii. 


33a»6i«m%. 
(Page 22.) 






I. 


a^+a6-ac 


2. 2a2+6a5-8ac 


3. 


a* + 3a»+4fll 



4. 9a6-15a*-18a3+21a2. 5. a^h-'2a^l^+db^. 

6. 3a66-9a*63 + 3a26*. 7. 8m3» + 9m%2+10nMi». 

8. 18a«6 + 8a662-6a*63 + 8aS6*. 9. iBy-ay+a;2y2_7a^. 

10. m3w-3m2n2+3mn5-n*. 11. 144a^6*-72a*65+60aV. 

1 2. 104a^ - 136a^3 4. 40jgy « gan/*. 



I. a2 + 12a;+27. 

4. a*-15ic+56. 

7. aj*+»2-20. 

9. sc/^-Zla^+d. 
II. a;*-a;*+2x-l. 
14. a*-a^. 



viii. (Page 27.) 

2. aj« + 8aj-105. 3. a^-2»-120. 

5. a«-8a+15. 6. y*+7y-7a 

8. a:*-12iB3+5aB2_34a.^45^ 

10. a«-3a«-3a* + 13a3_6a«-6a+4. 
17, o^ — "V^* 



\^. ^ft(^^-^^. 
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19. a6-4a*6 + 4a86>+4a«63_i7aj«.i265, 

20. a6+6a*6+a86«-10a«6»+12a6*-9&5. 

21. a*+4aV+16jB*. aa. 81a*+9a^+a:*. 
23. «8+4aV+16a*. 24. a»+68+c3-3a6c. 

25. a:^+«*y-9«8y2_20xy+2ajy*+16y*. 

26. a«62+cW-aV-6«(i2. 27. ac^-a*. 

28. a?^-aa^+6a:*-«c2— ofec+flkxc-Jcsc+oJc. 

29. 1-a?. 30. jc^-y^. 31. aM-a^«. 32. -47. 
33. 2. 34. -14. 35. o6+ac+6c. 36. —60. 
37. 2. 38. m\ 



ix. (Page 28.) 

I. -a*6. 2. -a^ 3. -a^^, 4. 12a^6^. 

5. -30!»V. 6. -a8+a26-a6«. 7. - Ca^ - 8a* + lOa^ 

8. a*+2a8+2a2+a. 9. -6a:V+A^+7a:2/^-lV- 

10. 6m8+m^-13i7Wi2+7nS. 11. -13r3-22r8 + 96r + 136. 

12. -7a^+x%;+8a5%2+9a»2+ft83. 

13. ai^+jrV. 14. flC* + 2{B^+2a;2y2^2»y8^-y4, 

X. (Page 32.) 

I. a2+2aa;+a2. 2. a5*-2aic + a'. 3. x^^4x-{'A. 

4. (B2_eaj^.9^ 5^ iC*+2a;V+y*. 6. a:*-2a%2+y4. 

7. a«+2a868+68 8. a«-2a868+56 

9. a^+y*+a*+2aBy+2a» + 2^. 

10. a;*+y2+«*— 2ajy + 2a»-2y». 

12. a^+4a;8-2{ca_i2aj + 9. 13. a^-\^^^<^-'^^tt.^'«^. 
/^ 4a:^-^&r«+86a;2-.126ac + 81. 
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i6. ic8-8x«2/2 + i8a^-8a;y+t^. 

17. a6 + 56 + c6 + 2a363+2a'c8 + 263cS. 

18. jB« + 2/« + «e_2xy-.2a%;8+2yV. 

20. rc* + 4i/* + 25»*-4»2y2 + 10jB%*-20yV. 

21. a3 + 3aa2+3a2a;+al 22. a^-3afic*+3a*c-a'. 
23. a3 + 3x2 + 3x + l. 24. a;5-3jc2 + 3a;-l. 
25. a:3 + 6a;2 + 12a; + 8. . 26. a« - 3a*62 + 3^254 _ y. 

27. a3 + 3a26 + 3ab2 + 63 4.c3+3a2c + 6c*c + 362c + 3ac2 + 36c*. 

28. a3-3a26 + 3a6«-63-c'-3a2c + 6a6c-362c+3ac2_3jg2^ 

29. m*-2m*n2 + n*. 30. m*+2m%-2mn'-ii*. 

xi. (Page 34.) 

I. a^. 2. 08. 3. a^. 4. a:*y»^. 5. 6bc 6. Sc*. 
7. 16a266c«. 8. l2l7nhiY. 9. 12a^. 10. 8a*W. 

xii. (Page 35.) 

I. a;2+2x+l. 2. y3-y«+y-l. 3. a« + 2a6+3ft*. 

4. a:* + mpa52 + 7/i2p2 ^^ 4ay-7a; + a:2. 6. 8aV-4«^*-2y. 

7. 27m%s-18m3n* + 9mp. 8. 3»2y2 _ 2a^ _ ^4, 

9. 13a26-9a62 + 76. 10. 19W + 1262c3_75c4. 

xiiL (Page 36.) 

I. -8. 2. 15a^ 3. -2105^. 

4. -6m2w. 5. iea%. 6. a^xS+oaj + l. 

7. -2a2 + 3a-a:2^ 8. 2 + 6a%-Sa*¥. 

9. -12x2 + 9x^-82/2. 10. -0534.582.7252 + 5^4, 

Xiv. (.PB^'e^^ft.^ 
7. a;-f5. 2. x-10. 3. «^^- V *^^-^. 
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a;3-3a;2 + 3a; + l. 9. jc2_2a;-l. 10. ^-^x-^X, 

iB^-aj + l. 12. a53_2a;2 + 8. 13. 02^.3^2, 

a3 + 3a26+3a62+63. j^. a4_4a36+6a262-.4a63 + 6*. 

a;2-6a;+5. 17. a3_2a26+3a&2 + 463. 

2flKc2-3a^+a'. 19. aj^-a + l. 20. x^ — a\ 

x-^2y, 22. a5*-a^ + {B^*— a5y3+y*. 

a^+ic*2/+ai^i/^+a%34-a5y*+2(^. 24. a+6— c. 

-6 + 262-R 26. a-6 + c-d. 

x^-xy — xz+y^-yz+z^. 28. a;^-aJ^i/2 + aA/*-a;32^+^. 
p-\-2q-r. 30. a*-a36 + a262_a63+6*. 

a* + 3a3 + 9a2 + 27a + 81. 34. A;^ + A;*+A;. 
a;2 - 9a; - 10. 36. 24^2 _ SooJ - 36a2. 

6a;2-7x + 8. 38. 8a:3^i2aa;2^18a2aj-27a3. 

27aj3-36aa;2 + 48a2a;-64a3. 40. 2a + 36. 

x + 2a, 42. a2_452^ ^2. x^-2x-^y. 

x^-dxy-2y^. 45. a3 + 3aj22/ + 9ficy2+272/3. 

a3 + 2a26 + 4a62 + 863. 47. 27a3-18a26 + 12a6a-863. 

8a;3_i2iB22/ + 18iC2/2-27y3. 49. 3a+26+c. 

a^-2ax'\-4x\ 51. x2^ajy + |^2^ ^2. 16x2-4icy+t/2. 
x^ + xy-y^. 54. aa;2 + 4a2a; + 2a3. 55, a -a. 

x-y-z, S7' 3a;2-a5 + 2. 58. A-^+^-lOa?. 
x + y. 60. ax + hy — ah—xy, 61. bx+a/y, 

x^-ax-^b^, 

XV. (Page 40.) 
a;2+aa5+6. 2. y2^(^+^ji^ + ^^. 2. a;^^^^^^ 

x^+ax-b, S' x^-'(b-^cl)x+bd. 

xvi. (Page 4^.^ 



m 



5-w^a-V&.c».,w' 
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2. »+»> m^+mn+n^, m'+m*Ji+&c., m*+m*n+&c., 

3. a-1, a'-a+l, a*-a'+&c., a*-a*+&c., a^-a*+&c 

4. y + 1, y^+y+1, y^+y'+Ac., y«+y5+&c., y^+y^+ftc, 

XTVlL (Page 43.) 

I. 6aj(a;-3). 2. 3a;(aj"+6a:-2). 3. 7(7y*-2y+l). 

4. 4ajy(«*- 305^+21/2). 5. fl5(a:3-aa5*+6x+c). 

6. 3a^«(a2y-7«+9y2). 7. 27a868(2+4a»62-9a^. 
8. 45a^^(a8y8-2a;-8y), 

xviii. (Page 44.) 

I. {x-a){x-h). 2. (a-a!)(6+a;). 3. (5-y)(c+y). 
4. (a+m)(6+w). 5. (aa:+y)(6a;-y). 6. (oft+cd) (ai-y). 

7. {cx'\-my){dx-ny,) 8. (oc - M) (6x - dy). 

xix. (Page 45.) 

I. («+5)(aj + 6). 2. (aj+5)(a; + 12). 3. (y+12)(y+l). 

4. (y+ll)(y+10). 5. (m+20)(w + 15). 6. (m+6)(m+17). 
7. (a+86)(a + 6). 8. (a5+4m)(aj+9m). 9. (y+3n)(y+16n). 

10. (» + 4p) (» + 25p). II. (a;2 + 2)(a;2+3). • 

12. (ic8+l)(a3+3). 13. (ajy + 2)(an/ + 16). 

14. (a!*y2 + 3)(a4y2 + 4), 15. (m6 + 8)(m6 + 2), 

16. (iH-20g)(w + 72)^ 

XX. (Page 45.) 

I. (a;-5)(a;-2). 2. (a;-i9) (a;-10). 

3. (y-ll)(y-12). 4. (y-20)(y-10). 

5. (n-23)(n-20). 6. (n-56)(w-l). 
7. (a;3-4)(a?-3). .8. (a6-26) (oft-l). 

9. (5«c3_5)(52c?-ey \o, V5c\i'2.-\\^(5B^-2). 
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xxi. (Page 46.) 

I. (a;-|-12)(a;-5). 2. (a;+16)(a;-3). 3. (a+18)(a-l). 

4. (a+20)(a-7). 5. (&+25)(6-12). 6. (6+30)(6-6\ 

7. (aj*+4)(a^-l). • 8. ({By+14)(ajy-ll). 

9. (m'* + 20)(m»-6). la (»+30)(»-13). 

xxii. (Page 46.) 

I. (a;-ll)(a;+6). 2. (aj-9)(a;+2). 3. (m-12)(f»+3). 

4. (n-15)(n+4). 5. (y-14)(y+l). 6. («-20)(a+6). 
7. (a^-10)(a*+l). 8. (cd-30)(ci+6). 

9. (m»»-2)(m^+l). 10. CpV-12)(|?*g8 + 7). 

xxiii. (Page 47.) 

I. (aj-3)(a;-12). 2. (a;+9)(»-5). 

3. (06 -18) (06 + 2). 4. (a^-6m)({»*+2m). 

5. (t/»+10)(yS-.9). 6. («»+10)(iBa-ll). 
7. a;(a:2+3aaj+4a*). 8. (aj+m) (as+n). 

9. (y«-3)(y3_i). 10, {xy-ah){x-c). 

II. (a;+a)(a;-6). 12. (a;-c)(a;+d). 

13. (a5 - d) (6 - c). 14. 4.(a;-4y)(a!-3y). 

xxiv. (Page 48.) 

I. (aj+9)2. 2. (a;+13)« 3. (aj+l7)«. 4. (y+l)«. 

5. (a+100)« 6. (a2+7)j, 7. (aj+6y)». a (m'+Sn^. 
9. (x?+12)« 10. (»y+81)«. 

XXV. (Page 48.) 

I. (aj-4)2. 2. (a:-14)2. 3. (aj-18)». ' 4. (y-SO)*. 
5. («-50)« 6. (aj«-ll)«. 7. (»-15y)», 8, (m«-l«n«)a, 
9. (aj»-19)«. 
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xxvi. (Page 50.) 

I. (a;+y)(x-y). 2. (x+3)(a;-3). 3. (Sac + 5) (2a; -5). 

4. (a2+«*)(a2-jc8). 5. (aj+1) («-!). 6. («» + 1) (x^ - 1). 

7. (x*+l)(a:*-l). 8. (m«+4)(m«-4), 

9. (6y+7«)(6y-7»). 10. (Sscy+llaJ) (9xy-Ila5). 

II. (a-6+c) (a-6-c). 12. (x+m-n) (x— m+n). 

13. (a+6 + c+(Q(a + 6-c-(Q. 14. 2xx2y. 

16. (a— 6+m + ») (a-6— m-n). 

17. (a-c+6 + d[)(a-c-6-d). 18. (a+6-c) (a-6+c). 
19. (x+y+2) (x+y-2). 2a (a-6+m-n) (a-6-m+n). 
21. (ax+6y+l)(ax + 6y-l). 22. 2axx2&y. 

23. (l + a-6)(l-a + 6). 24. (1 + x-y) (1-x + y). 

25. (x+2/+»)(x-y-2). 26. (a + 26-3c)(a-26 + 3c). 

27. (a2+46)(a2-46). 28. (1 + 7c) (1 - 7c). 

29. (a-6 + c + (Q(a-6-c-(Z). 30. (a+6-c-(Q (a-6-c+rf). 

31. Box (ox + 3) (ax -3). 32. (a^fts + c*) (a^js^c*). 

33. 12(x-I)(2x+l). 34. (9a; + 7y)(5x+y). 

35. 1000x506. 

xxvii. (Page 51.) 

I. (a + 6)(a2-a6 + 62). 2. (a-6) (a^+oJ + J^). 

3* (a-2)(a2+2a + 4). 

4. (« + 7)(x2-7x + 49). ' 

5- (&- 5) (62 + 56 + 25). 6. (x+4y) (x2-4xy + 16y2). 

7- (a-6)(a2 + ea + 36). 8. (2a + 3t/) (4x«-6xy+9tj«). 

9- (4a-10b>^16a^ + 40cib^\0Qft?^.. 

ro. (9a + 8v) (Slx"^ - »7^a?ij ^ ^4!y^. 
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8. (a;+l)(«»-a; + l)(a;-l)(iBa+a;+l). 
J. (a+2)(a«-2a+4)(a-2)(a*+2o+4). 
h (8+y)(9-3y+y«)(3-y)(9+3y+y«). 

xxviii. (Page 51.) 

[. a+&. 2. Take & from a and add c to the result ' 

J. 2as. 4. a— 5, 5. jc+l. 6. »— 2, sc— 1,0?, 05+1,05+2. 

K 0. 8. 0, 9. da. 10. c II. a;-y. 12. a;-y. 

J. 365-6a;L 14. sc-lO. 15. a:+6a. 

). ^ has 07+5 shillings, £ has y- 5 shillmga. 

r. a:-8. 18. a^. 19. 12-a;-y. 20. ng. 21. 25-». 

8. y-25. 23. 266m*. 24. 46. 25. 05-6. 26. y + 7. 

f. a^-y^. ' 28. («+y)(aJ-l/). 29. 2. 3a 2. 

[. 28. 32. "7. 33. 23 34. 5. 35. 10. 

xxix. (Page 53.) 

[. To a add 6. 

I, From the square of a take the square of h, 

\, To four times the square of a add the cuhe of &. 

^ Take four times the sum of the squares of a and 6. 

;. From the square of a take twice 6, and add to the result 
three times c. 

\. To a add the product of m and 5, and take c from the 
result. 

'. To a add m. From h take c. Multiply the results 
together. 

S. Take the square root of the cube of x. 

K Take the square root of the sum of the «c^\xa!C^ ^1 x «&^*^« 

K Add to a twice the excess off Z a\>07^ c. 

Multiply the sum of a and 2 "by t\ift «xR«e» ^1^ ^oss^'^ ^' 
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12. Divide the sam of tlie Bqunes of a and 6 bj four times 

the product of a and 5. 

13. From the aqnaro <^ x sabtmct the square of y, and taks 

the aquaie root of the result. Then divide this result 
by the excess of x above y. 

14. To the square of x add the square of y, and take tiie 

square root of the result. Then divide this result \si 
the square root of the sum of a; and y. 



XXX. (Page 53.) 

I. 2. 2. 0. 3. 17. 4. 31. 5. 20. 6. 33. 

7. 106. 8. 27. 9. 14. 10. 120. 11. 2ia 12. 1468. 

13. 30. 14. 6. 15. 3. 16. 4. 17. 49. 18. 10. 

19. 12. 20. 4. 21. 43. 22. 20. 23. 29. 24. 4153a 25. 58. 



xxxi. (Page 54.) 

I. 0. 2. 0. 3. 2a<;. 4. 2a^. 5. a*+R 

6. 4a5*+(6m-6n)a?-(4m^+9mn+4n*)a^ « 

+ (6m^ — 6mn^ 2B + 4fli V. 

7. cr2+(ir+«. 8. -a*-6*«c* + 2a«6a + 2aV+26V. 

When c=0, this becomes -a*-&*+2aW. Wheu 
&+c=:(i, the product becomes 0. When a^h^t^ it 
becomes 3a*. 9. 0. 10. 34. 

12. (o) (a+6)a;2 + (c + (2)a;. (/S) (a-6)a»-(c + (£-2)««. 
(7) (4-a)a:8-(3 + 6)a;«-(5 + c)a;. (5) a2-6«+(2a+26)x. 
(e) (m2-n2)aj* + (2m5-2n5')«3 + (2wi-2n)a:>. 

13. a'-(a + 6 + c)a;2 + (a6 + ac + 6c)a;-a6c. 

14. «'+(a + 6 + c)jc« + (a6+ac + 6c)x+a6c. 
15- («+^ + cy«aH^a?b+So*«-v68+c8+3a«c 

(a + b-cy = a*^^a^b-V^ia)i>^^'^-^-'^^ 



ANSWERS. 355 



- 6a6c + 362c - 3ac« + 35c2. 
(c+a-.6)8=a8-3a26+3a62-68+c3+3^2c 

- 6a6c + 362c + 3ac« - 36c2. 

The sum of the last three subtracted from the first gives 
24a6c. 

i6. 9a2+6ac-3a6+46c-66«. 17. aW-a;M. 
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33. 40, 10. 34. 20. 35. 42 years. 36. Ig days. 

37. 20 days. 38. lOdajrs. 39. 6 homs. 4a l^^dayB. 
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9. 


a;=2 
y=9 


10. 


a;=20 

y=io 




«=4 







2=5. 






Ixxviii. (Page 155.^ 
2. 133, 12S. z. T'^^,^'^* 

5. 35, 14. 



6- ^Q^,^^"^^' 
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7. ;£60, ;£140, ;£200. 8. 22«., 26«. 9. ;£200, ^00, £260. 

10. 41, 7. II. 47, 11. 12. 35, 11, 98. 13. £90, £60. 

14. 60, 36. 15. 6, 4. 16. 40, 10. 17. 503, 1*072 

18. 10 barrels. 19. 3«., 1«. 8(2. 20. £20, £10. 

21. 15«. lOd, 12«. 6(2. 22. 4«. 6(2., 3«. 23. 35, 65. 

24. 26. 25. 28. 26. 45. 27. 24 28. 45. 

29. 84. 30. 75. 31. 36. 32. 12. 33. 333. 

34. 584. 35. 759. 36. g. 37. ^. 38. I 

2 7 35 19 

39- 3- 40. Yg. 41. 41. 42. 45. 

43. £1000. 44. £5000, 6 per cent. 45. £4000,5per<jent 

1 3 

46. 31j, 187. 47- 20, 10. 48. 3 miles an hour. 

49. 20 miles, 8 miles an hour. 50. 700. 51. 450, 600. 

52. 72, 60. 53. 12, 5». 54. 750, 158, 148. 

55. 15 and 2 miles. 56. The second, 320 strokes. 58. 50,30. 

59. 4 yd. and 5 yd. 60. ^, 6, 4 miles an hour respectively. 
61. 142857. 

Ixxix. (Page 164.) 
I. 2a5y. 2. 9a36*. 3. llm«^V. 4. Sa^js^. 

5. 267a26«3, 5, 13a86V. 7. ??. 8. ^ 

46 2a<j*^ 

5agy 16gg 26flt 

Ixxx. (Page 167.) 
I. Sa+36. 2. 4k?-S(?. 3. ad+81. 4. y3-19. 
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8. 2r2-3r + l. 
II. a:8_2a:* + 3x. 
14. a*+a*5+aft*+6*. 
16. 2jc2 + 2aa;+462. 
18. 4a2-6a6+86a;. 
20. 2y?a;- 3^^2 + 2^. 
22. 4a'-3xy+2y2. 
25. 6x-2y+3». 



9. 2»*+»-2. 
12. 22^-3y5+4»*. 



10. l-3a;+2x*. 
13. a+26+3c 



15. jc8_2x2-2a;-l. 

17. 3-4fl; + 7a«-10jB?. 

19. 3a^-4ap'-5^ 

21. 6aj*y-3xy*+2i/3. 
23. 3a-26+4c. 24. a;*-3» + 6. 

26. 2a5*-y+2^*. 



IXXXi. (Page 168.) 



I. 


2a3-f. 
4 


2. 


3_ 

a 


a 
■3- 




3. a*-- ir. 


4. 


a 5 
a 


5- 


0^ 


1 




6. iB^+a-g. 


7. 


4 


8. 


a?+4+^. 


I 


4 
9. ga3a.4.2a2 


10. 


12 3 

a; y »' 








II. 




12. 


a6— 3ci+-^. 








IS- 


2aj 8y . » 
s» so; 


14. 


2m . 3w 

4 . 

n Wi 








IS- 


a 6 c d 
3 4'*'6 2* 


16. 


Taji'-Sx-I 








17. 


3^ l^hc. 


18. 


3«»-|-3. 













I. 2a. 
5. 765(^. 



Ixxxii. (Page 170.) 

2. 3aiV. 3. - 6mn. 

6. -lOaW. 7. -\^im^u^. 



4. -6a*6* 
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Ixxxiii. (Page 172.) 

I. a-6. 2. 2a + l. 3, a+86. 4. a+t+c 

5. jc-y+g. 6. 3a52-2a;+l. 7. l-a+al 

8. a;-y + 28J. 9. a2-4a + 2. 10. 2m*-3m+l. 

II. a5 + 2y-». 12. 2m-3n-r. 13. m + 1 , 

m 

Ixxxiv. (Page 173.) 
I. 2a -Zx. 2. l-2a, 3. 5+4x. 

4. a-&. 5« «+l. 6. TO-a 

Ixxxv. (Page 176.) 
I. ±8. 2. ±06. 3. ±100. 4. +7. 

5. ±V(11). 6. ±Sa^(?. 7. ±6. 8. ±129. 

9. ±52. 10. ±4. II. ±^(2^). 



12 



IxxxvL (Page 179.) 

I. 6, -12. 2. 4, -16. 3. 1, -16. 4. 2, -4a 

5. 3, -131. 6. 6, -13. 7. 9, -27. - 8. 14, -3a 

IxxxviL (Page 180.) 

I. 7, -1. 2. 5, ^1. 3. 21, -1. 4. 9, -7. 

5. 8,4. 6. 9,6. 7. 118,116. 8. 10±2\/3i 

9. 12, 10. 10. 14, 2. 

Ixxxviii. (Page 181.) 

/. 3, -10. 2. 12, -1. s, ^, -^. 4. 20, -7. 

J. J, -|. 6. ^, -^. n« '^.-^V 

8. 8, -7. 9- ^^^- ^""^ "^^"^^ 
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Ixxxix. (Page 182.) 

7 6 .1 _? Q 1 

^- 3' "3* ^' 5* 6" ^* ^' 9" 

,3 ,.3 6 A >i 4 

7. 8, I 



xc. (Page 182.) 



2. 


5* 6- 


5. 


3 6 
5' f 


8. 


7 ^ 



I. 3, -1 


2. 10, -f 


3. 6,-2-. 


A 8 1® 
4-8, 2" 




6-4,|. 


7 8 1^ 


8 ^ ^ 
"• 2' 14* 





xci. (Page 184.) 

I. -a±V2.a. 2. 2a±Vll.a. 3- ?, -^. 

4. 3», -5. 5. 1, -a. 6. 0, —a. 7, =-, =-• 

J. d _6 c+ V(cg+4ac) . c- V(c»+4ac) 

^' c' a ^* 2(a+6) ' 2(a+6) ' 

J2 52 2flt_5 3a+26 

10. — « — — • II. « y • 

oc' oc ac ' be 



xcii. (Page 186.) 



I. 8, -1. 2. 6, -1. 3. 12, -1. 4. 14, -1. 

9 

4 



9 
5. 2,-9. 6.6,^. 7.5,4. ^. ^, -V ^.'^^-^ 
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7 1 

10. 3, -g. II. 7,g. 12. 12, -1. 13. 14, -1. 

14. %'% 15. 13, -y. 16. 5,4. 17. 36, 12. 

o«« 265 »,10 «10 

18. 6,2, 19. jg, -^. 20. 7,-y. 21. 7, -y. 

KK ol 12 .21 

22. 7, -5. 23. 3, -^. 24. -, -^. 2$. g, -g. 

26. 15, - 14. 27. 2, -g. 28. 3, --2-. 29. 2, ^. 

o 23 o 14 ^5 ^21 

3°' ' ""i5* ^'* ^' ~"3"- 3^- ^ *"3- 33' ^' n* 

34. 14, - 10. 35. 2, ^. 36. 5, 2. 37. - a, - 6. 38. - a, 6. 
39. a+o, a-6. 40. a^, -a'. 41. ^ — r-. 42. ^ -. 

xciii. (Page 187.) 

I. a;=30 or 10 2. a;=9 or 4 3. a;=25 or 4 

y = 10 or 30, y =4 or 9. y=4 or 25. 

4.a;=22or-3. 5.85=50 or -5 6. «= 100 or - 1. 

y=3or-22. y=5or-50. y=lor-100. 



xciv. (Page 187.) 

I. a;=6or-2 2.0;=: 13 or -3 3. a;=20or-6 

y=2or-6. y=3or-13. y=6or-20. 

4. x=4 5. a;=10or2 6. a;=40or9 

y=4. y=2 pr 10. y=9 or 40. 

xcv. (Page 188.) 

/. x=4t or 3 2. x=5 ot ^ 3, a;=10 or 2 

y=Z or 4. *y =^ o^ ^» '^^'^ ^^^Si. 

4.ir=4or-2 5. x=5 ot -^. ^i. x-n ^-t -^ 
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xcvi. (Page 189.) 




I. a;=:5 or 4 




2. is=4 or 2 


1 1 
3- ^=3 ^'2 


y=^4 or fi 


». 


1^=2 or 4. 


1 1 
^=2 ^' 3- 


4. x=3 




s ^ 


6. 05 = ^ 



a 




y=2. 
xcvii. (Page 191.) 


1 


I. x=4 or- 


3 


2.0;= ±6 3. 


x= + 10 


y=3 or- 


•4. 


y=±3. 


y=±ll. 


4. a:=±8 




5. a;=5 or 3 6. 


95 
05=5 or 2g 

33 

y=2or-y. 


y=±2. 




y=3 or 6. 


7. x=±2 




8. x=6 9. 


a;=±2 


y=±5. 




y=5. 


y-±l. 


10. 05= ±2 




II. a;=±7 12. 


a;=3 or-^ 


y=2 or -|:. 


y=±3. 




y=±2. 


13. a; =10 or 


12 


85 
14. a;=4or-5- 15. 


19 


a;=±9or ±12 


y=12or 


10. 


y=±12or ±9. 






y=9or-g-. 





xcviii. (Page 193.) 

I. 72. 2. 224. 3. 18. 4. 50, 15. 5. 85, 76. 

6.29,13. 7.30. 8.107. 9.75. 10.20,6. 

II. 18, 1. 12. 17, 15. 13. 12,4. 14. 1296. 15. 56^. 

16. 2601. 17. 6, 4. 18. 12, 5. 19. 12, 7. 20. 1, 2, 3. 

21. 7, 8. 22. 15, 16. 23. 10, 11, 12. 24. 12. 25. 16. 

26. £2y 5«. 27. 12. 28. 6. 29. 75. 30. 5 and 7 hours. 

31. 101 yds. and 100 yds. 32. 63. 33. 63 ft.^4^fk.. 

34. 16 jds., 2 yds. 35-37. -jlb. \^. 'Sl-^'^^' 
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zciz. (Page 199.) 

I. a;=3 2. 35=5 3. a;=:90^71,52...downtol4 
y=2. y=3. y=0,13,26 up to 52. 

4. a;=7ji 5. 35=3,8,13... 6. a=91, V6,61...downtol. 
y=l,4. y=7,21,36... y=2,13,24 uptoCa 

7. 05=0,7,14,21,28 8. »=20,39... 9. a=40,49... 

y=44,33,22,ll,0. y=3,7... y=13,33... 

10. a;=4,ll...nptol23 11. a;=2 12. a:=92,83....2 

y= 63, 50... down to 2. y=0. y=l> 8. ..71. 

4 3 8 2 

13. ^andg. 14. Yjoadjo. IS- 3 ways, viz. 12, 7, 2; 2,6,10. 

16.7. 17.12,57,102... 18.3. 19.2. 

21. 19 oxen, 1 sheep and 80 hens. There is but one other 

solution, that is, in the case where he bought no oxen, 
and no hens, and 100 sheep. 

22. A gives J^ll sixpences, and B gives A 2 fourpenny pieces. 

23. 2, 106, 27. 24. 3. 

25. A gives 6 sovereigns and receives 28 dollars. 

26. ^dfeiJfii' 9 ; 10, 15 ; 4, 21. 27. 5. 28. 56, 44. 
29. 82, l?r47, 53; 12, 88. 30. 301 

c. (Page 205.) 

(1) I. a;* + »8+a;». 2. a;%+a%«+a:^y^ 

3. aS + ftS^g^t ^^ a;*^^+a%*»+a*t/»|. 

(2) I. »"* + aar-*+62a;-»+3ar*. 2. a;2y-«+ 335^-8 +4^, 

3. /^ +— ^ — +anrV\ 

4. -^ + — ^+»"V"*». 
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4 . 3 . 1 

(4) X. ^il^^Zlli,^^^^ 2. -;^+-;^4 

ci. (Page 206.) 

I. aJ^+a5*'|/*+y*'. 2. a*"-81y*". 

3. ic" + 4a2x*' + 16a*. 4. a*» + 2a*(f-6*» + c*'. 

5. 2a*»+2a*6»-4a*C-a*6-6^* + 26c'+a*c2 + 6»c*-2d^. 

9. aJ^+2a;*' + 3a^+2a;'+l. 10. aJ^-2iB«p+3a^- 2x^ + 1. 

cii. (Page 207.) 

1. a^+a?'^ + af*t/*"+|^. 

2. aJ**— a^y"+a;^^-fl5"t/**+y*". 

3. fl5*'+a5*'t('+a:^^ + a^i/** + afy*'+y'^, 

5. a^+3a*' + 9a*' + 27a^+81. 

6. a*"-2a-a;»+4ai*'. 7. 2-a5'+3a;*. 

8. 46"(!--66^. 

9. a*"+3a*"+3a*+l. \o. <ir-v>y^«* 
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ciii. (Page 208.) 
I. a;-3a;*+3a;*-l. 2. y-1. 3. a«-a?. 

4. a + ft+c-Sa^ftM. 5. 10a-lla:^yi + 5a:Jyi-21y. 

6. m-n. 7. m*+4dl27^t4.i6^, 

8. 16a + 8a*6^+10aV+18a^6^-24aV-12aV-15ah? 

-276. 

9. a;^+2a»a;* + a8. 10. a:»-2a»a;»+a». 
II. a;«+2a;%*+y* 12. a*+?a6* + 62. 

13. a;-4&* + 10x*-12iB*+9. 

14. 4a;* + 12x^ + 25a;^+ 24x^+16. 

15. a;*-2a;»y8+2»%»+y^-2yM+»^. 

16. «2 4.4g5t2/*-2cc*«* + 4y2-42/*2*+»*. 

Civ. (Page 209.) 

I. a;2+y* 2. a2-62. 3, aj8 + a;»y»+y». 

4. • a^ - a*6* + 63, 5. x* - x^y"^ + x%^ - x*y « 4. yf 

7. x* + 3x*^+9x*2/^+272/*. 

8. 27ai+18ai6i + 12ai6i + 86i. 9. a^-x* 

10. m« + 3m*+9m* + 27m* + 81. 

11. X2 + 10. 12. x»+4. 13. -6+26»-6'. 
14. x^ '-x^y^—xH^+y^-\-z^^yH^, 

IS' aj^-9x»-10. 16. m^+mK^-{-ni. 

17, ^« — 2p*+l. 1^. o^-v-^« ^^ ^\Y. 
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CV. (Page 210.) 
I. a-2-6-« 2. ar«-6-*. 3. a5*-a;-*. 

7. l + a26-2 + a*&-*. 8. a*6-*-a-*6*-4a-2j8-4. 






cvi. (Page 211.) 

I. x-'X''\ 2. a+6"^ 3. m2-mn"i+ti""2, 

5. a-2 + a-i6-i + 6-2, 7 Qi?yr^-^-\-x'Y* 

5. |a;-3-6a;"2+lar-i+9. 9. ©25-2 _ 1 + ^-2^2^ 

D. a-2«flt-i5-i_a-ic-i + &-2-6-i(ri+cr2. 



cvii. (Page 211.) 
I. a:3-2x2y2 + 2y. 



1M+18> 



<■—>■. 

2. X • 



2a 



5. «»•-*• 4. 1. 

(jB*-a*)* 

►r^ 22 _„ 421 . 10 , 1 ^ _. 

r. aJ"-t^. 8. a2+2a%^-2a^6*-6^ 

J. a^ + a^ft^+ft^. II. m=n*^. 12. {»»•+*+*'. 

J. of*. 14. ISa*". 15. a*^. 

3. 2a*" + 2a'"6''-4<»*(?'-3a'"b-^b»^^-V^>M5'. vi- ^- 



382 ANSWERS. 



19. a;» + a;8 + l. 

20. a'*^^+2a*+*-*.6(a3_a*^-« 52552 _a«H*--4c2a^^ 

21. a;'^*-*^-^*^^" 22. a""^ 23. aJ^-i/". 
^4* ^' 144 ^^' «^-*V*"^-a^"^*^+jr". 
26. a;+3a;*-2a;i-7a^+2x'^. 

cvUi. (Page 215.) 

I. ^^aj*, W 2. !(/(io24), lya 

3. 4^(5832), 4^(2500). 4. •y2«, -^2-. 5. -^a*, -^6-. 
6. 4^(a2+2a6+62), 4/(a8-3a26+3o52-68). 

cix. {Page 217.) 

I. 2/s/6. 2. 5^2. 3. 2a Va. 4- Sa^VW 

• 

5.'4«V(2y»). 6. lOV(lOa). 7. 12c V6. 

8. 42V(11»). 9- ^A/y- lo- aMj- 

II. (a+x).^a. 12. {X'-y)fJx. 13. 6(a— 6).V2. 

14. (3c2-y).V(7y). 15. 3a« 4^(262). 

16. 2icy2 . 4/(20iBy). 17. 3m%'4i^(4n). 

18. la^¥il{4Jb). 19. (»+y).4^a. 20. (a-'h).il(k 

ex. (Page 217.) 
I. V(48). 2. V(63). 3- ^^(1125). 4. 4^(96). 

5. '/y. 6. isf(9aV 7- K/(48a2x). 8. ^(Zah), 

9. ^(nfi-f^. 10. (,^^- ^^^-V-s^^ 
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cxi. (Page 218.) 
The numbers are here arranged in order, the highest on the 

I. V3, 4^4. 2. VIO, 4^16. 3. 3^/2,2^3. 



/yds)' V^' 



5. 3VV,4V3. 



6. 2^87,3^/33. 7. 34/7, 4 V2, 2V22. 

8. 5 4^18,3^19,3 4^82. 9. 6 4^2,24/14,3 4^. 

10. iV2, 1^/3, jV4. 







cxiL (Page 219.) 




I. 


29^3. 


2. 30^/10 + 164^2. 3. 


(a* + 62+^2) ^35. 


4. 


134^2. 


5. 334/2. 6. V6. 


7. 5^/3. 


8. 


48^/2. 


9. 44/2. 10. 0. 


II. 4^3. 


12. 


2V(70). 


13. 100. 14. 3a&. 


15. 2o6 4^(126). 


16. 


2. 


3 Q '/a 
'7- 5- i8- y 6- 


'9- ^|i' 


20. 


"Si+xy 







cxiii- (Page 220.) 

I. Wi^y 2. jJixy-y^), 3. x+y. 4. V(«^-2/^- 
5. 18a;. 6. 66(x + l). 7. 90/s/(a*-«). 8. 2a; V3. 
9. -«. la 1-35. II. -12a;. 12. 6a. 

3. -V(«'-'7a;). 14. e^(x^ + 7x). 15. 8(a2-l). 

6. -6a»+12a-18. 

cxiv. (Page 221.) 

''• a+9V^+14. 2. a;-2Va-16, 3. a, 

a-63. 5. 3a; + 6VaJ-28. 6. 6a;-64* 7. 6. 

^- V(9«'+3a;)+ V(6«"-3x)- ^/(<Ba?-x-V^-^^V 
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la 3+x+V(3*+a^. 11. «-y+»+2V». 

12. 2z+2V(<«)- IS- 432+42 ^(ac*- 9) +05^. 

14. 2x+ll+2V(a?+lLr+24). 15. 2»-4+2^(ac«-4i;). 

16. 2z-6+2V(a^-to). 17. 4«-r9-12^ac 

18. 2x-2V(a^-y«). 19. a?+2»-l-2V(«'-x). 

2a x^+l + 2V(a?-«). 

cxv. (Page 222.) 

5. (1+ V3.«)(l^ V3.a;> 6. (V5.m+1)( V6.m-1). 

7. j2a+ V(3«>()2a- V(3a;){. 8. }3 + 2^/(2n)(j3-2V(2n)t. 

9. {V(ll).n + 4(jV(ll).n-4(. la (l? + 2 ^r) (p - 2 ^r). 

II. (Vi>+ V3.g)(Vi>- V3.2). 12. )<r+65(ja"-6t(. 

^3- -^- ^4. -^3^- '5. 24 + 17V2. 
16. 2+V2. 17. 3 + 2^3. 18. 3-2^2. 
IQ» • 20, = • 

21. ^^^^^ ^. 22. m*-V(^*-l). 

23. 2a«-l + 2«V(««-l). 24. ««'-«^+gV(«»-'^ 

cxvi. (Page 224.) 

I. 19. 2. 11. 3. 8-26V(-l). 4. 6-4i^ 

5. 26 - 2 V(a6) - 12a. 6. a2 + a. 7. 68-a». 

S. a«+)8*. 9. e^. 10. ^v(-D.g-i^(.w 
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cxvii. (Page 224.) 

'' ffh 5(2^y 5. a^-V2.ax+al 

6. tii«+V2.mn+n«. 7. 2»V«. 8. ^^LuB^Z^^, 

9. ^^+(^-200^/1 la aVa-2+ ^ 



aVa- 
II. -^. 12. V(l-«). 13- — ^. 

'^ l"^\/(S"^)- '5. 205-2 V(«^-a»). 

16. a^ftoc. 17. -l+6a«(2-aa)+a(10a«-a*-6)V(-l). 

18. 8 + 74^3. 19. 4V(3ca;). 20. xi/{2ff). 

21. -4^(-4n«). 22. (9n-10).V7. 23. 0. 

cxviii. (Page 228.) 

I. V7+ V3. 2. V11+ V5. 3- V7- V2. 4- 7-3 V5. 
5. /s/10- V3. 6. 2VB-3V2. 7- 2^3- ^2. 8. 3^11-2. 

9. 3V7-2V3. I0.3V7-2V6. ii.i(VlO-2). 12.3^5-2^3. 

CXix, (Page 229.) 
I. 49. 2. 81. 3. 25. 4. 8. 5. 27. 6. 256. 

7. 27. 8. 56. 9. 79. 10. 163. 11. 6. 12. 36. 

16. 6. 



13. 12. 


14. ^ . 


15. 


17. 3. 


18. 10, 




[b.aJ 
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cxx. (Page 231.) 



4 
I. 9. 2. 26. 5. 49. 4. 121. 5. Ig. 6. 8,0. 



7. 0. -8. 8. (^y. 9. (^7 



la 5. 



cxxi. (Page 231.) 

I. 26. 2. 26. 3. 9. 4. 64. 5. y 

12a 1 

6. -g-. 7. a. 8. TorO. 9. 64 10. 100. 



cxxii. (Page 232.) 

I. 16, 1. 2. 81, 26. 3. 3, 2^. 4. 10, - 13. 

5. 6,|. 6. -4, -32. 7- 9, -3? 8. 28, Ig?' 

9. 49. 10. 729. II. 4, -21. 12. 1 or^j. 13. ±24. 

145 25 

14. 5 or 221. 15. ^orygY. 16. 5or0. 17. ^. 18. 25. 

19. ±9^2. 20. ± V86 or ± V5. 21. 2a. 

22. -2a. 23. 2®^-% 24. J. 25. jg. 

26. -gj-. 27. -g-. 28. ±5 or ±3^2. 29. ±14. 

30. 6 or --^. 31. 1. 32. J. 33. 2or0. 34. Oory^. 



cxxiii. (Page 235.) 

I. 2,6. 2. 3,-7. 3. -9,-2. 4. 6a, 6ft. 

76 'c??L^ ^4mlln 
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8. -2a, -3a and 3a, 4a. 9. ±%a. 10. 0,5, 



2a-6 6-3a d e 

ac ' DC (y c 



cxxv. (Page 239.) 

I. x"-ll«+30=0. 2. {B*+a;-20=0. 3. a5»+9a;+14=0. 
' 4. 6x2-7x+2=0. 5. 9x2-68aj-36=0. 6. jc2-3=o. 

7. {Ba-2ma;+m«-n2=0. 8. a^-5^^«+-^=a 

^ afi 

cxxvi. (Page 240.) 
I. (a:-2)(a;-3)(«-6). 2. (a; -!)(«- 2) (a? -4). 

3. (x-10)(«+l)(a;+4). 4. 4(x+l)(x+l::^)(x + ^-±^ 

5. (a; + 2) (a; +1) (6a; -7). 

6. {x+y-\-z){x^ + y^-\-z^-'Xy — X!i-yz), 

7. (a~6-c)(a2+62+c2+a5+ac-6c). 

8. (a; -1) (a; + 3) (3a; -7). 9. (a;-l) (a;-4)(2a;+6). 
10. (x+l)(3a;+7)(5a;-3). 

cxxvii. (Page 242.) 
I. Vl3orV-l. 2. 4^-2or4/-12. 3. 4^-lor4/-21. 

4. 1 or y-4. 5. J- ovj-g, 6. 25 or j 

7- :r9r;/9-r ^-Gy^K-i)" 9. lorl±2Vl6. 

10. 3 or -5 or ~ , 

S 4 
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11. a+2, or — g-, or "" ^^ — — ^ 

12. 0, or a, or ^^ — ^ ^. 



cxxviii. (Page 245.) 
I. 6 : 7, 7 : 9, 2 : 3. 2. The second is the greater. 

3. The second is the greater. 

4. ^^^^. 5. 10: 9 or 9: 10. 

cxxix. (Page 246.) 

I. 2:3. 2. h:a, 3. 6+(i:a-c. 4. ±V6-'1:1» 

5. 13:1, or, -1:1. 6. ± /s/(m«+4n^-m:2. 7. 6,8. 
8. 12,14. 9.35,65. 10. 13, 11. 11. 4:1. 12. 1:5. 

CXXX. (Page 247.) 

- 8 8 g-y a — 6+c 

16 9 "^ z+y ^ a— 6-c 

m^-mn+n' ^ (ac-f 2)y 

^* m^ + mn + n^* * (y— 4)jb* 

cxxxii. (Page 255.) 

6. x=4 or 0. 8. 440 yds. and 352 yds. per minute. 

5s 9 

II. a;=30,y=20. 13. -j. 15. ^. 

16. 50, 75 and 80 yards. 17. 120, 160, 200 yards. 

i^, 1^ miles per lio\ii. 20, 1:7. 

21. 160 quartere, £2. 'i^. £^- '^'V ^^ 

24. £20. 25. 90 ;TO. ^^- AS. w\^«A^.«a« 
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cxxxiii. (Page 262.) 
4 3 2 

9. -4ocC». 10. 6. II. -4=|j?. 12. 64a;2:=9y3^ 

13. «8=1^. 14. 4a:8=272/2. 18. y=3 + 2a;+a2. j^, igft. 







cxxxiv. 


(Page 266.) 


• 


I. 


60. 


2. 200. 


3. i4 


4. -32^. 


5- 


-4 


6. 40. 


7. 117. 


8. 0. 


9- 


«»+y«-2 


!(n-2)i»y. 


3an- 
10. - 

(Page 268.) 


-26n-2a + 6 
a + 6 






cxxrv. 




I. 


5050. 


2. 2550. 


3. 820. 


4. 30. 


5- 


24. 


6. -34 


n,(n+l) 
7- 2 • 


^- 2 • 


9- 


. 2 • 


71- 


1 

• 








cxxrvi. 


(Page 269.) 




I. 


-6. 


^- ""25- 


1 

3- Q- 


*4 


5- 


-2. 


6. .l| 







cxxxvii. (Page 269.) 
l.-^ (I) -46. (2) 36-2. (3) ? (4) 4-4 

2. 166. 3. 112. V ^'^'^^ V ^^' 
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6. 6433g. 

8. (i) 355, 7175. 

(3) 161 +81x, 3321 +ie8l2L 

(5) 4' 1^4 

9. (i) 126, 63252. 

(3) 45^ - 1670-6aR. 
(5) 71,4809(l-m). 



7. £135. 4t. 



(2) -1560^, -3116a*. 
(4) 119^ 2357|. 



(2) 25, 2250. 
(4) 99, -1163^. 
(6) 65^65x+8190. 



cxzxviiL (Page 271.) 



I. 6, 9, 12, 15. 

o5 6 1 
3- % Ig* ^4- 



-12^2 1 
2- ^3' 3'^' "TfH 

2. 1? ? 11 
^ 15' SO' 5' 30' 



(Page 272.) 



3m+n m+n m+3n 
I. — 1 — . -1^, 



2. 



4 ' 2 ' 4 

6mj-3 5m + 1 5m~l 5m-3 

"""5"' 6 ' 5 ' ""6~' 

5n2+l 5n2 + 2 5n«+3 5»8+4 



^- "T"' 5 ' 5 ' 

4* 5 J ^9 o • 



2 



cxl. (Page 275.) 



I. 64 
5. 13122. 



2. 78732. 



3. 327680. 



6. lQd^4. 



204g' 



1* "■^' 



1 
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cxU. (Page 276.) 




I. 


65534. 




2. 364. 3. 


a(iBM-l) 
o^^-l • 


4. 


a(sfi-l) 




(a-«)jl-(a+x)r( 
5' (a+a)*. (1-a-a;)" 


6. 3»— 1. 


0* («-!)• 






7. 


7(2«-l). 




8. -425. 9. ~. 
cxlii. (Page 278.) 




I. 


2. 2 


4 
• 3* 


3- Q- 4. 3' 


5. 4 


6. 


•3. 7. 


8-?- 


8. 2i. 9. 85^. 




II. 




12 


1 0^ 

• 9- '^ »+y 


86 
'4- 99- 


15. 


49 
90* 




^ 46 
'^' 65- 

cxliii. (Page 279.) 




I. 


9, 27, 81. 




2. 4,16,64,256. 


3. 2,4,8. 


4. 


3 9 27 
4' 8' 16* 


81 
32* 







cxliv. (Page 279.) 

I. (I) 558. (2) 800. (3) y (4) y. 

, . 169 ,,. 133 , . 1189 ^. ^ 

(5) -- g-- vO) 48g- (7) 2-- (8) 13^. 

(9) 1. (10) -84. (II) ~ ^^^^^^ 



(V10+1).V5- 



/ X 3157 

('^> -"SO-- 

5. 42. 6. ac=5«. 7. ±1. ^. iv.^ 



<»& 
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9. 4. 




la 10. 73. 4. 14. 


642. 


i6. 49,1. 




17. 3i, 6, S^. 18. 60. 






2 
6' 


1^12 3 4 
6' "' "6' "5' "6' "6- 




22. 3, 7, 


11, 


15, 19. 23. 6, 15, 45, 135, 


405 


25. 139. 




26. 10 per cent 
cxl V. (Page 285.) 




I. 8, 12, 


I 


15 30 5 30 12 6 
^' 7' 13' 2' ir ^ 29' 11' 


4 
5- 


1 1 

^ 6' 9' 


1 
12' 


15* 5- -2, 00, 2, 1, ^. 





0. 4, 2' Q°> 2' 4' 7- 5> 4» 11, 7> 17, YO* 

g 6gy(n+l) 6ay(n + l) 6gy(n+l) 

' Zny-\-2x ' 3wy + 4x-3y' ' 2na; + 3y ' 

-.1-1 111 AA^15 ^ 

9- 4, 2' °°' 2' 4' 6' ^^ 31' 24' 17' 2' 3' "i* 
10. 104, 234. 13. 2, 3, 6. 

cxlvi. (Page 290.) 

1. 132. 2. 3360. 3. 116280. 4. 6720. 
5. 111. 6. 40320. 7. 3628800. 8. 125. 9. 2520. 

o 

10. 6. II. 4. 12. 120. 13. 1260. 

14. 2520, 6720, 5040, 1663200, 34650. 

cxlvii- (Page 295.) 
I. 3921225. 2. 6. 3. 126. 4. 11628a 

5. 12. 6. la. 7. fti6ooo. 8. 335301120a 

9. 7. 10. 63. 11. 5^. la. \'ia'5iS». \V 'S\'S^'1\ Via«fl 
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cxlviii- (Page 300.) 

1. a*+4a^+6aV + 4ax'+a;!*. 

2. J» + 66«c+15&*c» + 2065c»+166«c*+66c6 + c«. 

3. a'^+7a«6 + 21a»6» + 35a«6»+35a86*+21a2J6+7o6«+6^ 

4. a!?+8x'y+28a^+66xV+70!BV+66fl5y + 28«V 

5. 625 + 2000a + 2400a« + 1280a» + 256a*. 

6. aw+5a«&c+10a«62c«+10a*&8c»+5a2&*c* + 6»c«. 

CXlix. (Page 301.) 

1. a«-6a«a;+15aV-20aV+15a«a^-6aa:«+aJ». 

2. 6' - 76«c + 2\¥<? - 356«c» + 3563c* - 2,W(^ + 76c^ - c^ 

3. 32x5 - 240sB*y + 720*^* - lOSO^y + 810xy* - 243y». 

4. l-10a;+40aj«- 80358 + 80a:* -32x6. 

5. 1 -10x+ 45x8- 120x5 +210X*- 262x6 + 210x«-120x'^ 

+45x8-10x^ + xW. 

V 

6. a«*-8an6»+28aM&*-56a"J« + 70ai268_56a96W 

+ 28a«6M-8a86i*+6w. 

cl- (Page 302.) 

1. a3+6a«5-3a^+12a6*-12a6c+3aca+8J8-12Wj+6Jc«-c3. 

2. l-6x+21x'-44x'+63x*-54x6+27x^. 

3. x^-3x8 + 6a^-7x^+6x6-3x*+x3. 

4. 27x + 54b» + 63x» + 44x2 + 21x»+6x» + 1. 

5. x8+3x»-5 + |-^. 

61 a* + 6i-ci+3ai6i+3ai6i-3a*ci-36ici-v3o.i^* 
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cU. (Page 303.) 

I. 33035^. 2. 496a«V. 3. -161700a»V. 

4. 192192aWc8(P. 5. 12870a«6». 

6. 70a*6i 7. -92378a«Vand92378a»&io. 

« 

8. 17160^2^ and 1716aV. 



cUL (Page 311.) 

,. 1+^-ga^+^-il^*. 

2a a* 4fl^ 
^- ^■^■3"9"*'81* 

3a» 9a» 81a» 243aY 

- 1 • 1^ 5 . 

4. l+x-^+^-g«*. 

^ 6 54 

ac^ as* 0? 5a!^ 
7* ^"2 8 16 l28* 



. , 7 a 14 ; 14 



8. l-_a2 + _a4_^6. 

9x 2W 135 . 
9- ^—4" 32 '■128' • 

10. a?-a?!|+^-V-^^ 
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,5 6 <, 35 a 

"■ (i)^-a)*'^»-i(i)*"-»»'- 



cliU. (Page ZX2.) 

I. l-2a + 3a«-4a»+6a*. 2. l+3a;+9a;?+27iB5+81«*. 

5 o 5 , , 3a^ 0^ Sa:* 



5. a-^+10a-«x+60a-"a;?+280a-iV+1120a-"iB*. 

, 1 ,6a;»^ 21x^^5605 
^ a5 J «' 



cUv. (Page 313.) 

2"*" 8 16*** 128' 

3^* 15jb* 35aJ8 31^ 
^' ^■*" 2 "^"S""*" 16 ■*"T28r- 

>! 1 ^a.^ 6x3 35a4 1 x* SiB* 6a:« 

4* ' ^+ 2 2 ■*'-r- 5. 5-2S5 + 8?"l6S~r 



clv. (Page 314.) 

1.2...(r-l) ^ ^ 1.2...(r-l) '^^ 

, - 8.7...(10-r) 
^- ^ ^^ •l.2...(r-l)-* -^^ 
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r.(r + l).(r+2) . ^^ 1.3.5... (2r-3) /x\-\ 

Q 1.2.6...(3r-7) / xX'-^ 1 
^' 1.2.3...(r-l)-V"3i/ •"* 

7.9.11 ...(2r+3) 1 

9- t:¥:3t:7f:^'^- 

cT* 3.7.11...(4r-5) /aV^'-'' 
^°- 4'-*- 1.2.3...(r-l) 'W • 

13. M4-4^^-(2^'. 15. ^ ^ 



1.2.3...r '--^' ^^' 16' J^' 

, 3 _,„ 429 a" 

(l-6m)(l~4m) (1-m) 1- 

'9- 1.2 6m« •* 



Clvl. (Pago 315.) 

I. 3-14137.... 2. 1-95204.... 

3. 3-04084.... 4. 1-98734.... 

clviL (Page 319.) 

I. 1045032. 2. 10070344. 3. 80461. 

4. 31134. 5. 51117344. ' 6. 1433221a 

7. 31450 and lemaindeT ^. %. t^i^'ia^ and remainder 1. 

9. 4112. 10. 5i^n. 
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clviii. (Page 321.) 

I. 5221. 2. 12232. 3. 213de. 

5. 1110111001111. 6. t^tee. 

8. 211021. 9. 6^2. 10. 814. 

12. 123130. 13. 16430335. 



4. 104300. 
7. 6500445. 
i^. 61415. 
14. 27t. 



I. -41. 

4. 12232-20052. 



Clix, (Page 327.) 

2. *i62355043. 
5. Senary. 



3. 25-1. 

6. Octonaiy. 



I. 1-2187180. 

4. 4-740378. 

7. 5-3790163. 

10. 21241803. 



clx. (Page 336.) 

2. 7-7074922. 

5. 2-924059. 

8. 40-578098. 

II, 3-738827. 



3. 2-4036784. 

6. 3-724833. 

9. 62-9905319. 

12, r-61514132 



clxi- (Page 339.) 

1. 2-1072100; 2-0969100; 3-3979400. 

2. 1-6989700; 3-6989700; 2-2922560. 

3. -.7781513; 1?4313639 ; 1-7323939; 2-7604226. 

4. 1-7781513; 2-4771213; -0211893; 6-6354839. 

5. 4-8750613 ; 1-4983106. 

6. -3010300; 2-8061800; -2916000. 

7. -6989700; 1-0969100; 3-8910733. 

8. -2, 0, 2 : 1, 0, -1. 



9. (I) 3. 



(2)2. 



\o* ^^-^"^^^ 
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11. (a) -3010300; 1-3979400; 1-9201233; l-997958a (6)103. 

12. (a) -6989700; '6020600; 1-7118072; 1-9880618. 
(6)8. 

13. 3-8821260; 1-4093694; 3*7455326. 

,4.(0.4 W«=^- <3)-i3^^. 



, \ _ logc 

^^^ ^~mloga+21og6* 

/gw^ 4log&+logc 

^^ 2logc+log6-3loga* 

(6) a;^ iQgg 

^ ' log a-\-m log 6+3 log c* 



clxii. (Page 343.) 

I. 17-6 years. 2. 234 years. 

3. 7-2725 years nearly. 4. 225 years nearly. 

6. 12 years nearly. 7. 11*724 years. 
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Scenes from Greek Plays, 

Rugby Edition. By^ Arthur Siog- 
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ant-Master at Clifton College. 
With a Preface by John Percival, 
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College, Oxford. 

Crown Zv9. «. 6<{. 



Stories from Ovid in 

Elegiac Verse. By R. W. Taylor. 
M.A.. Head-Master of Kelly Col- 
lege, Tavistock. 
New Edition, Crown Zvo. yt, Sd, 

The Anabasis of Xeno- 

phon. Edited, with Notes and Voca- 
bularies by R W. Taylor, M.A. 
Crown Svo. 

Books I. and It. 3s. 6d. 

Books in. and IV. 3s. 6d. 

First Latin Writer, com- 
prising Accidence, the Easier Rules 
of Syntax illustrated by copious Ex- 
amples, and Prop^ressive Exercises in 
Elementary Latm Prose, with Voca- 
bularies. By G. L. Bennett, M.A., 
Head-Master of the Hi|^ School, 
Plymouth; formeriy Assirtant-Mas- 
ter at Ruby School 

Crown Zvo. %s. 6d. 

A Key, for the use of Tutors only, 5^ 



Easy Latin Stories for 

Bmtners. With Notes and Voca- 
bularies, by G. L. Bennett, M.A. 
Second Edition, Crown 9vo, 9S.6d. 
A Key, for the use of Tutors only. 5^. 

Arnold's Henrys First 

LaHn Book. A New and Revised 
Edition, lama. 31. ByCG. Gbpp, 
M.A., Head-Master of Kin^ Ed- 
ward VI. School, Stratford-upon- 
Avon. 
A Key, for the use of Tutors only, 5^. 
[The original Edition of this work is 
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Progressive Exercises in 

Latin Elegiac Verse. By C G. Gbpp 
M.A. 
Fourth Edition, Revised, Crown Ztw. 
3*. 6d Tutor's KEY, 5*. 

The ./Eneid of Vergil. 

Edited, with Notes at the end, by 
Francis Storr, M. A., Chief Master 
of Modem Subjects at Merchant 
Taylors' School, late Sdiolar off 
Trinity College, Cambridge. 
Crown vvo. 
Books I. and II. %t. 6d, 
\ ^^fh&YA. and XIL 2X. 6eL 
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English Masur in the High Schno! 
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La Fontaines Fahles. 

B«k« J. and II. Ediled, with 
EnEli)}iN«M at the end, fnr use in 
Schools, by the Rev. P. Bowdih- 
S:mith, M.A., Assiitunt-Ma-iter al 
Rugby School. 

Small %vii. 31. 



iy Hum Van Lack. 

CroBio Bbo. 3f . fJ. rati 
HONORg DE BALZAC 



Lessing's Fables. Arranged 

in order of difficulty. Fonoing a 
YxrS. German Reading Boole. With 
NDtei,lntraductian,BndVocabularies, 



Selections from Hauff's 

Storiti. A Fint German Reading 
Book ror Schools. Edited by W. €. 
MULLINS. M.A., A^istant-Uaster 
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'crarwiS™. «. M. 

A German Accidence, for 
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Rughy Edition. 
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Edited by the Rev. CmsLBi E. 

MOBEKLV, M.A„ Assistant- Master al 

Rugby School, 
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Bv the Rev. J. France Bbicht. 
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Oxford. 
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M.A., late Fellow and Tutor of Mer- 
lon College, Oiford. 
With Mafs axd Plax. Small ivo. 

SIMON DE MONTFORT. 31. W. 
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